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Preface 


The Differential Geometry in the title of this book is the study of the geometry 
of curves and surfaces in three-dimensional space using calculus techniques. 
This topic contains some of the most beautiful results in Mathematics, and 
yet most of them can be understood without extensive background knowledge. 
Thus, for virtually all of this book, the only pre-requisites are a good working 
knowledge of Calculus (including partial differentiation), Vectors and Linear 
Algebra (including matrices and determinants). 

Many of the results about curves and surfaces that we shall discuss are pro¬ 
totypes of more general results that apply in higher-dimensional situations. For 
example, the Gauss-Bonnet theorem, treated in Chapter 11, is the prototype of 
a large number of results that relate ‘local’ and ‘global’ properties of geometric 
objects. The study of such relationships formed one of the major themes of 
20th century Mathematics. 

We want to emphasise, however, that the methods used in this book are 
not necessarily those which generalise to higher-dimensional situations. (For 
readers in the know, there is, for example, no mention of ‘connections’ in the 
remainder of this book.) Rather, we have tried at all times to use the simplest 
approach that will yield the desired results. Not only does this keep the pre¬ 
requisites to an absolute minimum, it also enables us to avoid some of the 
conceptual difficulties often encountered in the study of Differential Geometry 
in higher dimensions. We hope that this approach will make this beautiful 
subject accessible to a wider audience. 

It is a cliche, but true nevertheless, that Mathematics can be learned only 
by doing it, and not just by reading about it. Accordingly, the book contains 
over 200 exercises. Readers should attempt as many of these as their stamina 
permits. Full solutions to all the exercises are given at the end of the book, but 
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these should be consulted only after the reader has obtained his or her own 
solution, or in case of desperation. We have tried to minimise the number of 
instances of the latter by including hints to many of the less routine exercises. 


Preface to the Second Edition 

Few books get smaller when their second edition appears, and this is not one of 
those few. The largest addition is a new chapter devoted to hyperbolic (or non- 
Euclidean) geometry. Quite reasonably, most elementary treatments of this sub¬ 
ject mimic Euclid’s axiomatic treatment of ordinary plane geometry. A much 
quicker route to the main results is available, however, once the basics of the 
differential geometry of surfaces have been established, and it seemed a pity 
not to take advantage of it. 

The other two most significant changes were suggested by commentators on 
the first edition. One was to treat the tangent plane more geometrically - this 
then allows one to define things like the first and second fundamental forms 
and the Weingarten map as geometric objects (rather than just as matrices). 
The second was to make use of parallel transport. I only partly agreed with 
this suggestion as I wanted to preserve the elementary nature of the book, 
but in this edition I have given a definition of parallel transport and related it 
to geodesics and Gaussian curvature. (However, for the experts reading this, 
I have stopped just short of introducing connections.) 

There are many other smaller changes that are too numerous to list, 
but perhaps I should mention new sections on map-colouring (as an appli¬ 
cation of Gauss-Bonnet), and a self-contained treatment of spherical geome¬ 
try. Apart from its intrinsic interest, spherical geometry provides the simplest 
‘non-Euclidean’ geometry and it is in many respects analogous to its hyperbolic 
cousin. I have also corrected a number of errors in the first edition that were 
spotted either by me or by correspondents (mostly the latter). 

For teachers thinking about using this book, I would suggest that there 
are now three routes through it that can be travelled in a single semester, 
terminating with one of chapters 11, 12 or 13, and taking in along the way the 
necessary basic material from chapters 1 10. For example, the new section on 
spherical geometry might be covered only if the final destination is hyperbolic 
geometry. 

As in the first edition, solutions to all the exercises are provided at the 
end of the book. This feature was almost universally approved of by student 
commentators, and almost as universally disapproved of by teachers! Being 
one myself, I do understand the teachers’ point of view, and to address it 
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I have devised a large number of new exercises that will be accessible online 
to all users of the book, together with a solutions manual for teachers, at 
www.springer.com. 

I would like to thank all those who sent comments on the first edition, from 
beginning students through to experts - you know who you are! Even if I did not 
act on all your suggestions, I took them all seriously, and I hope that readers 
of this second edition will agree with me that the changes that resulted make 
the book more useful and more enjoyable (and not just longer). 
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Curves in the plane and in space 


In this chapter, we discuss two mathematical formulations of the intuitive 
notion of a curve. The precise relation between them turns out to be quite 
subtle, so we begin by giving some examples of curves of each type and prac¬ 
tical ways of passing between them. 


1.1 What is a curve? 


If asked to give an example of a curve, you might give a straight line, say 
y — 2x = 1 (even though this is not ‘curved’!), or a circle, say x 2 + y 2 = 1, or 
perhaps a parabola, say y — x 2 =0. 



y-2x= l 




X 2 -\-y 2 = 1 


Andrew Pressley, Elementary Differential Geometry: Second Edition , 

Springer Undergraduate Mathematics Series, DOI 10.1007/978-l-84882-891-9_l, 
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1. Curves in the plane and in space 


All of these curves are described by means of their Cartesian equation 

f(x,y) = c, 

where / is a function of x and y and c is a constant. From this point of view, 
a curve is a set of points, namely 

C = {{x,y) C R 2 | f(x,y) = c}. (1.1) 

These examples are all curves in the plane R 2 , but we can also consider curves 
in R 3 for example, the a:-axis in R 3 is the straight line given by 

V = 0, z = 0, 

and more generally a curve in R 3 might be defined by a pair of equations 
fi{x,y,z) = ci, f 2 {x,y,z) = c 2 . 

Curves of this kind are called level curves, the idea being that the curve in 
Eq. 1.1, for example, is the set of points (x , y) in the plane at which the quantity 
f{x,y ) reaches the ‘level’ c. 

But there is another way to think about curves which turns out to be more 
useful in many situations. For this, a curve is viewed as the path traced out by 
a moving point. Thus, if 7 ( 1 ) is the position of the point at time t, the curve 
is described by a function 7 of a scalar parameter t with vector values (in R 2 
for a plane curve, in R 3 for a curve in space). We use this idea to give our 
first formal definition of a curve in R n (we shall be interested only in the cases 
n = 2 or 3, but it is convenient to treat both cases simultaneously). 

Definition 1.1.1 

A parametrized curve in R ra is a map 7 : (a, f3) —> R n , for some a, (3 with 
—00 < a < (3 < 00 . 

The symbol (a, /3) denotes the open interval 

(a,/3)={f£R | a < t < /3}. 

A parametrized curve, whose image is contained in a level curve C , is called 
a parametrization of (part of) C. The following examples illustrate how to pass 
from level curves to parametrized curves and back again in practice. 


Example 1.1.2 

Let us find a parametrization 7 (f) of the parabola y = x 2 . If 7 (t) = 
(71 (t), 72 (t))j the components 71 and 72 of 7 must satisfy 

72 (*) =7i (0 2 


( 1 . 2 ) 
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for all values of f in the interval (a,/3) where 7 is defined (yet to be decided), 
and ideally every point on the parabola should be equal to ( 71 (f), 72 (f)) for 
some value of f € (cc, /3). Of course, there is an obvious solution to Eq. 1.2: take 
71 (f) = f, 72 (f) = f 2 . To get every point on the parabola we must allow f to 
take every real number value (since the x-coordinate of 7 (f) is just f, and the 
x-coordinate of a point on the parabola can be any real number), so we must 
take (a,/3) to be (— 00 , 00 ). Thus, the desired parametrization is 

7 : (— 00 , 00 ) —> R 2 , 7 (f) = (f,f 2 ). 

But this is not the only parametrization of the parabola. Another choice is 
7 (f) = (f 3 ,f 6 ) (with (a,/3) = (— 00 , 00 )). Yet another is (2f,4f 2 ), and of course 
there are (infinitely many) others. So the parametrization of a given level curve 
is not unique. 


Example 1.1.3 

Now we try the circle x 2 + y 2 = 1. It is tempting to take x = t as in the previous 
example, so that y = \J 1 — f 2 (we could have taken y = —y/l — t 2 ). So we get 
the parametrization 

7 (f) = (t, Vl-t 2 ). 

But this is only a parametrization of the upper half of the circle because 
y/l — t 2 is always > 0 . Similarly, if we had taken y = —\J\ — t 2 , we would only 
have covered the lower half of the circle. 

If we want a parametrization of the whole circle, we must try again. We 
need functions 71 (f) and 72 (f) such that 

7iCf) 2 + 72 (*) 2 = l (1-3) 

for all f £ (a, /3), and such that every point on the circle is equal to ( 71 (f), 72 (f)) 
for some f £ (a,/?). There is an obvious solution to Eq. 1.3: 71 (f) = cosf 
and 72 (f) = sinf (since cos 2 f + sin 2 t = 1 for all values of f). We can take 
(a,/3) = (— 00 , 00 ), although this is overkill: any open interval {a, pi) whose 
length is greater than 2-7T will suffice. 

The next example shows how to pass from parametrized curves to level 


curves. 
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1. Curves in the plane and in space 


Example 1.1.4 

Take the parametrized curve (called an astroid) 

7 (f) = (cos 3 1 , sin 3 t), telR. 

Since cos 2 t + sin 2 t = 1 for all f, the coordinates x = cos 3 t, y = sin 3 t of the 
point 7 (t) satisfy 

X VZ + yV 3 = 1 . 

This level curve coincides with the image of the map 7 . See Exercise 1.1.5 for 
a picture of the astroid. 

In this book, we shall be studying parametrized curves (and later, surfaces) 
using methods of calculus. Such curves and surfaces will be described almost 
exclusively in terms of smooth functions: a function / : (a, (3) —> R is said to be 
smooth if the derivative exists for all n > 1 and all t £ (a,/3). If /(f) and 
g{t) are smooth functions, it follows from standard results of calculus that the 
sum f{t) + g(t), product f(t)g(t), quotient f{t)/g(t), and composite f(g(t)) are 
smooth functions, where they are defined. 

To differentiate a vector-valued function such as 7 (f) (as in Definition 1.1.1), 
we differentiate componentwise: if 


7(i) = (7i(*)»72(i),.--,7n(i)), 

then 


d~i 

( dyi 

dy 2 

d 7 n\ 

d 2 7 / d 2 7i d 2 72 

d 2 7n\ 

dt 

V dt 

' dt ’" 

■ ’ dt ) ' 

dt 2 I dt 2 ’ dt 2 

dt 2 j 


To save space, we often denote d-y/dt by 7 (f), d 2 ~y/di 2 by 7 (f), etc. We say 
that 7 is smooth if the derivatives d n ~f /dt n exist for all n > 1 and all t £ (a, /3); 
this is equivalent to requiring that each of the components 71,72,... ,7„ of 7 
is smooth. 


From now on, all parametrized curves studied in this book 
will be assumed to be smooth. 


Definition 1.1.5 

If 7 is a parametrized curve, its first derivative 7 (f) is called the tangent vector 
of 7 at the point 7 (f). 
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To see the reason for this terminology, note that the vector 


lit + St) -yfjt) 

St 

is parallel to the chord joining the points 7 (t) and 7 (t + St) of the image C of 7 : 



As St tends to zero the length of the chord also tends to zero, but we expect 
that the direction of the chord becomes parallel to that of the tangent to C at 
7 (t). But the direction of the chord is the same as that of the vector 

lit + St) -y(t) 

St 

which tends to d'y/dt as St tends to zero. Of course, this only determines a well- 
defined direction tangent to the curve if d'y/dt is non-zero. If that condition 
holds, we define the tangent line to C at a point p of C to be the straight line 
passing through p and parallel to the vector d'y/dt. 

The following result is intuitively clear: 


Proposition 1.1.6 

If the tangent vector of a parametrized curve is constant, the image of the curve 
is (part of) a straight line. 


Proof 


If 7 (t) = a for all t, where a is a constant vector, we have, integrating compo¬ 
nentwise, 



a.dt = t a + b, 
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1. Curves in the plane and in space 


where b is another constant vector. If a ^ 0, this is the parametric equation of 
the straight line parallel to a and passing through the point b: 



If a = 0, the image of 7 is a single point (namely, b). □ 


Before proceeding further with our study of curves, we should point out a 
potential source of confusion in the discussion of parametrized curves. This is 
regarding the question what is a ‘point’ of such a curve? The difficulty can be 
seen in the following example. 


Example 1.1.7 

The limagon is the parametrized curve 

7 (t) = ((1 + 2 cost) cost, (1 + 2 cost) sint), teR 

(see the diagram below). Note that 7 has a self-intersection at the origin in the 
sense that 7 (f) = 0 for f = 2tt/3 and for f = 47 r/ 3 . The tangent vector is 

7 (f) = (—sint — 2 sin 2 t,cost + 2 cos 21 ). 


In particular, 

7(2tt/3) = (V3/2, -3/2), 7(4tt/3) = (-v^/2, -3/2). 

So what is the tangent vector of this curve at the origin? Although 7 (t) is well- 
defined for all values of t, it takes different values at t = 27r/3 and t = 47 r/ 3 , 
both of which correspond to the point 0 on the curve. 



1.1 What is a curve? 
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This example shows that we must be careful while talking about a ‘point’ 
of a parametrized curve 7 : strictly speaking, this should be the same thing 
as a value of the curve parameter t , and not the corresponding geometric 
point 7 (t) G R". Thus, Definition 1.1.5 should more properly read “If 7 is 
a parametrized curve, its first derivative 7 (t) is called the tangent vector of 
7 at the parameter value f.” However, it seems to us that to insist on this 
distinction takes away from the geometric viewpoint, and we shall sometimes 
repeat the ‘error’ committed in the statement of Definition 1.1.5. This should 
not lead to confusion if the preceding remarks are kept in mind. 


EXERCISES 

1.1.1 Is 7 (f) = (t 2 ,t 4 ) a parametrization of the parabola y = x 2 ? 

1.1.2 Find parametrizations of the following level curves: 

(i) y 2 - x 2 = 1; 

(ii) £ + £ = 1. 

1.1.3 Find the Cartesian equations of the following parametrized curves: 

(i) 7 (f) = (cos 2 f, sin 2 f); 

(ii) 7 (t) = (eV 2 ). 

1.1.4 Calculate the tangent vectors of the curves in Exercise 1.1.3. 

1.1.5 Sketch the astroid in Example 1.1.4. Calculate its tangent vector at 
each point. At which points is the tangent vector zero? 

1.1.6 Consider the ellipse 
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1. Curves in the plane and in space 


where p > q > 0 (see below). The eccentricity of the ellipse is e = 
yjl — p- and the points (±ep, 0 ) on the x-axis are called the foci 
of the ellipse, which we denote by fi and f 2 . Verify that 7 (t) = 
(pcosf, gsinf) is a parametrization of the ellipse. Prove that 

(i) The sum of the distances from fi and f 2 to any point p on the 
ellipse does not depend on p. 

(ii) The product of the distances from fi and f 2 to the tangent line 
at any point p of the ellipse does not depend on p. 

(iii) If p is any point on the ellipse, the line joining fi and p and 
that joining f 2 and p make equal angles with the tangent line 
to the ellipse at p. 



1.1.7 A cycloid is the plane curve traced out by a point on the circum¬ 
ference of a circle as it rolls without slipping along a straight line. 
Show that, if the straight line is the x-axis and the circle has radius 
a > 0 , the cycloid can be parametrized as 

7 (f) = a{t — sint, 1 — cos t). 



1.1.8 Show that 7 (t) = (cos 2 t — sinf cos t, sinf) is a parametrization of 
the curve of intersection of the circular cylinder of radius -5 and axis 
the z-axis with the sphere of radius 1 and centre (—|,0, 0). This is 
called Viviani’s Curve - see above. 






1.2 Arc-length 
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1.1.9 The normal line to a curve at a point p is the straight line passing 
through p perpendicular to the tangent line at p. Find the tangent 
and normal lines to the curve 7 (t) = (2 cos t — cos 2 t, 2 sin t — sin 2 1) 
at the point corresponding to t = 7 t/ 4 . 


1.2 Arc-length 

We recall that, if v = (iq,..., v n ) is a vector in R", its length is 



If u is another vector in R n , || u — v || is the length of the straight line segment 
joining the points u and v in R". 

To find a formula for the length of a parametrized curve 7 , note that, if St 
is very small, the part of the image C of 7 between 7 (t) and 7 (t + 5t) is nearly 
a straight line, so its length is approximately 


|| 7 (t + 6t) - 7 (t) ||. 


Again, since St is small, ( 7 (t + St) — 7 (t))/5t is nearly equal to 7 (f), so the 
length is approximately 


II 7(*) II St. 


(1.4) 


If we want to calculate the length of a (not necessarily small) part of C, we 
can divide it into segments, each of which corresponds to a small increment St 
in t, calculate the length of each segment using (1.4), and add up the results. 
Letting St tend to zero should then give the exact length. 
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1. Curves in the plane and in space 


This motivates the following definition: 

Definition 1.2.1 

The arc-length of a curve 7 starting at the point 7 (^ 0 ) is the function s(t) 
given by 

s(t) = f II 7 (X) II du. 

Jto 

Thus, s(to) = 0 and s(t) is positive or negative according to whether t 
is larger or smaller than to- If we choose a different starting point 7 (^ 0 ), the 
resulting arc-length s differs from s by the constant f*° || 7 ( 14 ) || du because 

[ II j{u) II du = f || 7 (u) || du+ f || 7 (u) || du. 

Jto Jto Jto 


Example 1.2.2 

For a logarithmic spiral 



2 _ ^ 2kt ^ C0S i _ gint) 2 + e 2kt (ksint + cos t ) 2 = ( k 2 + l)e 2fet . 


where k is a non-zero constant, we have 

7 = ( e kt (k cos t — sint), e fet (fcsint + cos t)) 

II 7 II 2 = e 

Hence, the arc-length of 7 starting at 7(0) = ( 1 , 0 ) (for example) is 
s = [ Vk 2 ~+le ku du = — 

Jo 


1 


(e kt - 1). 


k 














1.2 Arc-length 
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The arc-length is a differentiable function. Indeed, if s is the arc-length of 
a curve 7 starting at 7 (^ 0 ) > we have 

^ = HO) \\du = || 7 (t) ||. (1.5) 

Thinking of 7 (t) as the position of a moving point at time t, ds/dt is the speed 
of the point (rate of change of distance along the curve). This suggests the 
following definition. 


Definition 1.2.3 

If 7 : (a, j3) —» R n is a parametrized curve, its speed at the point 7 (t) is || 7 (t) |j, 
and 7 is said to be a unit-speed curve if 7 (t) is a unit vector for all t £ (a, /3). 


We shall see many examples of formulas and results relating to curves that 
take on a much simpler form when the curve is unit-speed. The reason for this 
simplification is given in the next proposition. Although this admittedly looks 
uninteresting at first sight, it will be extremely useful for what follows. 

We recall that the dot product (or scalar product) of vectors a = (ai,..., a n ) 
and b = ( 61 ,..., b n ) in K" is 

n 

a • b = 

i=1 


If a and b are smooth functions of a parameter t, we shall make use of the 
‘product formula’ 



da db 

—— • b T a • —;—. 
dt dt 


This follows easily from the definition of the dot product and the usual product 
formula for scalar functions, 


d_ 

dt 


(CLibi ) 


dai 
——bi 

dt 


dbj 
dt ' 


Proposition 1.2.4 

Let n(f) be a unit vector that is a smooth function of a parameter t. Then, the 
dot product 

ri(f) ■ n(f) = 0 

for all t, i.e., h(t) is zero or perpendicular to n (t) for all t. 

In particular, if 7 is a unit-speed curve, then 7 is zero or perpendicular 
to 7 . 
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1. Curves in the plane and in space 


Proof 

Using the product formula to differentiate both sides of the equation n ■ n = 1 
with respect to t gives 


n • n + n • ri = 0, 

so 2n ■ n = 0. The last part follows by taking n = 7 . 


□ 


EXERCISES 


1.2.1 Calculate the arc-length of the catenary 7 (f) = (t, cosht) starting at 
the point (0,1)- This curve has the shape of a heavy chain suspended 
at its ends - see Exercise 2.2.4. 

1.2.2 Show that the following curves are unit-speed: 


(i) 7 (t) = (|(1 + 1 ) 3/2 , §(! — i) 3/2 , • 


(ii) 7 (f) = (| cost, 1 — sin t, — | cost). 

1.2.3 A plane curve is given by 

7 ( 0 ) = (rcos 0 ,rsin 0 ), 


where r is a smooth function of 0 (so that (r, 9) are the polar coor¬ 
dinates of 7 (0)). Under what conditions is 7 regular? Find all func¬ 
tions r(0) for which 7 is unit-speed. Show that, if 7 is unit-speed, 
the image of 7 is a circle; what is its radius? 

1.2.4 This exercise shows that a straight line is the shortest curve joining 
two given points. Let p and q be the two points, and let 7 be a curve 
passing through both, say 7 (a) = p, 7 (b) = q, where a < b. Show 
that, if u is any unit vector, 


7 - u <|| 7 || 


and deduce that 



By taking u = (q — p) / || q — p ||, show that the length of the part 
of 7 between p and q is at least the straight line distance || q— p ||. 



1.3 Reparametrization 
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1.3 Reparametrization 

We saw in Examples 1.1.2 and 1.1.3 that a given level curve can have many 
parametrizations, and it is important to understand the relation between them. 


Definition 1.3.1 

A parametrized curve 7 : ( a , 0) —1 M" is a reparametrization of a parametrized 
curve 7 : (a, (3) —> R” if there is a smooth bijective map 0 : (a, (3) —1 (a, (3) 
(the reparametrization map) such that the inverse map 0 _1 : (a, (3) —1 (d,/3) is 
also smooth and 

7(f) = 7 (0(f)) for all f€(d, 0 ). ( 1 . 6 ) 

Note that, since 0 has a smooth inverse, 7 is a reparametrization of 7 : 

7(<f _ 1 (f)) = = 7(0 for all f e (a,/3). 

Two curves that are reparametrizations of each other have the same image, 
so they should have the same geometric properties. 

Example 1.3.2 

In Example 1.1.3, we found that the circle x 2 + y 2 = 1 has a parametrization 
7 (t) = (cost,sint). Another parametrization is 

7 (t) = (sint, cost) 

(since sin 2 t + cos 2 t = 1). To see that 7 is a reparametrization of 7 , we have 
to find a reparametrization map (j) such that 

(cos 0 (f), sin 0 (f)) = (sin t, cost). 

One solution is 0(f) = 7 r /2 — f. 

As we remarked in Section 1.2, the analysis of a curve is simplified when 
it is known to be unit-speed. It is therefore important to know exactly which 
curves have unit-speed reparametrizations. 


Definition 1.3.3 

A point 7 (t) of a parametrized curve 7 is called a regular point if 7 (t) ^ 0; 
otherwise 7 (f) is a singular point of 7 . A curve is regular if all of its points are 
regular. 
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1. Curves in the plane and in space 


Before we show the relation between regularity and unit-speed reparametri- 
zation, we note two simple properties of regular curves. Although these results 
are not particularly appealing, they are very important for what is to follow. 


Proposition 1.3.4 

Any reparametrization of a regular curve is regular. 


Proof 

Suppose that y and 7 are related as in Definition 1.3.1, let t = 4>(t) and ip = </> _1 
so that t = ip(t). Differentiating both sides of the equation <p(ip(t)) = t with 
respect to t and using the chain rule gives 

d(p dip 
dt dt 

This shows that dcp/dt is never zero. Since 7 (t) = 7 (</>(£)), another application 
of the chain rule gives 

dy dy d<p 
dt dt dt ’ 

which shows that dy/dt is never zero, if dy/dt is never zero. □ 

Proposition 1.3.5 

If y(t) is a regular curve, its arc-length s (see Definition 1.2.1), starting at any 
point of 7 , is a smooth function of t. 


Proof 


We have already seen that (whether or not 7 is regular) s is a differentiable 
function of t and 

To simplify the notation, assume from now onwards that 7 is a plane 
curve, say 

7 (t) = (u(t),v(t)), 
where u and v are smooth functions of £, so that 

/ * 2 r ^2 

— = V U A + v z . 
dt 
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The crucial point is that the function /( x) = y/x is a smooth function on 
the open interval (0, oo). Indeed, it is easy to prove by induction on n > 1 that 

d n f _ / i\n-l 1-3-5.(2 n— 1) (2n+l)/2 

dx" - { ] 2 ™ 

Since u and v are smooth functions of t , so are u and v and hence is u 2 + ir. 
Since y is regular, u 2 + v 2 > 0 for all values of t , so the composite function 


is a smooth function of t , and hence s itself is smooth. 
The main result we want is the following. 


□ 


Proposition 1.3.6 

A parametrized curve has a unit-speed reparametrization if and only if it is 
regular. 


Proof 

Suppose first that a parametrized curve 7 : (a, j3) —1 R" has a unit-speed 
reparametrization 7 , with reparametrization map 4>. Letting t = </>(i), we have 
7 (f) = 7 (f) and so 

d-y d-y dt 

dt dt dr 


d-y 


d'y 

dt 

dt 


dt 

dt 


Since 7 is unit-speed, || d-y/dt || = 1, so d-y/dt cannot be zero. 

Conversely, suppose that the tangent vector d'y/dt is never zero. By Eq. 1.5, 
ds/dt > 0 for all t , where s is the arc-length of 7 starting at any point of the 
curve, and by Proposition 1.3.5 s is a smooth function of t. It follows from 
the inverse function theorem that s : ( a , /?) — > K is injective, that its image 
is an open interval (a,/3), and that the inverse map s -1 : (d,/?) —1 (a, /?) is 
smooth. (Readers unfamiliar with the inverse function theorem should accept 
these statements for now; the theorem will be discussed informally in Section 1.5 
and formally in Section 5.6.) We take (f> = s _1 and let 7 be the corresponding 
reparametrization of 7 , so that 7 ( 3 ) = 7 (t) (see Eq. 1.6). Then, 

dj ds d'y 
ds dt dt ’ 
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1. Curves in the plane and in space 


d'y 

ds 

d'y 

ds 

dt 

dt 



ft (by Eq. 1.5), 


□ 


The proof of Proposition 1.3.6 shows that the arc-length is essentially the 
only unit-speed parameter on a regular curve: 


Corollary 1.3.7 

Let 7 be a regular curve and let 7 be a unit-speed reparametrization of 7 : 

7 (it(f)) = 7 (t) for all t , 

where u is a smooth function of t,. Then, if s is the arc-length of 7 (starting at 
any point), we have 

u = ±s + c, (1-7) 

where c is a constant. Conversely, if u is given by Eq. 1.7 for some value of c 
and with either sign, then 7 is a unit-speed reparametrization of 7 . 


Proof 


The calculation in the first part of the proof of Proposition 1.3.6 shows that u 
gives a unit-speed reparametrization of 7 if and only if 


du 

dt 


d~/ 

dt 


ds 

= ± -^ (by E <i- L5 )> 


which is equivalent to u = ±s + c for some constant c. 


□ 


Although every regular curve has a unit-speed reparametrization, this may 
be very complicated, or even impossible, to write down ‘explicitly’, as the fol¬ 
lowing examples show. 


Example 1.3.8 

For the logarithmic spiral 7 (t) = ( e kt cos t, e kt sinf), we found in Example 1.2.2 
that || 7 || 2 = ( k 2 + l)e 2kt . This is never zero, so 7 is regular. The arc- 
length of 7 starting at (1,0) was found to be s = y/k 2 + l(e kt — 1 )/k. Hence, 
t = £ In ( so a unit-speed reparametrization of 7 is given by the 

rather unwieldy formula 
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7 (s) 


/ ks 
V\/FTT 




ks 


Vk 2 + 1 



ks 


\/FTI 



sin 



fcs 


y/k 2 



Example 1.3.9 

The twisted cubic is the space curve given by 

7 (f) = ( t , t 2 , f 3 ), teR. 



We have 7 (t) = (1, 2 1, 31 2 ) and so 

|| 7 (f) ||= \/l + 4f 2 + 9f 4 . 


This is never zero, so 7 is regular. The arc-length starting at 7 ( 0 ) = 0 is 


s = 


7/1 + 4 u 2 + 9u 4 dw. 


Jo 

This integral cannot be evaluated in terms of familiar functions like logarithms 
and exponentials, and trigonometric functions. (It is an example of an elliptic 
integral.) 


Our final example shows that a given level curve can have both regular and 
non-regular parametrizations. 


Example 1.3.10 

For the parametrization 7 (t) = (t,t 2 ) of the parabola y = x 2 , 7 (f) = (l,2i) is 
obviously never zero, so 7 is regular. But 7 (t) = (t , t 6 ) is also a parametrization 
of the same parabola. This time, 7 = (3 1 2 , 6t 5 ), and this is zero when t = 0, so 
7 is not regular. 
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1. Curves in the plane and in space 


EXERCISES 


1.3.1 Which of the following curves are regular? 

(i) 7 (t) = (cos 2 t, sin 2 t) for ieK. 

(ii) The same curve as in (i), but with 0 < t < 7 r/ 2 . 

(iii) 7 (t) = (t,cosht) for tgK. 

Find unit-speed reparametrizations of the regular curve(s). 

1.3.2 The cissoid of Diocles (see below) is the curve whose equation in 
terms of polar coordinates (r, 9) is 

r = sindtand, — 7r/2 < 9 < 7 r/ 2 . 

Write down a parametrization of the cissoid using 9 as a parameter 
and show that 



is a reparametrization of it. 



1.3.3 The simplest type of singular point of a curve 7 is an ordinary cusp: 
a point p of 7 , corresponding to a parameter value to, say, is an 
ordinary cusp if 7 (t 0 ) = 0 and the vectors 7 (^ 0 ) and 7 (to) are 
linearly independent (in particular, these vectors must both be non¬ 
zero). Show that: 

(i) The curve 7 (t) = (t m , t ra ), where m and n are positive integers, 


has an ordinary cusp at the origin if and only if (m, n) = ( 2 ,3) 
or (3,2). 
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(ii) The cissoid in Exercise 1.3.2 has an ordinary cusp at the origin. 

(iii) If 7 has an ordinary cusp at a point p, so does any 
reparametrization of 7 . 

1.3.4 Show that: 

(i) If 7 is a reparametrization of a curve 7 , then 7 is a 
reparametrization of 7 . 

(ii) If 7 is a reparametrization of 7 , and 7 is a reparametrization of 
7 , then 7 is a reparametrization of 7 . 


1.4 Closed curves 

It is obvious that some curves ‘close up’, like a circle or an ellipse, while some do 
not, like a straight line or a parabola. If a point moves, say at constant speed, 
around a curve that closes up, it will return to its starting point after some time 
interval, and will then trace out the same curve all over again. On the other 
hand, if a point moves at constant speed along a straight line or a parabola, it 
will never return to its starting point. But there are some intermediate cases like 



a point moving at constant speed along this curve may return to its starting 
point if the starting point is the origin, but will not do so otherwise. So a careful 
definition of what it means for a curve to ‘close up’ is needed. 
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1. Curves in the plane and in space 


Definition 1.4.1 

Let 7 : R —> R™ be a smooth curve and let T C R. We say that 7 is 
T-periodic if 

7 (t + T) = 7 (t) for all t C R. 

If 7 is not constant and is T-periodic for some T / 0 , then 7 is said to be 
closed. 

Thus, if 7 is T-periodic, a point moving around 7 returns to its starting 
point after time T, whatever the starting point is. Of course, every curve is 
0-periodic. 

Remark 

If 7 is T-periodic, it is clear that 7 is determined by its restriction to any 
interval of length |T|. Conversely, closed curves are often given to us as curves 
defined on a closed interval, say 7 : [a, b] —»• R n . If 7 and all its derivatives take 
the same value at a and b , 1 there is a unique way to extend 7 to a (b — a )- 
periodic (smooth) curve 7 : R —» R ra . Thus, the discussion below can be applied 
to curves defined on closed intervals. 

It is clear that if a curve 7 is T-periodic then it is (—T)-periodic because 
7(i-T)=7((i-T)+T) = 7 (i). 

It follows that if 7 is T-periodic for some T^ 0 , then it is T-periodic for some 
T > 0 . 

Definition 1.4.2 

The period of a closed curve 7 is the smallest positive number T such that 7 
is T-periodic. 

It is actually not quite obvious that this number T exists (remember that 
not every set of positive real numbers has a smallest element). A proof that it 
does exist can be found in the exercises. 

Example 1.4.3 

The ellipse 7(f) = (pcosf, qsint) (Exercise 1 . 1 . 6 ) is a closed curve with period 
2 n because both of its components are (by well-known properties of trigono¬ 
metric functions). 

1 The derivatives at the endpoints a and b must be defined in the one-sided sense. 
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If 7 is a regular closed curve, a unit-speed reparametrization of 7 is always 
closed. To see this, note that since every point in the image of a closed curve 
7 of period T is traced out as the parameter t of 7 varies through any interval 
of length T, for example, 0 < t < T, it is reasonable to define the length of 7 
to be 

Hi) = [ II 70) II dt. 

Jo 

By the proof of Proposition 1 . 3 . 6 , using the arc-length 

S = [ II 7 (u) II du 
Jo 

of 7 as the parameter gives a unit-speed reparametrization 7 of 7 (so that 
7(s) = 7(t)). Note that 


pt-\-T pT pt+T 

s{t + T)= \\j{u)\\du= \\i(u)\\du+ || j(u) || du = £(j) +s(t), 


since, putting v = u—T and using 7 (u—T) = 7(it) (and hence by differentiation 
7 (u — T) = 7 (u)), we get 



II 7 (u) II du 



j(v) || dv = s(t). 


Hence, 


7 (s{t)) = 7 (s(i')) 7 (0 = 7 (0 t 1 -t = kT s(t') - s(t) = kl{ 7), 


where A; is an integer. This shows that 7 is a closed curve with period £('y). 
Note that, since 7 is unit-speed, this is also the length of 7. In short, we can 
always assume that a closed curve is unit-speed and that its period is equal to 
its length. 

Returning to the curve illustrated at the beginning of this section, it is 
clearly not closed; nevertheless, if a point starts at the origin and moves at 
constant speed around the loop in the region x < 0 it will return to its starting 
point. This suggests the following definition. 


Definition 1.4.4 

A curve 7 is said to have a self-intersection at a point p of the curve if there 
exist parameter values a 7^ b such that 

(i) 7(a) = 7(6) = p, and 

(ii) if 7 is closed with period T, then a — b is not an integer multiple of T. 
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1. Curves in the plane and in space 


Example 1.4.5 

The limagon in Example 1 . 1.7 is a closed curve with period 27 t. It is clear from 
the picture that it has exactly one self-intersection, at the origin. (This can also 
be verified analytically - cf. Exercise 1 . 4.1 and its solution.) 


EXERCISES 

1 . 4.1 Show that the Cayley sextic 

7 (t) = (cos 3 f cos 3 f,cos 3 f sin 3 f), t £ R, 

is a closed curve which has exactly one self-intersection. What is 
its period? (The name of this curve derives from the fact that its 
Cartesian equation involves a polynomial of degree 6.) 

1 . 4.2 Give an example to show that a reparametrization of a closed curve 
need not be closed. 

1 . 4.3 Show that if a curve 7 is Ti-periodic and TVperiodic, then it is 
( k\Ti + fc2T2)-periodic for any integers k±, fe. 

1 . 4.4 Let 7 : R —> K" be a curve and suppose that To is the smallest pos¬ 
itive number such that 7 is To-periodic. Prove that 7 is T-periodic 
if and only if T = kTo for some integer k. 

1 . 4.5 Suppose that a non-constant function 7 : K —> R is T-periodic for 
some T ^ 0 . This exercise shows that there is a smallest positive 
To such that 7 is To-periodic. The proof uses a little real analysis. 
Suppose for a contradiction that there is no such To. 

(i) Show that there is a sequence T\, T 2 , T 3 ,... such that T\ > T 2 > 
T3 > • • • > 0 and that 7 is T r -periodic for all r > 1 . 

(ii) Show that the sequence {T r } in (i) can be chosen so that T r —> 0 
as r —> 00. 

(iii) Show that the existence of a sequence {T r } as in (i) such that 
T r —> 0 as r —> 00 implies that 7 is constant. 

1 . 4.6 Let 7 : R. —> 1 " be a non-constant curve that is T-periodic for some 
T > 0 . Show that 7 is closed. 
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1.5 Level curves versus parametrized curves 

We shall now try to clarify the relation between the two types of curves we 
have considered in previous sections. 

Level curves in the generality we have defined them are not always the 
kind of objects we would want to call curves. For example, the level ‘curve’ 
x 2 + y 2 = 0 is a single point. The correct conditions to impose on a function 
f(x,y) in order that f(x,y) = c, where c is a constant, will be an acceptable 
level curve in the plane are contained in the following theorem, which shows 
that such level curves can be parametrized. Note that we might as well assume 
that c = 0 (since we can replace / by / — c). 


Theorem 1.5.1 

Let f(x, y) be a smooth function of two variables (which means that all the par¬ 
tial derivatives of /, of all orders, exist and are continuous functions). Assume 
that, at every point of the level curve 

C = {(: x,y) S R 2 | f{x,y) = 0 }, 

df/dx and df/dy are not both zero. If p is a point of C, with coordinates 
(xo,yo), say, there is a regular parametrized curve 7 (t), defined on an open 
interval containing 0, such that 7 passes through p when t = 0 and 7(t) is 
contained in C for all t. 


The proof of this theorem makes use of the inverse function theorem (one 
version of which has already been used in the proof of Proposition 1 . 3 . 6 ). For the 
moment, we shall only try to convince the reader of the truth of this theorem. 
The proof will be given later (Exercise 5 . 6 . 2 ) after the inverse function theorem 
has been formally introduced and used in our discussion of surfaces. 

To understand the significance of the conditions on / in Theorem 1 . 5 . 1 , 
suppose that (xq + Ax, yo + Ay) is a point of C near p, so that 

f(x 0 + Ax, yo + Ay) = 0 . 


By the two-variable form of Taylor’s theorem, 

0 f Qf 

f(x 0 + Ax, y 0 + Ay) = f(x 0 ,yo) + Ax^- + A y-^-, 

ox oy 

neglecting products of the small quantities Aa: and Ay (the partial derivatives 
are evaluated at (a,’o,yo))- Hence, 

. df 9 / 

Az-T + Ay-^ = 0. 

ox oy 


( 1 . 8 ) 
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1. Curves in the plane and in space 


Since Ax and Ay are small, the vector (Ax, Ay) is nearly tangent to C at p, 
so Eq. 1.8 says that the vector n = ( J is perpendicular to C at p. 



The hypothesis in Theorem 1.5.1 tells us that the vector n is non-zero at 
every point of C. Suppose, for example, that ^ ^ 0 at p. Then, n is not parallel 
to the ir-axis at p, so the tangent to C at p is not parallel to the y-axis. 



This implies that vertical lines x = constant near x = xq all intersect C in a 
unique point (x, y) near p. In other words, the equation 


f(x,y) = 0 


( 1 . 9 ) 
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has a unique solution y near yo for every x near xq- Note that this may fail to 
be the case if the tangent to C at p is parallel to the y- axis (i.e., if df /dy = 0): 



In this example, lines x = constant just to the left of x = Xq do not meet C 
near p, while those just to the right of x = Xq meet C in more than one point 
near p. 

The italicized statement about / in the last paragraph means that there is 
a function g(x), defined for x near xq , such that y = g(x) is the unique solution 
of Eq. 1.9 near yo- We can now define a parametrization 7 of the part of C near 
P by 

70 ) = 

If we accept that g is smooth (which follows from the inverse function theorem), 
then 7 is certainly regular since 7 = (1, g) is obviously never zero. This ‘proves’ 
Theorem 1.5.1. 



x 2 + y 2 = 1 



It is actually possible to prove slightly more than we have stated in 
Theorem 1.5.1. Suppose that f(x,y) satisfies the conditions in the theorem, 
and assume in addition that the level curve C given by f(x, y) = 0 is connected. 
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1. Curves in the plane and in space 


For readers unfamiliar with point set topology, this means roughly that C is 
in ‘one piece’. For example, the circle x 2 + y 2 = 1 is connected, but the hy¬ 
perbola x 2 — y 2 = 1 is not (see above). With these assumptions on /, there 
is a regular parametrized curve 7 whose image is the whole of C. Moreover, 
if C is not closed 7 can be taken to be injective; if C is closed, then 7 maps 
some closed interval [a,/3] onto C , 7 (a) = 'f(p) and 7 is injective on the open 
interval (a,/3). 

A similar argument can be used to pass from parametrized curves to level 
curves: 


Theorem 1.5.2 

Let 7 be a regular parametrized plane curve, and let 7 (to) = (% 0 i Vo) be a point 
in the image of 7 . Then, there is a smooth real-valued function f(x , y), defined 
for x and y in open intervals containing xq and yo, respectively, and satisfying 
the conditions in Theorem 1.5.1, such that 7 (t) is contained in the level curve 
f(x , y) = 0 for all values of t in some open interval containing to- 

The proof of Theorem 1.5.2 is similar to that of Theorem 1.5.1. Let 

7 (f) = (u(t),i>(t)), 

where u and v are smooth functions. Since 7 is regular, at least one of ii(to) 
and v(to) is non-zero, say it(to). This means that the graph of u as a function 
of t is not parallel to the t-axis at to: 



As in the proof of Theorem 1.5.1, this implies that any line parallel to the t-axis 
close to u = Xq intersects the graph of it at a unique point u(t) with t close 
to to- This gives a function h(x), defined for x in an open interval containing 
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xo, such that t = h{x) is the unique solution of u(t) = x if x is near xq and t is 
near to- The inverse function theorem tells us that h is smooth. The function 

f{x,y) = y~v{h{x)) 


has the properties we want. 

It is not in general possible to find a single function f(x,y) satisfying the 
conditions in Theorem 1.5.1 such that the image of 7 is contained in the 
level curve f(x,y) = 0 , for 7 may have self-intersections like the limagon in 
Example 1.1.7. It follows from the inverse function theorem that no single func¬ 
tion / satisfying the conditions in Theorem 1.5.1 can be found that describes 
a curve near such a self-intersection. 


EXERCISES 

1.5.1 Show that the curve C with Cartesian equation 

y 2 = x{l - x 2 ) 

is not connected. For what range of values of t is 

7 (t) = ( t, Vt-t 3 ) 

a parametrization of Cl What is the image of this parametrization? 

1.5.2 State an analogue of Theorem 1.5.1 for level curves in K 3 given by 
f{x,y,z) = g(x,y,z) = 0 . 

1.5.3 State and prove an analogue of Theorem 1.5.2 for curves in R 3 
(or even R n ). (This is easy.) 


In the remainder of this book, we shall speak simply of ‘curves’, 
unless there is serious danger of confusion as to which type 
(level or parametrized) is intended. 




2 

How much does a curve curve? 


In this chapter, we associate two scalar functions, its curvature and torsion, to 
any curve in R 3 . The curvature measures the extent to which a curve is not 
contained in a straight line (so that straight lines have zero curvature), and 
the torsion measures the extent to which a curve is not contained in a plane 
(so that plane curves have zero torsion). It turns out that the curvature and 
torsion together determine the shape of a curve. 


2.1 Curvature 

We are going to try to find a measure of how ‘curved’ a curve is, and to simplify 
matters we shall work with plane curves initially. Since a straight line should 
certainly have zero curvature, a measure of the curvature of a plane curve at a 
point p of the curve should be its deviation from the tangent line at p. 

Suppose then that 7 is a unit-speed curve in R 2 . As the parameter t of 7 
changes to t + At, the curve moves away from its tangent line at 7 (t) by a 
distance ( 7 (t + At) — 7 (t)) • n, where n is a unit vector perpendicular to the 
tangent vector 7 (t) of 7 at the point 7 (t). 


Andrew Pressley, Elementary Differential Geometry: Second Edition , 

Springer Undergraduate Mathematics Series, DOI 10.1007/978-l-84882-891-9_2, 
© Springer-Verlag London Limited 2010 
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2. How much does a curve curve? 



By Taylor’s theorem, 

7 (t + At) = 7 (t) + j(t)At + ^7(t)(At) 2 + remainder, (2.1) 

where (remainder)/(Af) 2 tends to zero as At tends to zero. Since j- n = 0, the 
deviation of 7 from its tangent line at 7 (f) is 

-7(f) • n(Af ) 2 + remainder. 

Since 7 is unit-speed, 7 is perpendicular to 7 and therefore parallel to n. Hence, 
neglecting the remainder terms, the magnitude of the deviation of 7 from its 
tangent line is 

\ II 7(t) II (At) 2 . 

This suggests the following definition: 

Definition 2.1.1 

If 7 is a unit-speed curve with parameter t, its curvature n(t) at the point 7(f) 
is defined to be || 7(t) ||. 

Note that we make this definition for unit-speed curves in R" for all n> 2. 
Note also that this definition is consistent with Proposition 1.1.6, which tells 
us that if 7 = 0 everywhere then 7 is part of a straight line, and so should 
certainly have zero curvature. 



2.1 Curvature 
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Let us see if Definition 2 . 1.1 is consistent with what we expect for the 
curvature of circles. Consider the circle in R 2 centred at (xo,yo) and of radius R. 
This has a unit-speed parametrization 


We have j(t) = 


7 (t) = ( x 0 + R cos —,2/0 + Rsin 


(— sin A, cos Jj), and so 



II 7W 11 = 



= 1 , 


confirming that 7 is unit-speed, and hence 7 (t) = (— cos -g, — sin A), so 
the curvature 



is the reciprocal of the radius of the circle. This is in accordance with our 
expectation that small circles should have large curvature and large circles 
small curvature. 

So far we have only considered unit-speed curves. If 7 is any regular curve, 
then by Proposition 1 . 3 . 6 , 7 has a unit-speed parametrization 7, say, and we 
can define the curvature of 7 to be that of 7. For this to make sense, we need 
to know that if 7 is another unit-speed parametrization of 7, the curvatures of 
7 and 7 are the same. To see this, note that 7 will be a reparametrization of 
7 (Exercise 1 . 3 . 4 ), so by Corollary 1 . 3 . 7 , 


7(f) = 7('«), 

where u = ±t + c and c is a constant. Then, by the chain rule, ^ = ±^, so 

GP7 2 = ± _d_ / ± d7\ = <^7 
dt du \ du J du 2 ’ 

which shows that 7 and 7 do indeed have the same curvature. 

Although every regular curve 7 has a unit-speed reparametrization, it may 
be complicated or impossible to write it down explicitly (see Examples 1 . 3.8 
and 1 . 3 . 9 ), and so it is desirable to have a formula for the curvature of 7 in 
terms of 7 itself rather than a reparametrization of it. 


Proposition 2.1.2 


Let 7 (t) be a regular curve in K 3 . Then, its curvature is 


= II 7 x 7 II 
II 7 II 3 


( 2 . 2 ) 


where the x indicates the vector (or cross) product and the dot denotes d/dt. 






32 


2. How much does a curve curve? 


Of course, since a curve in R 2 can be viewed as a curve in the sy-plane 
(say) in R 3 , Eq. 2.2 can also be used to calculate the curvature of plane curves. 


Proof 

Let s be a unit-speed parameter for 7 . Then, by the chain rule, 

d'y dj ds 


^ dt ds dt ' 


so 


k = 


d 2 7 


d (d-y/dt\ 


d ( d-f/dt\ 
dt y ds/dtJ 


ds 2 


ds \ ds/dt J 


ds/dt 



ds d 2 ~t _ d 2 s d-y 
dt dt 2 dt 2 dt 


( ds/dt ) 3 


Now, 


= || 7 ||-= 7.7, 


and differentiating with respect to t gives 

ds_f/ 
dt dt 2 

Using this and Eq. 2.3, we get 
,2 .. 


( ds\ z - d z s ds • 

l di) 7“ dprdtT 


(7 ■ 7)7 - (7'7)7 


(ds/dt) 4 || 7 

Using the vector triple product identity 

a x (b x c) = (a • c)b — (a • b)c 
(where a, b, c S R 3 ), we get 

7 x (7 x 7 ) = (7 • 7)7 - (7 • 7 ) 7 . 
Further, 7 and 7 x 7 are perpendicular vectors, so 

II 7 x (7 x 7 ) || = || 7 mi 7 x 7 ||. 

Hence, 

II (7 ■ 7)7 - (7 ■ 7)7 II _ II 7 X (7 X 7) II _ II 7 III! 7 x 7 


(2.3) 


7 


7 


7 


7x7 
II 7 II 3 


□ 
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Note that formula (2.2) makes sense provided that 7 7 ^ 0. Thus, the 
curvature is defined at all regular points of the curve. 


Example 2.1.3 

A circular helix with axis the 2 -axis is a curve of the form 
7 ( 0 ) = (o cos 0 , a sin 0 , b6), 0 € R, 


where a and b are constants. 



If (x, y, 2 ) is a point on the helix, so that 

x = acos9, y = asin0, z = b9 , 

for some value of 9 , then x 2 +y 2 = a 2 , showing that the helix lies on the cylinder 
with axis the 2 -axis and radius |a|; the positive number |a| is called the radius 
of the helix. As 9 increases by 27r, the point (a cos 9, a sin 9, bff) rotates once 
round the 2 -axis and moves parallel to the 2 -axis by 27r6; the positive number 
27 t|&| is called the pitch of the helix. 

Let us compute the curvature of the helix using the formula in Proposi¬ 
tion 2.1.2. Denoting d/d9 by a dot, we have 7 (9) = (—a sin 9, a cos 9, b) so 

|| 7(0) ||= Va 2 + 6 2 . 

This shows that 7 ( 0 ) is never zero, so 7 is regular (unless a = b = 0, in 
which case the image of the helix is a single point). Hence, the formula in 
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2. How much does a curve curve? 


Proposition 2.1.2 applies, and we have 7 = (— acosd, — asind, 0) so 7 x 7 = 
(—adsind, a&cosd, — a 2 ) and hence 

|| (—a&sind, abcosd, — a 2 ) || (a 2 b 2 + a 4 ) 1 / 2 |a| 

|| (—asind, a cos 0 , &) || 3 (a 2 + & 2 ) 3 / 2 a 2 + b 2 

Thus, the curvature of the helix is constant. 

Let us examine some limiting cases to see if this result agrees with what 
we already know. First, suppose that 6 = 0 (but a ^ 0). Then, the helix is 
simply a circle in the sy-plane of radius |a|, so by the calculation following 
Definition 2.1.1 its curvature is l/|a|. On the other hand, the formula (2.4) 
gives the curvature as 

|q| = H H = 1 

a 2 + 0 2 a 2 | a | 2 |a|' 

Next, suppose that a = 0 (but b ^ 0). Then, the image of the helix is just the 
0 -axis, a straight line, so the curvature is zero. And formula (2.4) gives zero 
when a = 0 too. 


EXERCISES 

2.1.1 Compute the curvature of the following curves: 

(i) 7 (t) = (l(l+t) 3 / 2 I(l-t) 3 / 2 ,A i ). 

(ii) 7 ( 6 ) = (| cost, 1 — sin t, — | cost). 

(iii) 7 (?) = ( t , coshf). 

(iv) 7 (f) = (cos 3 t, sin 3 t). 

For the astroid in (iv), show that the curvature tends to 00 as we 
approach one of the points (±1, 0), (0, ±1). Compare with the sketch 
found in Exercise 1.1.5. 

2.1.2 Show that, if the curvature n(t) of a regular curve 7 (f) is > 0 every¬ 
where, then n{t) is a smooth function of t. Give an example to show 
that this may not be the case without the assumption that k > 0 . 


2.2 Plane curves 

For plane curves, it is possible to refine the definition of curvature slightly and 
give it an appealing geometric interpretation. 
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Suppose that 7 (s) is a unit-speed curve in R 2 . Denoting d/ds by a dot, let 

t = 7 

be the tangent vector of 7 ; note that t is a unit vector. There are two unit 
vectors perpendicular to t; we make a choice by defining n s , the signed unit 
normal of 7 , to be the unit vector obtained by rotating t anticlockwise by 7r/2. 



By Proposition 1.2.4, t = 7 is perpendicular to t, and hence parallel to n s . 
Thus, there is a scalar k s such that 

7 = k s n s ; 

k s is called the signed curvature of 7 (it can be positive, negative or zero). Note 
that, since || n s || = 1 , we have 

« = ll 7 11 = 11 11= M, (2.5) 

so the curvature of 7 is the absolute value of its signed curvature. The following 
diagrams show how the sign of the signed curvature is determined (in each case, 
the arrow on the curve indicates the direction of increasing s); k s is negative 
for the two middle diagrams and positive for the other two. 




k- s > 0 


K s <0 


K s < 0 


K s > 0 
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2. How much does a curve curve? 


If 7 (t) is a regular, but not necessarily unit-speed, curve we define the unit 
tangent vector t, signed unit normal n s and signed curvature n s of 7 to be 
those of its unit-speed paranretrization 7 (s), where s is the arc-length of 7 . 
Thus, 

dy/dt dy/dt 
ds/dt 11 c? 7 /rft 11 

n s is obtained by rotating t anticlockwise by 7t/2, and 

dt dt ds ds 

— =-= k,— n, = s. 

dt ds dt dt 

The signed curvature has a simple geometric interpretation in terms of the 
rate at which the tangent vector rotates. If 7 is a unit-speed curve, the direction 
of the tangent vector 7 (s) is measured by the angle (f(s) such that 

7 (s) = (cos <p(s), sin </?(s)). ( 2 . 6 ) 

The angle ip(s) is not unique, however, as we can add to any particular choice 
any integer multiple of 27r. The following result guarantees that there is always 
a smooth choice: 



Proposition 2.2.1 

Let 7 : (a, (3) — » R 2 be a unit-speed curve, let so G (a, (3) and let p 0 be such 
that 

7(s 0 ) = (cos^sin^o). 

Then there is a unique smooth function ip : (a,/3) — > R. such that p(s 0 ) = tpo 
and that Eq. 2.6 holds for all s £ (a,/3). 

Proof 

Let 

7(s) = (. f(s),g(s)y, 

note that 

/(s ) 2 + g(s) 2 = 1 for all s (2.7) 

since 7 is unit-speed. Define 

‘Pis) = Po+ f [fg- gf) dt. 

J So 

Obviously y>(so) = tpo- Moreover, since the functions / and g are smooth, so is 
<p = fg — gf, and hence so is tp. 
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Let 

F = / cos p + g sin p, G = f sin p — g cos p. 

Then, 

F = (/ + gp) cos p + (g - /tp) sin <p. 

But 

/ + 50 = /(i - 5 2 ) + fgg = /(// + gg) = o, 

where the second equality used Eq. 2.7 and the last equality used its conse¬ 
quence 

ff + 99 = 0 . 

Similarly, g — fp = 0. Hence, F = 0 and F is constant. A similar argument 
shows that G is constant. But 

F(s o) = /(s 0 ) cos po + g(s 0 ) sin p 0 = cos 2 p 0 + sin 2 p 0 = 1, 

and similarly G(so) = 0. It follows that 

/ cos p + g sin p = 1, / sin p — g cos p = 0 

for all s. These equations imply that / = cost/?, g = sin p. and hence that the 
smooth function p satisfies Eq. 2.6. 

As to the uniqueness, if 0 is another smooth function such that tp(so) = po 
and 7 (s) = (cos0(s),sin^(s)) for s € (cq/3), there is an integer n(s) such that 

ip(s) — p(s) = 2nn(s) for all s € (a,/3). 

Because p and tp are smooth, n is a smooth, hence continuous, function of s. 
This implies that n is a constant: otherwise we would have n(so) 7^ n(si) for 
some si € (a, and then by the intermediate value theorem the continuous 
function n(s) would have to take all values between n(so) and n(si) when s 
is between so and Si. But most real numbers between n(so) and n(s i) are not 
integers! Thus, n is actually independent of s, and since ip( s o) = p{so) = Po , 
we must have n = 0 and hence tp(s) = p(s) for all s € (cr, f+). □ 


Definition 2.2.2 

The smooth function p in Proposition 2.2.1 is called the turning angle of 7 
determined by the condition p(so ) = po- 

We are now in a position to give the geometric interpretation of the signed 
curvature that we promised earlier. 
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2. How much does a curve curve? 


Proposition 2.2.3 

Let 7 (s) be a unit-speed plane curve, and let p(s) be a turning angle for 7 . 
Then, 

dp 

k s = 

as 

Thus, the signed curvature is the rate at which the tangent vector of the 
curve rotates. As the diagrams following Eq. 2.5 show, the signed curvature is 
positive or negative accordingly as t rotates anticlockwise or clockwise as one 
moves along the curve in the direction of increasing s. 


Proof 

By Eq. 2.6 the tangent vector t = (cos p, sin p) , so 

t = p{— sine/?, cos p). 

Since n s = (— sin p, cos p), the equation t = K s n s gives the stated result. □ 

Example 2.2.4 

Let us find the signed curvature of the catenary (Exercise 1.2.1). Using the 
parametrization 7 (t) = (f, cosht) we get 7 = (l,sinhf) and hence 

s= V 1 + sinh 2 tdt = sinh t, 

Jo 

so if ip is the angle between 7 and the rr-axis, 

= s, 

= 1 , 

1 _ 1 

1 + tan 2 ip 1 + s 2 


tan ip = sinh t 

1 dip 
sec p— 
ds 

dp 1 
ds sec 2 p 


Proposition 2.2.3 has an interesting consequence in terms of the total signed 
curvature of a unit-speed closed curve 7 of length £, namely 



( 2 . 8 ) 


Corollary 2.2.5 

The total signed curvature of a closed plane curve is an integer multiple of 2ir. 
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Proof 

Let 7 be a unit-speed closed plane curve and let l be its length. By 
Proposition 2 . 2 . 3 , the total signed curvature of 7 is 



where ip is a turning angle for 7. Now, 7 is /-periodic (see Section 1 . 4 ): 

7 (s + f) =7 (s). 

Differentiating both sides gives 

7 (s + f) = 7(s), 

and in particular 7(f) = 7(0). Hence, by Eq. 2 . 6 , 

(cos^(£),sin( / 9 (£)) = (cos 93(0), sin <^( 0 )), 
which implies that ip(£) — ^( 0 ) is an integer multiple of 27 t. □ 

The next result shows that a unit-speed plane curve is essentially determined 
once we know its signed curvature at each point of the curve. The meaning of 
‘essentially’ here is ‘up to a direct isometry of R 2 ’, i.e., a map M : R 2 —> R 2 of 
the form 


M = T a op s , 


where pg is an anticlockwise rotation by an angle 9 about the origin, 
pg{x , y ) = ( x cos 9 — y sin (9, x sin 9 + y cos 9), 
and T a is the translation by the vector a, 

T a {v) = v + a, 

for any vectors ( x,y ) and v in R 2 (see Appendix 1). 

Theorem 2.2.6 

Let k : (a, /3) —> R be any smooth function. Then, there is a unit-speed curve 
7 : (a,/3) —> R 2 whose signed curvature is k. 

Further, if 7 : (a, j3) R 2 is any other unit-speed curve whose signed 
curvature is fc, there is a direct isometry M of R 2 such that 


7(s) = M(7 (s)) for all s € (a,/ 3 ). 
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2. How much does a curve curve? 


Proof 

For the first part, fix so £ (ck, /3) and define, for any s £ (a,/3), 

ip(s) = / k(u)du , (cf. Proposition 2.2.3), 

J so 

7 (s) = I / cos <p{t)dt, / sin^(f)df I . 

V*/ So J So / 

Then, the tangent vector of 7 is 

7 (s) = (cos y>(s), sin ip(s)), 

which is a unit vector making an angle ip(s) with the i-axis. Thus, 7 is unit- 
speed and, by Proposition 2.2.3, its signed curvature is 


-j- = — f k(u)du = k(s). 
ds ds J Sn 


For the second part, let ip(s) be a smooth turning angle for 7 . Thus, 

7 (s) = (cos<^(s),sin^(s)), 

7 (s) = ( cos ip(t)dt, / sin< p(t)dtj + 7 (so). (2.9) 

By Proposition 2.2.3, k(s) = dip/ds so 

ip(s) = / k(u)du + ip(s 0 ). 

J S 0 

Inserting this into Eq. 2.9, and writing a for the constant vector 7 (so) and 9 
for the constant scalar <^(sq), we get 


7 (s) = T a f f cos + 9)dt , f sin ((p(t) + 9)dt 

So " So 

= T a I cos0 / cos ip(t)dt — sin0 / siiup(t)dt 

\ J So " So 

sind / cos (p{t^)dt T cos 9 / siiup(t)dt 

1/ So So 


= T a po ( / cos (p(t)dt, / sirup(t)dt 

So J So 

= T a pg (7 (s)). 


□ 
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Example 2.2.7 

Any regular plane curve 7 whose curvature is a positive constant is part of a 
circle. To see this, let k be the curvature of 7 , and let k s be its signed curvature. 
Then, by Eq. 2.5, 


k s = ±K. 


A priori, we could have k s = k at some points of the curve and k s = — k at 
others, but in fact this cannot happen since k s is a continuous function of s 
(see Exercise 2.2.2), so the intermediate value theorem tells us that, if k s takes 
both the value k and the value — k, it must take all values between. Thus, 
either k s = k at all points of the curve, or k s = —re at all points of the curve. 
In particular, re s is constant. 

The idea now is to show that, whatever the value of re s , we can find a 
parametrized circle whose signed curvature is re s . The theorem then tells us 
that every curve whose signed curvature is re s can be obtained by applying a 
direct isometry to this circle. Since rotations and translations obviously take 
circles to circles, it follows that every curve whose signed curvature is constant 
is (part of) a circle. 

A unit-speed parametrization of the circle with centre the origin and radius 
R is 



Its tangent vector 



is the unit vector making an angle 7 t /2 + s/R with the positive a;-axis: 



>x 


Hence, the signed curvature of 7 is 



1 

R 


Thus, if n s > 0, the circle of radius 1 /n s has signed curvature k s . 
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2. How much does a curve curve? 


If k s < 0, it is easy to check that the curve 

7(s) = (-Rcos-^,-i?sin^ 

(which is just another parametrization of the circle with centre the origin and 
radius R) has signed curvature — 1 /R. Thus, if R = — l/re s we again get a circle 
with signed curvature k s . 

These calculations should be compared to the analogous ones for curvature 
(as opposed to signed curvature) following Definition 2.1.1. 


Example 2.2.8 

Theorem 2.2.6 shows that we can find a plane curve with any given smooth 
function as its signed curvature. But simple curvatures can lead to complicated 
curves. For example, let the signed curvature be k s (s) = s. Following the proof 
of Theorem 2.2.6, and taking so = 0, we get <p(s) = udu = so 

7<s) = (/ 0 cos (j) dt i sin (y)4 



These integrals cannot be evaluated in terms of ‘elementary’ functions. (They 
arise in the theory of diffraction of light, where they are called Fresnel’s inte¬ 
grals, and the curve 7 is called Cornu’s Spiral, although it was first considered 
by Euler.) The picture of 7 above is obtained by computing the integrals nu¬ 
merically. 
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V V 



It is natural to ask whether Theorem 2.2.6 remains true if we replace ‘signed 
curvature’ by ‘curvature’. The first part holds if (and only if) we assume that 
k > 0 , for then 7 can be chosen to have signed curvature k and so will have 
curvature k as well. The second part of Theorem 2.2.6, however, no longer 
holds. For, we can take a (smooth) curve 7 that coincides with the x-axis for 
< x < 1 (say), and is otherwise above the x-axis. (The reader who wishes 
to write down such a curve explicitly will find the solution of Exercise 9.4.3 
helpful.) We now reflect the part of the curve with x < 0 in the x-axis. The 
new curve has the same curvature as 7 , but obviously cannot be obtained by 
applying an isometry to 7 . See Exercise 2.2.3 for a version of Theorem 2.2.6 
that is valid for curvature instead of signed curvature. 


EXERCISES 

2.2.1 Show that, if 7 is a unit-speed plane curve, 

n s = -k s t. 

2.2.2 Show that the signed curvature of any regular plane curve 7 (f) is a 
smooth function of t. (Compare with Exercise 2.1.2.) 

2.2.3 Let 7 and 7 be two plane curves. Show that, if 7 is obtained from 7 
by applying an isometry M of R 2 , the signed curvatures n s and k s of 
7 and 7 are equal if M is direct but that k s = — n a if M is opposite 
(in particular, 7 and 7 have the same curvature). Show, conversely, 
that if 7 and 7 have the same nowhere-vanishing curvature, then 7 
can be obtained from 7 by applying an isometry of R 2 . 

2.2.4 Let k be the signed curvature of a plane curve C expressed in terms 
of its arc-length. Show that, if C a is the image of C under the dilation 







44 


2. How much does a curve curve? 


v i— > av of the plane (where a is a non-zero constant), the signed 
curvature of C a in terms of its arc-length s is 

A heavy chain suspended at its ends hanging loosely takes the form 
of a plane curve C. Show that, if s is the arc-length of C measured 
from its lowest point, ip the angle between the tangent of C and the 
horizontal, and T the tension in the chain, then 

T cos ip = A, T sin p = ps, 

where A, p are non-zero constants (we assume that the chain has 
constant mass per unit length). Show that the signed curvature of 
C is 



where a = A//i, and deduce that C can be obtained from the catenary 
in Example 2.2.4 by applying a dilation and an isometry of the plane. 

2.2.5 Let 7 (t) be a regular plane curve and let A be a constant. The parallel 
curve 7 A of 7 is defined by 

7 A (*) = j{t) + Xn s (t). 

Show that, if A n s (t) 7 ^ 1 for all values of t, then is a regular curve 
and that its signed curvature is re s /|l — Ak s |. 

2.2.6 Another approach to the curvature of a unit-speed plane curve 7 at 
a point 7 (so) is to look for the ‘best approximating circle’ at this 
point. We can then define the curvature of 7 to be the reciprocal of 
the radius of this circle. 

Carry out this programme by showing that the centre of the circle 
which passes through three nearby points 7 (so) and 7 (so ± 5s) on 
7 approaches the point 

e(so) = 7(«o) + — 7 —r n s(so) 

k s (s 0 ) 

as 5s tends to zero. The circle C with centre e(so) passing through 
7 (so) is called the osculating circle to 7 at the point 7 (so), and 
e(so) is called the centre of curvature of 7 at 7 (so). The radius of C 
is l/|ft s (so)| = l/«(so), where k is the curvature of 7 - this is called 
the radius of curvature of 7 at 7 (sq). 
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2.2.7 With the notation in the preceding exercise, we regard e as the 
parametrization of a new curve, called the evolute of 7 (if 7 is any 
regular plane curve, its evolute is defined to be that of a unit-speed 
reparametrization of 7 ). Assume that k s (s) ^ 0 for all values of s 
(a dot denoting d/ds ), say k s > 0 for all s (this can be achieved 
by replacing s by —s if necessary). Show that the arc-length of e is 
— K ^ (up to adding a constant), and calculate the signed curvature 
of e. Show also that all the normal lines to 7 are tangent to e (for 
this reason, the evolute of 7 is sometimes described as the ‘envelope’ 
of the normal lines to 7 ). Show that the evolute of the cycloid 


7 (t) = a(t — sini, 1 — cos t), 0 < t < 2n, 

where a > 0 is a constant, is 


e(t) = a(t + sini, —1 + cos t) 


(see Exercise 1.1.7) and that, after a suitable reparametrization, e 
can be obtained from 7 by a translation of the plane. 

2.2.8 A string of length £ is attached to the point 7 ( 0 ) of a unit-speed plane 
curve 7 (s). Show that when the string is wound onto the curve while 
being kept taught, its endpoint traces out the curve 


t( s ) = 7 (s) + (£- s) 7 (s) 


where 0 < s < t and a dot denotes d/ds. The curve 1 is called 
the involute of 7 (if 7 is any regular plane curve, we define its involute 
to be that of a unit-speed reparametrization of 7 ). Suppose that the 
signed curvature k s of 7 is never zero, say k s (s) > 0 for all s. Show 
that the signed curvature of l is l/(£ — s). 

2.2.9 Show that the involute of the catenary 


7 (t) = ( t , coshf) 

with 1 = 0 (see the preceding exercise) is the tractrix 



See Section 8.3 for a simple geometric characterization of this curve. 

2.2.10 A unit-speed plane curve 7 (s) rolls without slipping along a 
straight line £ parallel to a unit vector a, and initially touches £ 
at a point p = 7 ( 0 ). Let q be a point fixed relative to 7 . Let T(s) 
be the point to which q has moved when 7 has rolled a distance s 
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along l (note that T will not usually be unit-speed). Let 6(s) be the 
angle between a and the tangent vector 7 . Show that 


T(s) = p + sa + p_ e(s) (q - 7 (s)), 


where p v is the rotation about the origin through an angle tp. Show 
further that 


r(s) •p_ 0W (q-7(s)) = 0. 


Geometrically, this means that a point on T moves as if it is rotating 
about the instantaneous point of contact of the rolling curve with I. 
See Exercise 1.1.7 for a special case. 


2.3 Space curves 

Our main interest in this book is in curves (and surfaces) in R 3 , i.e., space 
curves. While a plane curve is essentially determined by its curvature (see 
Theorem 2.2.6), this is no longer true for space curves. For example, a circle 
of radius 1 in the xy-plane and a circular helix with a = b = 1/2 (see Exam¬ 
ple 2.1.3) both have curvature 1 everywhere, but it is obviously impossible to 
change one curve into the other by any isometry of R 3 . We shall define an¬ 
other type of curvature for space curves, called the torsion, and we shall prove 
that the curvature and torsion of a curve together determine the curve up to a 
direct isometry of R 3 . 

Let 7 (s) be a unit-speed curve in R 3 , and let t = 7 be its unit tangent 
vector. If the curvature k(s) is non-zero, we define the principal normal of 7 
at the point 7 (s) to be the vector 


n(s) = —r-rt(s). 

«(«) 


( 2 . 10 ) 


Since || t || = n, n is a unit vector. Further, by Proposition 1.2.4, t ■ t = 0, so t 
and n are actually perpendicular unit vectors. It follows that 


( 2 . 11 ) 


b = t x n 


is a unit vector perpendicular to both t and n. The vector b(s) is called the 
binormal vector of 7 at the point 7 (s). Thus, {t, n, b} is an orthonormal basis 
of R 3 , and is right-handed, i.e., 


b = t x n, n = b x t, t = nxb. 
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Since b(s) is a unit vector for all s, b is perpendicular to b. Now we use the 
‘product rule’ for differentiating the vector product of vector-valued functions 
u and v of a parameter s: 


d . . du 

— (u xv) = — xv + ux 
ds ds 


dv 

ds 


(This is easily proved by writing out both sides in component form and using 
the usual product rule for differentiating scalar functions.) Applying this to 
b = t x n gives 

b = txn + txh = txh, (2.12) 

since by the definition (2.10) of n, t x n = kh x n = 0 . Equation 2.12 shows 
that b is perpendicular to t. Being perpendicular to both t and b, b must be 
parallel to n, so 

b = —rn, (2.13) 

for some scalar r, which is called the torsion of 7 (inserting the minus sign 
here will reduce the total number of minus signs later). Note that the torsion 
is only defined if the curvature is non-zero. 

Of course, we define the torsion of an arbitrary regular curve 7 to be that 
of a unit-speed reparametrization of 7 . As in the case of the curvature, to see 
that this makes sense, we have to investigate how the torsion is affected by a 
change in the unit-speed parameter of 7 of the form 


u = ±s + c, 


where c is a constant. But this change of parameter clearly has the following 
effect on the vectors introduced above: 

t 1 —y ±t, 1 1 —t, n 1 —y n, b 1 —y ±b, b 1 —>- t>; 

it follows from Eq. 2.13 that t 4 t . Thus, the curvature and torsion are well- 
defined for any regular curve. 
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Just as we did for the curvature in Proposition 2.1.2, it is possible to give 
a formula for the torsion of a regular space curve 7 in terms of 7 itself, rather 
than in terms of a unit-speed reparametrization: 


Proposition 2.3.1 

Let 7 (f) be a regular curve in R 3 with nowhere-vanishing curvature 
denoting d/dt by a dot, its torsion is given by 

x 7) -7 

' II 7x7 II 2 ' 

Note that this formula shows that r(t) is defined at all points 7 (t) of the 
curve at which its curvature n(t) is non-zero, since by Proposition 2.1.2 this is 
the condition for the denominator on the right-hand side to be non-zero. 


Then, 

(2.14) 


Proof 


We could ‘derive’ Eq. 2.14 by imitating the proof of Proposition 2.1.2. But it 
is easier and clearer to proceed as follows, even though this method has the 
disadvantage that one must know the formula (2.14) for r in advance. 

We first treat the case in which 7 is unit-speed. Using Eqs. 2.11 and 2.13, 

r = — n • b = — n • (t x n)' = — n ■ (t x n + 1 x ri) = — n ■ (t x n). 


Now, n = it = £ 7 , so 


r =- 7 ■ 

K 


7 x — [ -1 J J = --1 ■ ( 7 x 1 -1 - —7 | | = —7 


since 7 • (7 x 7 ) = 0 and 7 • (7 x 7 ) = —7 ■ (7 x 7 ). This agrees with 
for, since 7 is unit-speed, 7 and 7 are perpendicular, so 


(7 x 7 ), 
Eq. 2.14, 


II 7 x 7 || = || 7 mi 7 || = || 7 || = «. 

In the general case, let s be arc-length along 7 . Then, 

d-y ds d~y d 2 7 / ds\ 2 d 2 7 d 2 sd'y 

dt dt ds ’ dt 2 \dt) ds 2 dt 2 ds ’ 

d 3 7 /ds\ 3 d 3 7 dsd 2 sd 2 7 d 3 sdj 

dt 3 \dt) ds 3 dt dt 2 ds 2 dt 3 ds 


7 


x 7 = 


7 ' (7 x 7 ) = 



/d7 

^ ds ds 2 J ’ 


( d 3 7 ( dj d 2 j\\ 

\ ds 3 \ ds ds 2 J J 


Hence, 
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So the torsion of 7 is 


T = 



dq ,, cP-y 
ds ds 2 


7 ■ (7 X 7 ) 

II 7 X 7 II 2 ' 


□ 


Example 2.3.2 

We compute the torsion of the circular helix 7 (9) = (a cos 9 , a sin 9, b9) studied 
in Example 2.1.3. We have 

7 (9) = (—asind, a cos 9, 6 ), 7 (9) = (—a cos 9, —a sin 9, 0), 

7 (9) = (asinf?, —a cos 9, 0), 7 x 7 = (a6sin0, —abcos9, a 2 ), 

II 7 x 7 || 2 = a 2 (a 2 + 6 2 ), (7 x 7 ) • 7 = a 2 6 , 

so the torsion 

(7 x 7) • 7 a 2 b b 

|| 7 x 7 || 2 a 2 (a 2 + 6 2 ) a 2 + b 2 ' 

Note that the torsion of the circular helix in Example 2.3.2 becomes zero 
when 6 = 0, in which case the helix is just a circle in the a"?/-plane. This gives 
us a clue to the geometrical interpretation of torsion, contained in the next 
proposition. 


Proposition 2.3.3 

Let 7 be a regular curve in M 3 with nowhere vanishing curvature (so that the 
torsion r of 7 is defined). Then, the image of 7 is contained in a plane if and 
only if r is zero at every point of the curve. 


Proof 

We can assume that 7 is unit-speed (for this can be achieved by reparametrizing 
7 , and reparametrizing changes neither the torsion nor the fact that 7 is, or is 
not, contained in a plane). We denote the parameter of 7 by s and d/ds by a 
dot as usual. 

Suppose first that the image of 7 is contained in the plane v • N = d, where 
N is a constant vector and d is a constant scalar and veR 3 . We can assume 
that N is a unit vector. Differentiating 7 • N = d with respect to s, we get 

t • N =0, 

t-N=0 (since N = 0), 


(2.15) 
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cn • N = 0 (since t = /in), 
n-N=0 (since n ^ 0). (2-16) 

Equations 2.15 and 2.16 show that t and n are perpendicular to N. It follows 
that b = t x n is parallel to N. Since N and b are both unit vectors, and b(s) 
is a smooth (hence continuous) function of s, we must have b(s) = N for all s 
or b(s) = —N for all s. In both cases, b is a constant vector. But then b = 0, 
SO T = 0. 

Conversely, suppose that r = 0 everywhere. By Eq. 2.13, b = 0, so b is a 
constant vector. The first part of the proof suggests that 7 should be contained 
in a plane v • b = constant. We therefore consider 

■y-(7-b) = 7-b = tb = 0, 
as 

so 7 ■ b is a constant (scalar), say d. This means that 7 is indeed contained in 
the plane v ■ b = d. □ 


There is a gap in our calculations which we would like to fill. Namely, we 
know that, for a unit-speed curve, we have 

t = an and b = rn 


(these were our definitions of n and r, respectively), but we have not com¬ 
puted n. This is not difficult. Since {t, n, b} is a right-handed orthonormal 
basis of R 3 , 

t x n = b, 11 x b = t, bxt = n. 

Hence, 

n = bxt + bxt = — rn x t + /ib x n = —/it + rb. 

Putting all these together, we get the following theorem. 


Theorem 2.3.4 

Let 7 be a unit-speed curve in R 3 with nowhere vanishing curvature. Then, 

t = Kn 

n = —/it + rb (2-17) 

b = — rn. 


Equations 2.17 are called the Frenet-Serret equations. Notice that the matrix 
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which expresses t, ri and b in terms of t, n and b is skew-symmetric , i.e., it is 
equal to the negative of its transpose. This helps when trying to remember the 
equations. (The ‘reason’ for this skew-symmetry can be seen in Exercise 2.3.6.) 

Here is a simple application of Frenet-Serret: 


Proposition 2.3.5 

Let 7 be a unit-speed curve in K 3 with constant curvature and zero torsion. 
Then, 7 is a parametrization of (part of) a circle. 


Proof 

This result is actually an immediate consequence of Example 2.2.7 and 
Proposition 2.3.3, but the following proof is instructive and gives more in¬ 
formation, namely the centre and radius of the circle and the plane in which it 
lies. 

By the proof of Proposition 2.3.3, the binormal b is a constant vector and 
7 is contained in a plane n, say, perpendicular to b. Now 

d ( 1 \ 1 . 

— 7+ -n = t + -n = 0, 
as \ k J K 

using the fact that the curvature n is constant and the Frenet-Serret equation 
ri = — ftt + rb = —Kt (since r = 0 ) 

(the reason for considering 7 + -^n can be found in Exercise 2.2.6). Hence, 
7 + in is a constant vector, say a, and we have 

II 7- a 11=11-^n ||= i. 

This shows that 7 lies on the sphere S , say, with centre a and radius 1/n. 
The intersection of n and S is a circle, say C, and we have shown that 7 is a 
parametrization of part of C. If r is the radius of C, we have k = 1/r so r = 1/ n 
is also the radius of S. It follows that C is a great circle on S , i.e., that n passes 
through the centre a of S. Thus, a is the centre of C and the equation of n is 
v ■ b = a • b. □ 

We conclude this chapter with the analogue of Theorem 2.2.6 for space 


curves. 
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Theorem 2.3.6 

Let 'y(s) and 7 (s) be two unit-speed curves in R 3 with the same curvature 
k(s) > 0 and the same torsion r(s) for all s. Then, there is a direct isometry 
M of R 3 such that 

7 (s) = M( 7 (s)) for all s. 

Further, if k and t are smooth functions with k > 0 everywhere, there is a 
unit-speed curve in R 3 whose curvature is k and whose torsion is t. 


Proof 

Let t, n and b be the tangent vector, principal normal and binormal of 7 , and 
let t, n and b be those of 7 . Let So be a fixed value of the parameter s, let 6 be 
the angle between t(so) and t(so) and let p be the rotation through an angle 9 
around the axis passing through the origin and perpendicular to both of these 
vectors. Then, p(t(so)) = t(so); let n = p(n(so)), b = p(b(s 0 ))- If is the angle 
between n and n(so), let p' be the rotation through an angle ip around the axis 
passing through the origin parallel to t(so). Then, p' fixes t(s 0 ) and takes n 
to h(so). Since (t(so), n(s 0 ), b(so)} and {t(so), n(so), b(so)} are both right- 
handed orthonormal bases of R 3 , p' o p takes the vectors t(s 0 ), n(s 0 ), b(so) to 
the vectors t(so), n(so), b(so), respectively. Now let M be the direct isometry 
M = Ty( So )_ y ( So ) o p' o p. By Exercise 2.3.5, the curve T = M{ 7 ) is unit- 
speed, and if T, N and B denote its unit tangent vector, principal normal and 
binormal, we have 

r ( fi o) = 7 (so)- T(s 0 ) = t(s 0 ), N(s 0 ) = n(s 0 ), B(s 0 ) = b(s 0 ). (2.18) 

The trick now is to consider the expression 

A(s) = t-T + n-N + b-B. 

In view of Eq. 2.18, we have A(so) = 3. On the other hand, since t and T are 
unit vectors, t • T < 1, with equality holding if and only if t = T; and similarly 

for n • N and b • B. It follows that A(s) < 3, with equality holding if and only 

if t = T, n = N and b = B. Thus, if we can prove that A is constant, it will 
follow in particular that t = T, i.e., that 7 = T, and hence that 7 (s) — T(s) is 
a constant. But by Eq. 2.18 again, this constant vector must be zero, so 7 = T. 

For the first part of the theorem, we are therefore reduced to proving that 
A is constant. But, using the Frenet-Serret equations, 

A = t • T + A N + b B +t T + n N + b B 

= nh ■ T + (—Kt + rb) • N + (—rn) • B + t • kN 

+n • (—kT + rB) + Is • (—tN), 
and this vanishes since the terms cancel in pairs. 
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For the second part of the theorem, we observe first that it follows from the 
theory of ordinary differential equations that the equations 

T = JfcN, (2.19) 

N = — kT + tB, (2.20) 

B = — fN (2.21) 


have a unique solution T(s), N(s), B(s) such that T(s 0 ), N(s 0 ), B(so) are the 
standard orthonormal vectors i = ( 1 , 0 , 0 ), j = ( 0 , 1 , 0 ), k = ( 0 , 0 , 1 ), respec¬ 
tively. Since the matrix 

/ 0 k 0 \ 

| —k 0 t J 

V o -to) 


expressing T,N and B in terms of T,N and B is skew-symmetric, it follows 
that the vectors T. N and B are orthonormal for all values of s (see Exercise 
2.3.6). 


Now define 


7 (s) = / T (u)du. 
J Sn 


Then, 7 = T, so since T is a unit vector, 7 is unit-speed. Next, T = ZcN 
by Eq. 2.19, so since N is a unit vector, k is the curvature of 7 and N is its 
principal normal. Next, since B is a unit vector perpendicular to T and N, 
B = AT x N where A is a smooth function of s that is equal to ±1 for all s. 
Since k = i x j, we have A(so) = 1, so it follows that A(s) = 1 for all s. Hence, 
B is the binormal of 7 and by Eq. 2.21, t is its torsion. □ 


EXERCISES 

2.3.1 Compute k , t , t, n and b for each of the following curves, and verify 
that the Frenet-Serret equations are satisfied: 

(i) 7 (t) = (l(l + i )3/2I ( 1 _ t) 3/2 ) ^ 

(ii) 7 (f) = ( | cos t, 1 — sin i, — | cos t). 

Show that the curve in (ii) is a circle, and find its centre, radius and 
the plane in which it lies. 

2.3.2 Describe all curves in R 3 which have constant curvature k > 0 and 
constant torsion r. 
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2.3.3 A regular curve 7 in R 3 with curvature > 0 is called a generalized 
helix if its tangent vector makes a fixed angle 9 with a fixed unit 
vector a. Show that the torsion r and curvature k of 7 are related 
by r = irccot 8. Show conversely that, if the torsion and curvature 
of a regular curve are related by r = \n where A is a constant, then 
the curve is a generalized helix. 

In view of this result, Examples 2.1.3 and 2.3.2 show that a circular 
helix is a generalized helix. Verify this directly. 

2.3.4 Let 7 (t) be a unit-speed curve with n(t) > 0 and r(t) ^ 0 for all t. 
Show that, if 7 is spherical , i.e., if it lies on the surface of a sphere, 
then 



( 2 . 22 ) 


Conversely, show that if Eq. 2.22 holds, then 

P 2 + (per) 2 = r 2 


for some (positive) constant r, where p = 1 /k and a = 1 /r, and 
deduce that 7 lies on a sphere of radius r. Verify that Eq. 2.22 holds 
for Viviani’s curve (Exercise 1.1.8). 

2.3.5 Let P be an n x n orthogonal matrix and let a € R™, so that M (v) = 
Pv + a is an isometry of R 3 (see Appendix 1). Show that, if 7 is a 
unit-speed curve in R", the curve T = M( 7 ) is also unit-speed. Show 
also that, if t, n, b and T, N, B are the tangent vector, principal 
normal and binormal of 7 and T, respectively, then T = Pt, N = Pn 
and B = Pb. 

2.3.6 Let (aij) be a skew-symmetric 3x3 matrix (i.e., = — a ;l for 

all i,j). Let vi,V 2 and V 3 be smooth functions of a parameter s 
satisfying the differential equations 


3 



for i = 1,2 and 3, and suppose that for some parameter value sq the 
vectors Vi(s 0 ), v 2 (so) and v 3 (so) are orthonormal. Show that the 
vectors vi(s), v 2 (s) and v 3 (s) are orthonormal for all values of s. 


For the remainder of this book, 
all parametrized curves will be assumed to be regular. 



3 

Global properties of curves 


All the properties of curves that we have discussed so far are ‘local’: they 
depend only on the behaviour of a curve near a given point and not on the 
‘global’ shape of the curve. Proving global results about curves often requires 
concepts from topology , in addition to the calculus techniques we have used 
in the first two chapters of this book. Since we are not assuming that readers 
of this book have extensive familiarity with topological ideas, we will not be 
able to give complete proofs of some of the global results about curves that we 
discuss in this chapter. 


3.1 Simple closed curves 

In this chapter, we shall consider plane curves of the following type. 


Definition 3.1.1 

A simple closed curve in K 2 is a closed curve in K 2 that has no self-intersections. 

It is a standard, but highly non-trivial, result of the topology of R 2 , called 
the Jordan Curve Theorem, that any simple closed curve in the plane has an 
‘interior’ and an ‘exterior’: more precisely, the complement of the image of / y 


Andrew Pressley, Elementary Differential Geometry: Second Edition , 
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(i.e., the set of points of R 2 that are not in the image of 7 ) is the disjoint 
union of two subsets of R 2 , denoted by int( 7 ) and ext( 7 ), with the following 
properties: 

(i) int( 7 ) is bounded , i.e., it is contained inside a circle of sufficiently large 
radius. 

(ii) ext( 7 ) is unbounded. 

(iii) Both of the regions int( 7 ) and ext( 7 ) are connected , i.e., they have the 
property that any two points in the same region can be joined by a curve 
contained entirely in the region (but any curve joining a point of int( 7 ) to 
a point of ext( 7 ) must cross the curve 7 ). 

Example 3.1.2 

The ellipse 7 (t) = (pcost, qsmt), where p and q are non-zero constants, is 
a simple closed curve with period 2tt. The interior and exterior of 7 are, of 
course, given by |(a:,y) eR 2 |p- + ^<lj and {(x,y) G R 2 | ^ + ^ > l|, 
respectively. 

Not all examples of simple closed curves have such an obvious interior and 
exterior, however. Is the point p in the interior or the exterior of the simple 
closed curve shown below? 



Example 3.1.3 

The limagon in Example 1.1.7 is closed but is not a simple closed curve as it 
has a self-intersection - see Exercise 3.1.1. 

The fact that a simple closed curve has an interior and an exterior enables 
us to distinguish between the two possible orientations of 7 . We shall say that 
7 is positively-oriented if the signed unit normal n s of 7 (see Section 2.2) points 
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into int( 7 ) at every point of 7 . This can always be achieved by replacing the 
parameter t of 7 by —t, if necessary. In the diagrams below, the arrow indicates 
the direction of increasing parameter. Is the simple closed curve shown above 
positively-oriented? 



Positively-oriented Not positively-oriented 
We conclude this section by stating the following important result. 

Theorem 3.1.4 (Hopf’s Umlaufsatz) 

The total signed curvature of a simple closed curve in R 2 is ±27r. 

The proof of Theorem 3.1.4 would take us a little further into the realm of 
topology than is appropriate for this book. A heuristic proof (of a slightly more 
general result) is given in Section 13.1. 

Note that Corollary 2.2.5 shows that the total signed curvature of any closed 
curve in R 2 is an integer multiple of 2-7T. The point of Hopf’s theorem is that 
if the curve is simple closed, this integer must be ±1. The German word 
‘Umlaufsatz’ means ‘rotation theorem’: from the proof of Corollary2.2.5 we 
see that Hopf’s theorem says that any turning angle p of a simple closed curve 
changes by ±27r on going once round the curve, which means that the tangent 
vector rotates by ±27r. The reader might like to check that this property holds 
for the maze-like simple closed curve preceding Example 3.1.3. 



EXERCISES 

3.1.1 Show that 

7 (t) = ((1 + a cost) cost, (1 + a cost) sint), 
where a is a constant, is a simple closed curve if |a| < 1 , but that 
if |a| > 1 its complement is the disjoint union of three connected 
subsets of R 2 , two of which are bounded and one is unbounded. 
What happens if a = ±1? 
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3.2 The isoperimetric inequality 


The area contained by a simple closed curve 7 is 



int(-r) 


dxdy. 


This can be computed by using the following theorem. 


(3.1) 


Green’s Theorem Let f(x,y) and g{x,y) be smooth functions (i.e., functions 
with continuous partial derivatives of all orders), and let 7 be a positively- 
oriented simple closed curve. Then, 


(I “ %) = //(*.»)* + 9(z.V)*- 

A proof can be found in standard books on multivariable calculus. 


Proposition 3.2.1 

If 7 (t) = (x(t),y(t)) is a positively-oriented simple closed curve in R 2 with 
period T, then 

1 r T 

^(7) = 2 _/ ( x v-y x ) dt - ( 3 - 2 ) 


Proof 

Taking / = — \y, g = \x in Green’s theorem, we get 

-4(7) = \ J xd V - V dx , 

which gives Eq. 3.2 immediately. □ 

Note that, although the formula in Eq. 3.2 involves the parameter t of 7 , it 
is clear from the Definition 3.1.1 that ^ 4 ( 7 ) is unchanged if 7 is reparametrized. 

One of the most famous global results about plane curves is the following 
theorem. 


Theorem 3.2.2 (Isoperimetric Inequality) 

Let 7 be a simple closed curve, let £( 7 ) be its length and let 71(7) be the area 
contained by it. Then, 

-4(7) < |“ £ (t) 2 ) 

and equality holds if and only if 7 is a circle. 
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Of course, it is obvious that equality holds when 7 is a circle, since in that 
case £( 7 ) = 2nR and ^( 7 ) = ttR 2 , where R is the radius of the circle. 

To prove this theorem, we need the following result from analysis: 

Proposition 3.2.3 (Wirtinger’s Inequality) 

Let F : [0, 7 r] —> R. be a smooth function such that F(0) = F(n) = 0. Then, 



and equality holds if and only if F(t) = ID sin £ for all t £ [ 0 , 7 r], where D is a 
constant. 

Assuming this result for the moment, we show how to deduce the isoperi¬ 
metric inequality from it. 


Proof 


We start by making some assumptions about 7 that will simplify the proof. 
First, we can, if we wish, assume that 7 is parametrized by arc-length s. How¬ 
ever, because of the 7 r that appears in Theorem 3.2.2, it turns out to be more 
convenient to assume that the period of 7 is ir. If we change the parameter of 
7 from s to 


the resulting curve is still simple closed, and has period 7 r because when 
s increases by £( 7 ), t increases by n. We shall therefore assume that 7 is 
parametrized using the parameter t in Eq. 3.3 from now on. 

For the second simplification, we note that both £( 7 ) and . 4 ( 7 ) are un¬ 
changed if 7 is subjected to a translation 7 (t) i-T 7 (f) + b, where b is any 
constant vector (see Exercise 3.2.1). Taking b = — 7 ( 0 ), we might as well as¬ 
sume that 7 ( 0 ) = 0 to begin with, i.e., we assume that 7 begins and ends at 
the origin. 

To prove Theorem 3.2.2, we shall calculate £( 7 ) and . 4 ( 7 ) by using polar 
coordinates 


x = r cos 0 , y = r sin 6. 


Using the chain rule, it is easy to show that 
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with d/dt denoted by a dot. Then, using Eq. 3.3, 


( dx 


V dt 


dy 


dt 


r + r 2 9 2 = — + ^ ^ ^ = 


dx 


ds 


dy\ 2 \ f ds\ 2 £( 7 ) 


ds I \ dt 


since {dx/ds) 2 + {dy/ds) 2 = 1. Further, by Eq. 3.2, we have 


1 r 1 

a ( 7 ) = vj o ( x y - y^ dt = 0 J t 

To prove Theorem 3.2.2, we have to show that 

£( 7 ) 2 


l 0dt. 


47T 


-A{ 7 ) > 0, 


with equality holding if and only if 7 is a circle. By Eq. 3.4, 

£( 7 ) 2 


{r 2 +r 2 9 2 )dt = 


Hence, using Eq. 3.5 

£( 7 ) 2 


47T 


where 


- Ah) = - (r 2 + r 2 6 2 )dt - - r 2 ddt = -I, 


1= / {r 1 + r 2 e 2 -2r z 0)dt. 


(3.4) 


(3.5) 


(3.6) 


Thus, to prove Theorem 3.2.2, we have to show that I > 0, and that I = 0 if 
and only if 7 is a circle. 

By simple algebra, 


Z= f r 2 {d-l) 2 dt+ f (r 2 — r 2 )dt. (3.7) 

Jo Jo 

The first integral on the right-hand side of Eq. 3.7 is obviously > 0, and the 
second integral is > 0 by Wirtinger’s inequality (we are taking F = r: note that 
r(0) = r{ 7 r) = 0 since 7 ( 0 ) = 7 ( 7 r) = 0 ). Hence, 1 > 0. Further, since both 
integrals on the right-hand side of Eq. 3.7 are > 0, their sum I is zero if and 
only if both of these integrals are zero. But the first integral is zero only if 9 = 1 
for all t, and the second is zero only if r = Dsint for some constant D (by 
Wirtinger again). So 9 = t+a, where a is a constant, and hence r = D sin(0— a). 
It is easy to see that this is the polar equation of a circle of diameter D , thus 
completing the proof of Theorem 3.2.2 (see the diagram below). □ 
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We now prove Wirtinger’s inequality. 

Let G(t) = F(t)/sint. Then, denoting d/dt by a dot as usual, 


F 2 dt = / (Gsinf + G cos t) 2 dt 


>o 


’o 


= / G 2 sin 2 t dt + 2 / GGsinf cost dt + / G 2 cos 2 tdt. 

Jo Jo Jo 

Integrating by parts 1 : 


2 / GG sin t cos f dt = G 2 sin t cos t — / G 2 (cos 2 f — sin” f) df 


rlT 

/ G 2 (sin 2 t — cos 2 t ) dt. 

Jo 


Hence, 



G 2 sin tdt+ G 2 (sin” t — cos 2 t)dt + / G 2 cos 2 t dt 


(G 2 + G 2 ) sin 2 t dt = / F 2 dt+ / G 2 sin 2 tdt, 

Jo Jo 


and so 


F 2 dt- / F 2 dt = 


G 2 sin” t dt. 


Jo Jo Jo 

The integral on the right-hand side is obviously > 0, and it is zero if and only 
if G = 0 for all t, i.e., if and only if G(t) is equal to a constant, say D , for all 
t, which means that F(t) = Dsmt. □ 


1 In performing the integration by parts, we assume that G is continuously differen¬ 

tiable (for we assume that the function G(t) 2 sin t cost is equal to the integral of its 
derivative). Unfortunately, G(t) is not even defined when t = 0 or n, as the ratio 
F(t)/sin t is 0/0 there. So we must show that G can be defined at these points 
so as to become continuously differentiable everywhere. This can be done by using 
l’Hospital’s rule. 
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EXERCISES 


3.2.1 Show that the length and the area - 4 ( 7 ) are unchanged by 
applying an isometry to 7 . 

3.2.2 By applying the isoperimetric inequality to the ellipse 



(where p and q are positive constants), prove that 


[ Jp 2 sin 2 t + q 2 cos 2 t dt > 2i Ty/pq, 

Jo 

with equality holding if and only if p = q. 


3.3 The four vertex theorem 

We conclude this chapter with a famous result about convex curves in the 
plane. A simple closed curve 7 is called convex if its interior int( 7 ) is convex, 
in the sense that the straight line segment joining any two points of int( 7 ) is 
contained entirely in int( 7 ). 




Definition 3.3.1 

A vertex of a curve 7 (t) in R 2 is a point where its signed curvature k s has a 
stationary point, i.e., where dn s /dt = 0 . 

It is easy to see that this definition is independent of the parametrization 
of 7 . 
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Example 3.3.2 


The signed curvature of the ellipse 7 (t) = (pcosf,qsinf), where p and q are 
positive constants, is easily found to be 


K s {t) 


_ M _ 

( p 2 sin 2 t + q 2 cos 2 f ) 3 / 2 


Then, 


dn s 3pq(q 2 — P 2 ) sin t cost 
dt (p 2 sin 2 t + q 2 cos 2 f ) 5 / 2 


vanishes at exactly four points of the ellipse, namely the points with t = 
0,7t/2, 7 r and 37 t/ 2 , which are the ends of the two axes of the ellipse. 


The following theorem says that this is the smallest number of vertices a 
convex simple closed curve can have. 


Theorem 3.3.3 (Four Vertex Theorem) 

Every convex simple closed curve in R 2 has at least four vertices. 

The conclusion of this theorem actually remains true without the assump¬ 
tion of convexity, but the proof is then more difficult than the one we are about 
to give. 


Proof 

Let 7 be a parametrization of a convex simple closed curve in R 2 , and let £ be 
its length. Assume for a contradiction that 7 has fewer than four vertices. We 
show first that there is a straight line L that divides 7 into two segments, in 
one of which k s > 0 and in the other k s < 0 (or possibly k s > 0 on one and 
k s < 0 on the other). Indeed, k s attains all of its values on the closed interval 
[0,f], so k s must attain its maximum and minimum values at some points p 
and q of 7 . We can assume that p^q, since otherwise n s would be constant, 
7 would be a circle (by Example 2.2.7), and every point of 7 would be a vertex. 
If p and q were the only vertices of 7 , we would have k s > 0 on one of the 
segments into which the line through p and q divides 7 and k s < 0 on the 
other. Suppose now that there is just one more vertex, say r. Then, p, q and 
r divide 7 into three segments, on each of which either k s > 0 or k s < 0. It 
follows that there are two adjacent segments on which k s > 0 or two on which 
k s < 0 (except at the point at which the two segments meet). This proves our 
assertion. □ 
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Let a be a unit vector perpendicular to L, so that 7 • a > 0 on one side of L 
and 7 • a < 0 on the other. Then, the quantity k s ( 7 • a) is either always > 0 or 
always < 0, except at the two points in which L intersects the curve. It follows 
that 

k s (7 • a) dt yf 0, (3.8) 

as this integral is definitely > 0 in the first case and < 0 in the second. But, 
using the equation n s = — K s t (see Exercise 2.2.1), we get 

ksl = (Ks'Y)' - «s7 = (k s 7 + n s )', 

so the integrand on the left-hand side of (3.8) is the derivative of (re s 7 +n s ) -a = 
A, say. Since 7 is ^-periodic, 

7 (t + t) = 7 (f) for all t, 

differentiating with respect to t shows that the tangent vector t of 7 is also 
^-periodic: 

t (t + i) = 7 (t + £) = 7 (t) = t (t). 

Rotating by 7 t /2 gives 

n s(t + e) = n s (t), 

and hence K s (t + t) = K s (t). It follows that A (t + £) = A (t) for all t, so the 
integral in (3.8) is equal to 

A(i) dt = X(£) — A(0) = 0. 

This contradiction proves that 7 must have at least four vertices. □ 
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EXERCISES 

3.3.1 Show that the ellipse in Example 3.1.2 is convex. 

3.3.2 Show that the limacgn in Example 1.1.7 has only two vertices (cf. 
Example 3.1.3). 

3.3.3 Show that a plane curve 7 has a vertex at t = to if and only if the 
evolute e of 7 (Exercise 2.2.7) has a singular point at t = to- 



4 

Surfaces in three dimensions 


In this chapter, we introduce several different ways to mathematically formulate 
the notion of a surface. Although the simplest of these, that of a surface patch, 
is all that is needed for most of the book, it does not describe adequately most 
of the objects that we would want to call surfaces. For example, a sphere is 
not a surface patch, but it can be described by ‘gluing’ two surface patches 
together suitably. The idea behind this gluing procedure is simple enough, 
but making it precise turns out to be a little complicated. We have tried to 
minimize the trauma by collecting the most demanding proofs in a separate 
section (Section 5.6). 


4.1 What is a surface? 

A surface is a subset of R 3 that looks like a piece of R 2 in the vicinity of any 
given point, just as the surface of the Earth, although actually nearly spherical, 
appears to be a flat plane to an observer on the surface who sees only to the 
horizon. To make the phrases ‘looks like’ and ‘in the vicinity’ precise, we must 
first introduce some preliminary material. We describe this for R" for any n > 1, 
although we shall need it only for n = 1,2, or 3. 

First, a subset U of R" is called open if, whenever a is a point in U, there 
is a positive number e such that every point u G R" within a distance e of a is 
also in U : 

a G U and || u — a || < e =» u £ U. 
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For example, the whole of R™ is an open set, as is 

V r (a) = {uf I" | || u — a ||< r}, 

the open ball with centre a and radius r > 0. (If n = 1, an open ball is called 
an open interval; if n = 2 it is called an open disc.) However, 

T> r ( a) = {u £ R" | || u — a || < r} 

is not open because however small the positive number e is, there is a point 
within a distance e of the point ( a± + r, a 2 ,..., a n ) £ T> r (a) (say) that is not in 
V r (a) (for example, the point (ai + r + |, 02 , • • •, ««))■ 

Next, if X and Y are subsets of R m and R n , respectively, a map / : X —> Y 
is said to be continuous at a point a £ X if points in X near a are mapped by 
/ to points in Y near /(a). More precisely, / is continuous at a if, given any 
number e > 0, there is a number 5 > 0 such that 

u £ X and || u - a || < 6 => || /(u) - /(a) || < e. 

Then / is said to be continuous if it is continuous at every point of X. 
Composites of continuous maps are continuous. 

In view of the definition of an open set, this is equivalent to the following: 
/ is continuous if and only if, for any open set V of R", there is an open set U 
of R m such that U D X = {x £ X \ f(x ) £ V}. 

If / : X —> Y is continuous and bijective, and if its inverse map f~ 1 :Y^X 
is also continuous, then / is called a homeomorphism and X and Y are said to 
be homeomorphic. 

We are now in a position to make our first attempt at defining the notion 
of a surface in R 3 . 

Definition 4.1.1 

A subset S of R 3 is a surface if, for every point p £ S, there is an open set U 
in R 2 and an open set W in R 3 containing p such that S (~l W is homeomorphic 
to U. A subset of a surface S of the form S fl W, where W is an open subset 
of R 3 , is called an open subset of S. A homeomorphism er : U —> S fl W as in 
this definition is called a surface patch or parametrization of the open subset 
S fl W of S. A collection of such surface patches whose images cover the whole 
of S is called an atlas of S. 


Example 4.1.2 

Every plane in R 3 is a surface with an atlas consisting of a single surface patch. 
In fact, let a be a point on the plane, and let p and q be two unit vectors that 
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are parallel to the plane and perpendicular to each other. If v is any point of 
the plane, v — a is parallel to the plane, and so 

v — a = up + uq 

for some scalars u and v. Thus, the desired surface patch is 

<r(zt, v) = a + up + t>q, 

and its inverse map is 

cr_1 ( v ) = (0 - a) • p, (v - a) • q). 

These formulas make it clear that cr and cr -1 are continuous, and hence that 
cr is a homeomorphism. (We shall not verify this in detail.) 

The following example shows why we have to consider surfaces, and not 
just surface patches. 

Example 4.1.3 

A circular cylinder is the set of points of R 3 that are at a fixed distance (the 
radius of the cylinder) from a fixed straight line (its axis). For example, the 
circular cylinder of radius 1 and axis the 2 -axis, which we shall call the unit 
cylinder, is 

S = {(x, y, z) € R 3 | x 2 + y 2 = 1}. 

The simplest parametrization of S is 

cr(u,v) = (cosu,sinu,u). 

Clearly, cr{u,v) £ S for all (u,u) € R 2 , and every point of S is of this form. 
Moreover, cr is continuous. However, cr is not injective, and so is not a home¬ 
omorphism, because cr(u,u) = cr(u + 2w,v) for all (u,v). To get an injective 
map we can restrict u to lie in an interval of length < 2n, say 0 < u < 2n. 
However, although the restriction <j\y of cr to 

V = {(u, v) € R 2 | 0 < u < 27r} 

is injective, V is not an open subset of R 2 and so cr \y is not a surface patch. 
The largest open subset of R 2 contained in V is 

U = {(u, v) € R 2 | 0 < u < 27 t}, 

and the restriction cr\u of cr to Z7 is a surface patch. However, cr\u does not 
cover the whole of S , but only the open subset obtained by removing the line 
x = 1, y = 0 from S. 
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To get an atlas for S we therefore need at least one more surface patch. We 
can take where 

U = {(a,t)el 2 — 7 t < u < 7r}; 

this covers the open subset of S obtained by removing the line x = — 1, y = 0. 
Every point of S is in the image of at least one of the surface patches cr\u, <r\fy, 
so {cr\u, cr\jj} is an atlas for S, and S is a surface. 


Example 4.1.4 

A sphere is the set of points of R 3 that are a fixed distance (the radius of the 
sphere) from a fixed point (its centre). For example, the sphere of radius 1 and 
centre the origin, called the unit sphere, is 

S 2 = {(ar, y, z) G R 3 | x 2 + y 2 + z 2 = 1}. 

The most popular parametrization of S 2 is that given by latitude 9 and longi¬ 
tude ip: if p is a point of the sphere, the line through p parallel to the 0 -axis 
intersects the xy- plane at a point q, say; then, 9 is the angle between q and p 
and ip is the angle between q and the positive x-axis. The circles on the sphere 
corresponding to a constant value of 9 are called parallels ; those corresponding 
to a constant value of p are called meridians. 
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To obtain an explicit formula for this parametrization, we must express p 
in terms of the angles 8 and p. From the right-angled triangle with vertices 0 , 
p and q, we see that the 2 -conrponent of p is sin (9. The x- and y-components 
can be found from the right-angled triangle in the xy-plane with vertices 0, q 
and r, where r is the foot of the perpendicular from q to the x-axis. The length 
of the hypotenuse of this triangle is || q || = cos 8, so the x- and y-components 
of p are 


|| q || cosv? = cos0cos<p and || q || sintp = cos0 sinyj, 
respectively. Putting all these together gives 

p = (cos 8 cos p, cos 8 sin ip, sin 8). 

Denote the right-hand side of this equation by cr(8,p); this is the latitude- 
longitude parametrization of S 2 . 

As in the case of the cylinder, cr is not injective since (for example) er($, <p) = 
cr(8, <p + r). In fact, a little thought shows that to cover the whole sphere, it 

is sufficient to take 

0 < </? < 2-7T. 
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However, the set of points {9, ip) satisfying these inequalities is not an open 
subset of R 2 . The largest open set consistent with the above inequalities is 


U = 




7T ^ 7T ^ 

-o<0<2’ 0<l P< 2n 




however, the image of cr\u is not the whole of the sphere, but the open subset 
obtained by removing the semicircle C consisting of the points of the sphere of 
the form (x, 0, z) with x > 0. 



To show that the sphere is a surface, we must therefore produce at least 
one more surface patch covering the part of the sphere omitted by er. One 
possibility is the patch er obtained by first rotating er by it about the z-axis 
and then by 7r/2 about the x-axis. Explicitly, er : U —> R 3 is given by 

cf (6, <p) = (— cos 9 cos ip, — sin 0, — cos 9 sin p) 

(the open set U is the same as for er). The image of ef is the open subset of S 2 
obtained by removing the semicircle C consisting of the points of the sphere of 
the form (x, y, 0) with x < 0. 
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It is clear that C and C do not intersect, so the union of the images of cr\u and 
(T | (y is the whole sphere. 

Our last example (for the moment) is a subset of R 3 that is nearly, but not 
quite, a surface. 


Example 4.1.5 


The circular cone with vertex a point v, axis a straight line t passing through v, 
and angle a , where 0 < a < 7 t/ 2 , is the set of points p in R 3 such that the 
straight line through v and p makes an angle a with the line l. For example, 
if v is the origin, t is the 2 -axis and a = 7t/4, the circular cone is 


5 = {Or, y, z) G R 3 | x 2 + y 2 = z 2 }. 



To see that this is not a surface, suppose that a : U —> fl IT is a surface 
patch containing the vertex (0,0,0) of the cone, and let a S U correspond to 
the vertex. We can assume that XJ is an open ball with centre a, since any 
open set U containing a must contain such an open ball. The open set W must 
obviously contain a point p in the lower half <S_ of S where 2 < 0 and a point 
q in the upper half 5+ where 2 > 0 ; let b and c be the corresponding points 
in U. It is clear that there is a curve tv in U passing through b and c, but not 
passing through a. This is mapped by er into the curve 'y = cro -tv lying entirely 
in S , passing through p and q, and not passing through the vertex. (It is true 
that 7 will, in general, only be continuous, and not smooth, but this does not 
affect the argument.) This is clearly impossible. (Readers familiar with point 
set topology will be able to make this heuristic argument rigorous.) 
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If we remove the vertex, however, we do get a surface S- U<S+. It has an atlas 
consisting of the two surface patches cr± : U —> R 3 , where U = R 2 \{(0, 0)}, 
given by the inverse of projection onto the xy plane: 

cr±{u,v ) = (it, v, ±\/it 2 + v 2 ). 



As the example of the sphere shows, a point a of a surface S will generally 
lie in the image of more than one surface patch. In general, suppose then that 
a : U ^ S C\W and a- : U ^ S C\W are two patches such that a g S D W fl W. 
Since er and cr are homeomorphisms, cr“ 1 ( l S fl W fl W) and cr _1 (5 fl W fl W) 
are open sets V C U and V C U, respectively. The composite homeomorphism 
cr” 1 o <j : V —> V is called the transition map from u to ef. If we denote this 
map by $, we have 

<x( u,v) = cr(&(u,v)) 

for all ( u , v) S V. 
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EXERCISES 


4.1.1 Show that any open disc in the ccy-plane is a surface. 

4.1.2 Define surface patches cr x ± : U — > R 3 for S 2 by solving the equation 

+ 2/ 2 + z 2 = 1 for x in terms of y and 2 : 

<r±(u,v) = (± \/l — u 2 — v 2 ,u, v), 


defined on the open set U = {(m, v) el 2 | u 2 + v 2 < 1}. Define 
cr± and cr± similarly (with the same U) by solving for y and z , 
respectively. Show that these six patches give S 2 the structure of a 
surface. 



4.1.3 The hyperboloid of one sheet is 

5 = {(x, y, z) £ R 3 | x 2 + y 2 - z 2 = 1}. 

Show that, for every 6 , the straight line 

(x — z) cos 6 = (1 — y) sind, (x + z) sind = (1 + y) cos 9 

is contained in S , and that every point of the hyperboloid lies on 
one of these lines. Deduce that S can be covered by a single surface 
patch, and hence is a surface. (Compare the case of the cylinder in 
Example 4.1.3.) 
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Find a second family of straight lines on S, and show that no two 
lines of the same family intersect, while every line of the first family 
intersects every line of the second family with one exception. One 
says that the surface S is doubly ruled. 

4.1.4 Show that the unit cylinder can be covered by a single surface patch, 
but that the unit sphere cannot. (The second part requires some 
point set topology.) 

4.1.5 Show that every open subset of a surface is a surface. 


4.2 Smooth surfaces 

In Differential Geometry we use calculus to analyse surfaces (and other geomet¬ 
ric objects). We must be able to make sense of the statement that a function 
on a surface is differentiable, for example. For this, we have to consider surfaces 
with some extra structure. 

First, if U is an open subset of R m , we say that a map i:U—> R" is smooth 
if each of the n components of f, which are functions U —> M, have continuous 
partial derivatives of all orders. The partial derivatives of f are then computed 
componentwise. For example, if m = 2 and n = 3, and 


f(w,u) = (fi(u,v),f 2 {u,v),f 3 (u,v)), 


then 


df 

du 
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and similarly for higher derivatives. We often use the following abbreviations: 



di f 

m f 



ou 

r i MM 

ov 


dH 

dH c 

dH e 

d 2 f 

du 2 

o o - *UV 1 

OUOV 

o o - *VUl 

OVOU 

dv 2 


and so on. From advanced calculus we know that f uv = f vu if / is smooth. 

It now makes sense to say that a surface patch <r : U —> R 3 is smooth. But 
we shall require one further condition. 


Definition 4.2.1 

A surface patch er : U —»• R 3 is called regular if it is smooth and the vectors 
cr u and cr v are linearly independent at all points (it, v) G U. Equivalently, er 
should be smooth and the vector product <r u x er„ should be non-zero at every 
point of U. 

The reason for imposing this condition will appear in Section 4.4. 

We can finally define the class of surfaces to be studied in this book. 

Definition 4.2.2 

If S is a surface, an allowable surface patch for S is a regular surface patch 
er : U —> R 3 such that er is a homeomorphism from U to an open subset of S. 
A smooth surface is a surface S such that, for any point p £ S, there is an 
allowable surface patch er as above such that p G er({7). A collection A of 
allowable surface patches for a surface S such that every point of S is in the 
image of at least one patch in A is called an atlas for the smooth surface S. 

Example 4.2.3 

The plane in Example 4.1.2 is a smooth surface. For 

er(u, v) = a + up 4- uq 

is clearly smooth and cr u = p and er„ = q are linearly independent because p 
and q were chosen to be perpendicular unit vectors. 


Example 4.2.4 

The unit cylinder (Example 4.1.3) is a smooth surface. Indeed, 


<t(u,v) = (cosu, sin it, u) 
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is clearly smooth and 

cr u = (— sin it, cos u, 0 ), er v = ( 0 , 0 , 1 ) 

are obviously linearly independent for all (u,v), so er\jj and er|^ are regular 
surface patches. 

Example 4.2.5 

For the unit sphere S 2 in Example 4.1.4, it is again clear that er and er are 
smooth. As for regularity, 

erg = (— sin 9 cos ip, — sin 0 sin </?, cos0), = (— cos 0 sin y?, cos0cos(/?, 0), 
erg x cr v = (— cos 2 9 cos <p, — cos 2 9 sin ip, — sin 6 cos 6) 

and hence || erg x cr ip \\ = |cos0|. But if (9,p) g U, then — 7t/2 < 9 < 7 t /2 so 
cos0 7 ? 0. Similarly, one checks that er is regular. 

In Exercise 4.1.2 we gave another family of allowable surface patches cover¬ 
ing the unit sphere S 2 (it is easy to check that they are regular - see Exercise 
4.2.2). An obvious question is: which of these two atlases should we use to study 
the sphere? The answer is that we can use either, or both. The eight patches in 
Exercise 4.1.2 and Example 4.1.4 together form a third atlas. In most situations 
(although not in all - see Definition 4.5.1), one might as well use the maximal 
atlas for a given surface S consisting of all of its allowable surface patches. The 
maximal atlas is independent of any arbitrary choices. 

Although not at first sight very interesting, the next two results are very 
important for what is to follow. 


Proposition 4.2.6 

The transition maps of a smooth surface are smooth. 

The proof of this will be given in Section 5.6. The next result is a kind of 
converse. 

Proposition 4.2.7 

Let U and U be open subsets of R 2 and let er : U —> R 3 be a regular surface 
patch. Let $ : U —> U be a bijective smooth map with smooth inverse map 
d*” 1 : U —> U. Then, er = er o d> : U —)• R 3 is a regular surface patch. 
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Proof 


The patch cf is smooth because any composite of smooth maps is smooth. As 
for regularity, let (u,v) = By the chain rule, 


rr u 


du 


+ 


dv 

dh* 


(T y 


du 


+ 


dv 

di a 


so 


du dv du dv \ 

du dv dv du) (Tu X a 


(4.1) 


The scalar on the right-hand side of this equation is the determinant of the 
Jacobian matrix 


dv \ 
du \ 

dv J 
dv / 

of We recall from calculus that, if T and 4' are two smooth maps between 
open sets of R 2 , 

J(\j/ of) = J(4')J(T). 

(In fact, this is equivalent to the chain rule that expresses the first partial 
derivatives of fk o T in terms of those of T and T.) Taking ^ and T = 
$ , we see that J($ _1 ) = J(<h)^ 1 . In particular, </(<!>) is invertible, so its 

determinant is non-zero and Eq. 4.1 shows that cf is regular. □ 


m = 


du 

du 

du 

dv 


If regular surface patches cr and cf are related as in this proposition, we 
say that cf is a reparametrization of cr, and that $ is a reparametrization map. 
Note that cr is then a reparametrization of cf, since cr = cf o 

Note also that, if cr : U — > S fl W and cf : U —> S D W are two allowable 
surface patches of a smooth surface S , and if V C U and V C U are the open 
subsets such that er( V) = cf(V") = 5nWTl W, then 4> = cr -1 o a : V —> V is 
bijective, smooth and has a smooth inverse by Proposition 4.2.6. Thus, a is a 
reparametrization of cr where they are both defined. 

These observations give rise to a very important principle that we shall use 
throughout the book. The principle is that we can define a property of any 
smooth surface provided we can define it for any regular surface patch in such 
a way that it is unchanged when the patch is reparametrized. We shall give an 
important application of this principle in the next section. 

For the rest of this book, by a surface we shall mean 
a smooth surface S , and by a surface patch for S 
we shall mean an allowable surface patch for S. 
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Unless we indicate otherwise, we shall also assume that all surfaces we 
consider are connected , which means that any two points of S can be joined 
by a curve lying entirely in S. This is not a serious restriction, for it is not 
difficult to prove that any surface S is a disjoint union of connected surfaces, 
each of which is an open subset of S , so S can be studied by studying each 
of its connected parts separately (see Exercise 4.2.9). All the surfaces we have 
encountered so far are connected except the double cone of Example 4.1.5, 
which breaks into the union of two disjoint half cones S± when the vertex is 
removed, as it must be to have a surface. 


EXERCISES 

4.2.1 Show that, if f(x,y) is a smooth function, its graph 

{{x,y,z) eK 3 I 2 = f(x,y)} 

is a smooth surface with atlas consisting of the single regular surface 
patch 

<r(u,v) = (u,v,f(u,v)). 

In fact, every surface is ’’locally” of this type - see Exercise 5.6.4. 

4.2.2 Verify that the six surface patches for S 2 in Exercise 4.1.2 are regular. 
Calculate the transition maps between them and verify that these 
maps are smooth. 

4.2.3 Which of the following are regular surface patches (in each case, 
u, v € M): 

(i) <x(u, v) = (u, v, uv). 

(ii) cr(u, v) = (u, v 2 , v 3 ). 

(iii) <x(u, v) = (u + u 2 , v, u 2 )? 

4.2.4 Show that the ellipsoid 



where p, q and r are non-zero constants, is a smooth surface. 

4.2.5 A torus is obtained by rotating a circle C in a plane II around a 
straight line l in II that does not intersect C. Take II to be the xz- 
plane, l to be the 2 -axis, a > 0 the distance of the centre of C from 
l, and b < a the radius of C. Show that the torus is a smooth surface 
with parametrization 

cr(9, (p) = ((a + bcosO) cosp, (a + bcosO) sin<^, 6sin0). 
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4.2.6 A helicoid is the surface swept out by an aeroplane propeller, when 
both the aeroplane and its propeller move at constant speed (see the 
picture below). If the aeroplane is flying along the 2 -axis, show that 
the helicoid can be parametrized as 

cr(u,v) = (v cos u, v sinu, Xu), 

where A is a constant. Show that the cotangent of the angle that 
the standard unit normal of <x at a point p makes with the 2 -axis is 
proportional to the distance of p from the 2 -axis. 



4.2.7 Let 7 be a unit-speed curve in R 3 with nowhere vanishing curvature. 
The tube of radius a > 0 around 7 is the surface parametrized by 

<x(s, 6) = 7 (s) + a(n(s) cos 9 + b(s) sin 0 ), 

where n is the principal normal of 7 and b is its binormal. Give a 
geometrical description of this surface. Prove that er is regular if the 
curvature k of 7 is less than a everywhere. 
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Note that, even if er is regular, the surface <x will have self¬ 
intersections if the curve 7 comes within a distance 2 a of itself. 
This illustrates the fact that regularity is a local property: if (s,0) 
is restricted to lie in a sufficiently small open subset U of K 2 , 
er : U — > R 3 will be smooth and injective (so there will be no 
self-intersections) - see Exercise 5.6.3. We shall see other instances 
of this later (for example, Example 12.2.5). 



) 


The tube around a circular helix 

4.2.8 Show that translations and invertible linear transformations of R 3 
take smooth surfaces to smooth surfaces. 

4.2.9 Show that every open subset of a smooth surface is a smooth surface. 


4.3 Smooth maps 

We want to define the notion of a smooth map f : Si —> S 2 , where Si and S 2 
are smooth surfaces. It is not obvious how to do this, because so far we only 
know how to define smooth maps between open subsets of Euclidean spaces. 

In view of the principle stated at the end of the preceding section, we can 
assume that Si and S 2 are covered by single surface patches cr\ : U\ —> R 3 
and <r 2 : U 2 —> R 3 provided we verify that the definition we give is unaffected 
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by a reparametrization of <J\ and er 2 . Since <J\ and <x 2 are bijective, any map 
/ : <Si —> S 2 gives rise to the map erf 1 o / o er\ : U\ —> t/ 2 , and we say that 
/ is smooth if this map is smooth (we already know what it means for a map 
between open subsets of R 2 to be smooth). Now suppose that 04 : I/i —»• M 3 
and a 2 : I / 2 —> R 3 are reparametrizations of <J\ and <x 2 , with reparametrization 
maps $1 : U\ —> U\ and $ 2 : U 2 —> C/ 2 , respectively. We have to show that the 
corresponding map erf 1 o / o cr\ : Ui —> f / 2 is smooth if er ^ 1 o / o er± : U\ —> t / 2 
is smooth. But this is true, since 

OV 1 ° / O CTl = &2 1 ° <>2 O CT- 1 ) O f O (<7! O CT- 1 ) O CT! 

= (a- 2 1 o <r 2 ) o (cr " 1 o/offrjo (cr " 1 o o-i) 

= 0 (O’ 2. 1 0 f oeT l)° ®1, 

and $1 and are smooth maps (between open subsets of R 2 ). The reader 
should check that composites of smooth maps between surfaces are smooth. 

We shall be especially interested in smooth maps / : <Si —> 5 2 , which are 
bijective and whose inverse map / _1 : <S 2 —> S\ is smooth. Such maps are 
called diffeomorphisms, and and <S 2 are said to be diffeomorphic if there is 
a diffeomorphism between them. The following observation will be useful. 

Proposition 4.3.1 

Let / : Si —> S 2 be a diffeomorphism. If cr 1 is an allowable surface patch on 
Si, then / o eri is an allowable surface patch on 5 2 . 

Proof 

We can assume that and <S 2 are covered by single allowable patches 
eri : Ui —> R 3 and er 2 : t / 2 —> R 3 , respectively. Since / is a diffeomorphism, 
f((Ti(u,v)) = <t 2 (F(u, u)), where F : U\ —> U 2 is bijective, smooth and F~ l is 
smooth. The result now follows from Proposition 4.2.6. □ 

It will actually be useful to consider smooth maps which satisfy a condition 
slightly weaker than being a diffeomorphism. A smooth map / : —> S 2 be¬ 
tween smooth surfaces is called a local diffeomorphism if, for any point p 6 5i, 
there is an open subset O of S 1 such that f(0) is an open subset of <S 2 and 
f\o : O —> f(O) is a diffeomorphism (note that open subsets of surfaces are 
surfaces - see Exercise 4.2.9). It is obvious that every diffeomorphism is a local 
diffeomorphism (take O = Si). Moreover, Proposition 4.3.1 holds if / is a lo¬ 
cal diffeomorphism, provided that the restriction of / to the image of <J\ is 
injective. 
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Example 4.3.2 

We consider the map from the yz-plane onto the unit cylinder S, which wraps 
each line parallel to the y -axis around the ‘waist’ of the cylinder at height z 
above the ccy-plane. This map is given by 


/(0, y, z) = {cosy, sin y,z). 



Clearly, / is not a diffeomorphism because it is not injective - the plane 
wraps around S infinitely many times. To see that / is a local diffeomorphism, 
we parametrize the t/ 2 -plane in the obvious way by the single surface patch 
7 r{u,v) = (0 ,u,v), and use the atlas {cr|[ 7 , cr|of S in Example 4.1.3. Let p 
be any point in the yz-plane, say (0 ,a,b). If a is not an even multiple of 2ir, 
there is an integer n such that 2mr < a < 2 (n + l)7r and we have 

f{ic{u, v)) = cr{u — 2mr, v) if 2nir < u < 2(n + l)7r, 
showing that / is a diffeomorphism from the open subset 
O = {(0, y, z ) | 2nir < y < 2{n + l)7r} 
of the plane to the open subset 

f{0) = {( x,y,z ) G S|x ^ 1} 

of S. If a is not an odd multiple of 7r, a similar argument works with cr\u 
replaced by cr\jy (we leave the details to the reader). Since a cannot both be 
an even and an odd multiple of 7r, we have shown that for all points p of 
the plane, there is an open subset O of the plane containing p that / maps 
diffeomorphically onto an open subset of S. 
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EXERCISES 

4.3.1 If S is a smooth surface, define the notion of a smooth function 
S —> R. Show that, if S is a smooth surface, each component of the 
inclusion map S —> R 3 is a smooth function S — > R. 

4.3.2 Let S be the half-cone x 2 +y 2 = z 2 , z > 0 (see Example 4.1.5). Define 
a map / from the half-plane {(0, y, z) \ y > 0} to S by /(0, y, z) = 
(y cos z,y sin z,y). Show that / is a local diffeomorphism but not a 
diffeomorphism. 


4.4 Tangents and derivatives 

A natural way to study a surface S is via the (smooth) curves 7 that lie in S. 
This enables us to define the notion of a tangent vector to a surface. 

Definition 4.4.1 

A tangent vector to a surface S at a point p £ S is the tangent vector at p of 
a curve in S passing through p. The tangent space T p S of S at p is the set of 
all tangent vectors to S at p. 

To understand the tangent space T p S , choose a surface patch er : U —> R 3 
of S such that p is in the image of er, say er(u 0 , Vq) = p. If a curve 7 lies in S 
and passes through p when t = to, say, there are functions u(t) and v{t) such 
that 

7 (t) =ar(u(t),v(t)) (4.2) 

for all values of t close to to, and u(t 0 ) = u 0 , v(to) = t>o- The functions u and v 
are necessarily smooth (this will be proved in Section 5.6); conversely, it is 
obvious that if 1 i-> (u(t),v(t)) is smooth, then Eq. 4.2 defines a curve lying 
in S. 


Proposition 4.4.2 

Let er : U —> R 3 be a patch of a surface S containing a point p £ S, and let 
(it, v) be coordinates in U. The tangent space to S at p is the vector subspace 
of R 3 spanned by the vectors cr u and cr. 0 (the derivatives are evaluated at the 
point [u o,vq) £ U such that cr(uo,vo) = p). 
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Proof 

Let 7 be a smooth curve in S, say 

7 (t) = cr(u(t), v(t)). 

Denoting d/dt by a dot, we have, by the chain rule, 

7 = <T «« + a vV. 

Thus, 7 is a linear combination of cr u and cr v . (Perhaps it is worth spelling out 
what this last equation means: the vectors cr u and cr v are smooth functions of 
u and v; in these formulas one replaces u and v by the functions u{t) and v(t); 
then the right-hand side of the equation becomes a function of t only, and the 
equation says that this function is equal to d-y/dt.) 

Conversely, any vector in the vector subspace of R 3 spanned by cr u and a v 
is of the form \<t u + /i<x„ for some scalars A and p. Define 

7 (t) = <t(u 0 + At, v 0 + /it). 

Then, 7 is a smooth curve in S and at t = 0, i.e., at the point p £ S, we have 

7 = A ar u + pcr v . 

This shows that every vector in the span of cr u and er„ is the tangent vector at 
p of some curve in S. □ 

Since cr is assumed to be regular, cr u and cr v are linearly independent so the 
tangent space is two-dimensional, and will be called the tangent plane from now 
on. Note that Definition 4.4.1 shows that the tangent plane is independent of 
the choice of patch containing p, even though this is not immediately obvious 
from Proposition 4.4.2 (see Exercise 4.4.2). Note also that the vectors cr u and 
cr v that form a basis of the tangent plane at some point cr(u 0, vo) of the surface 
are the tangent vectors of the parameter curves on the surface, i.e., the curves 
u 1 ^ cr(u,v 0) and v 1 —> cr(uo,v) (we shall sometimes describe these curves as 
‘the parameter curves u = uq and v = vq’). 

As a first application of the tangent plane to a smooth surface, we shall 
explain what is meant by the derivative of a smooth map between surfaces. 
Suppose then that / : S — > S is such a map. The derivative of / at a point 
p € S should measure how the point /(p) G S changes when p moves to a 
nearby point q, say, of S. If the points p and q are very close together, the 
straight line through them should be nearly tangent to S at p. So we should 
expect that the derivative of / at p associates to any tangent vector to S at p 
a tangent vector to S at /( p), in other words, the derivative of / at p should 
be a map D p f : T p S —> Tf( pj <S. 
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To give a precise definition of D p f, let w G T p S be a tangent vector to S at 
p. By definition, w is the tangent vector at p of a curve 7 in S passing through 
p, say w = 7(^0)- Then, 7 = / o 7 is a curve in S passing through /(p) when 
t = t 0l so w = 7 (f 0 ) G T f(p) S. 


Definition 4.4.3 

With the above notation, the derivative D p f of / at the point p G S is the map 
Dpf ■ T p S —> such that D p f( w) = w for any tangent vector w G T p S. 

The first thing we must do now is to show that this definition makes sense, 
i.e., that D p ffw) depends only on /, p, and w: there are (infinitely) many 
curves 7 with the correct tangent vector w at p and a priori D p f( w) could 
depend on which curve is chosen. 

Let <t : U —>• R 3 be a surface patch of S containing p, say p = cr(M 0 ,^o)) 
and let a , (3 be the smooth functions on U such that 

f(cr{u,v)) = <x(aC u,v),P(u,v)). 

Let w = A 07 + ficr v be the tangent vector at p of a curve 7 (f) = cr(u(t), v(t)), 
where u and v are smooth functions such that ti(fo) = A, v(to) = fi- Since the 
corresponding curve on S is 7 (t) = cr(u(t),v(t)), where u{t) = a(u(t), v(t)) and 
v(t) = f3(u(t),v(t)), we have 

D p f (w) = ua-u + very = ( ua u + va v )au + ( uf3 u + v/3 v )a-y , 

the derivatives of u and v being evaluated at to- Thus, 

D p f(w) = (\a u + iia v )(Tu + (A f3 u + (4.3) 

The right-hand side depends only on p, /, A and /.t, i.e., on p, / and w, as we 
want. 

Equation 4.3 also establishes the following proposition. 

Proposition 4.4.4 

If / : S —> S is a smooth map between surfaces and p G 5, the derivative 
D p f : T p S —> Tf( p )S is a linear map. 

In fact, Eq. 4.3 shows that the matrix of the linear map D p f with respect 
to the basis {( T u ,cr v } of T p f and the basis {< 77 , 07 } of Tf^S is the Jacobian 
matrix 

V Pu Pv 

of the smooth map (u,v) hg (a(u, v), (3(u, v)). 
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Proposition 4.4.5 

(i) If S is a surface and p G S, the derivative at p of the identity map S — > S 
is the identity map T p S —> T p S. 

(ii) If , S 2 and £3 are surfaces and /1 : S± —> S 2 and f 2 : S 2 — > S 3 are 
smooth maps, then for all p £ Si, 

D p (f 2 of 1 ) = D Mp) f 2 oD p f 1 . 

(iii) If / : <Si —> S 2 is a diffeomorphism, then for all p 6 5i the linear map 
D p f : T p Si —> Tf( p ' j S 2 is invertible. 


Proof 

Part (i) is obvious. For (ii), let w £ T p S 1 be the tangent vector at p of a curve 
73 on Si. Then, 7 2 = /1 0 7 i is a curve on S 2 with tangent vector -D p /i(w) 
at /i(p), so 73 = /2 0 72 = (/2 0 / 1 ) 0 7i is a curve on £3 with tangent vector 
Df 1 ^f 2 (D p fi(w)) at f 2 (fi (p)) ■ But the tangent vector of 7 3 at p is also 
D p {f 2 °/i)(w). 

Finally, for (iii) let g : S 2 — > S± be the inverse map of /, so that g o f and 
fog are the identity maps —> <Si and S 2 —> S 2 , respectively. Parts (i) and 
(ii) show that Df^g is the inverse of the linear map D p f. □ 

We can now give a simple criterion for a smooth map to be a local diffeo¬ 
morphism. 


Proposition 4.4.6 

Let S and S be surfaces and let / : S —> S be a smooth map. Then, / is a local 
diffeomorphism if and only if, for all p£ S, the linear map D p f : T p S —> Tf^S 
is invertible. 


Proof 

Suppose first that / is a local diffeomorphism and let p £ S. Then, there is 
an open subset O of S containing p such that f(0) is an open subset of S 
and f\o ■ O —»• f(0) is a diffeomorphism. By Proposition 4.4.5(iii), D p f is 
invertible (note that it is obvious that T p S = T p O). 

The proof of the ’if’ part requires the inverse function theorem and will be 
given in Section 5.6. □ 
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EXERCISES 


4.4.1 Find the equation of the tangent plane of each of the following sur¬ 
face patches at the indicated points: 

(i) er(u, v) = (u, v, u 2 — v 2 ), ( 1 ,1, 0 ). 

(ii) er(r,d) = (rcosh 0 ,rsinh 0 ,r 2 ), ( 1 , 0 , 1 ). 


4.4.2 Show that, if cr(u, v) is a surface patch, the set of linear combinations 
of cr u and cr v is unchanged when er is reparametrized. 


4.4.3 Let S be a surface, let p G S and let F : l 3 M be a smooth 
function. Let V 5 F be the perpendicular projection of the gradient 
VF = (F x , F y . F z ) of F onto T p S. Show that, if 7 is any curve on 
S passing through p when t = to, say, 


(V 5 F) • 7(t 0 ) = 


dt 


F(l(t)). 

t=to 


Deduce that V 5 F = 0 if the restriction of F to S has a local maxi¬ 
mum or a local minimum at p. 


4.4.4 Let / : Si —> S 2 be a local diffeomorphism and let 7 be a regular 
curve on <Si. Show that / o 7 is a regular curve on S 2 . 


4.5 Normals and orientability 


Since the tangent plane T p S of a surface S at a point p G S passes through the 
origin of R 3 , it is completely determined by giving a unit vector perpendicular 
to it, called a unit normal to S at p. There are, of course, two such vectors, but 
Proposition 4.4.2 shows that choosing a surface patch er : U —> R 3 containing 
p leads to a definite choice, namely 


N ct 


(T u X (T v 
II er u x er v || 


(4.4) 


(with the derivatives evaluated at the point of U corresponding to p), for this 
is clearly a unit vector perpendicular to every linear combination of er„ and 
cr v . This is called the standard unit normal of the surface patch er at p. Unlike 
the tangent plane, however, N CT is not quite independent of the choice of patch 
er containing p. In fact, if ef : U —> R 3 is another surface patch in the atlas of 
S containing p, we showed in the proof of Proposition 4.2.7 that 


07 x dry = det( J($)) er u x a v , 
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where J(<1>) is the Jacobian matrix of the transition map $ from er to <r. So 
the standard unit normal of <r is 

crr, x rx rr ,, x rr 


Ni = 


rr x < 7 : 


= ±7 


rr ? , x rr 


= ±N„ 


where the sign is that of the determinant of J(<!>). This leads to the following 
definition. 


Definition 4.5.1 

A surface S is orientable if there exists an atlas A for S with the property 
that, if is the transition map between any two surface patches in A, then 
det(J(<&)) > 0 where $ is defined. 

The preceding discussion gives the following proposition. 


Proposition 4.5.2 

Let S be an orientable surface equipped with an atlas A as in Definition 4.5.1. 
Then, there is a smooth choice of unit normal at any point of S: take the 
standard unit normal of any surface patch in A. 

An oriented surface is a surface S together with a smooth choice of unit 
normal N at each point, i.e., a smooth map N : S —> R 3 (meaning that each 
of the three components of N is a smooth function S —» R) such that, for all 
p £ S, N(p) is a unit vector perpendicular to T p S. Any oriented surface is 
orientable! To see this, start with the maximal atlas of S and retain a patch 
cr(u,v) if cr u x u v is a positive multiple of N at all points in the image of cr, 
otherwise discard it. The patches that remain form an atlas A satisfying the 
condition in Definition 4.5.1. We leave the details of this to the reader (the 
argument is similar to that used in the next example). From now onwards, 
whenever we are dealing with an oriented surface S, we shall only use surface 
patches for S whose standard unit normal is the same as the chosen normal 
ofS. 

Most of the surfaces we shall discuss are orientable. Here is one that is not. 


Example 4.5.3 

The Mobius band is the surface obtained by rotating a straight line segment l 
around its midpoint p at the same time as p moves around a circle C, in such a 
way that as p moves once around C, l makes a half-turn about p. If we take C 
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to be the circle x 2 + y 2 = 1 in the ary-plane, and l to be a segment of length 1 
that is initially parallel to the 2 -axis with its midpoint p at (1, 0 , 0), then after 
p has rotated by an angle 9 around the z-axis, l should have rotated by 9/2 
around p in the plane containing p and the z-axis. The point of l initially at 
( 1 , 0 , t) is then at the point 


r M) = 


We take the domain of definition of er to be 


U = {(t,9) G R 2 | -1/2 < t < 1/2, 0 < 9 < 2t r}. 

We can define a second patch cr by the same formula as er but with domain 
of definition U = {{t, 8 ) G R 2 | —1/2 < t < 1/2, — 7 r < 9 < tt}. It can be 
checked that these two patches form an atlas for the Mobius band consisting 
of regular surface patches, making the Mobius band into a smooth surface S 
(see Exercise 4.5.1). 



We compute the standard unit normal N CT at points on the median circle 
(where t = 0). At such points, we have 

( 0 6 6\ 

— sin - cos 9, — sin - sin 6 , cos - J , erg = (— sin 9, cos 0,0), 

so 

( 9 9 9\ 

cr t x erg = I — cos 9 cos -, — sin 0 cos -, — sin - J . 

This is a unit vector, so it is equal to N^. 

If the Mobius band was orientable, there would be a well-defined unit normal 
N defined at every point of S and varying smoothly over S. At a point <r(0, 9) 
on the median circle, we would have 

N = A(0)N ct , 

where A : (0, 27r) — > R is smooth and A (9) = ±1 for all 9. It follows that either 

A (9) = +1 for all 9 G (0, 2n), or A(9) = —1 for all 9 G (0, 27r). Replacing N by 
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—N if necessary, we can assume that A = 1. At the point er(0,0) = er(0, 2 n), 
we would have (since N is smooth) 

N = limN CT = (—1,0,0) and also N = lim N CT = (1.0,0). 

0J.O et2rr 

This contradiction shows that the Mobius band is not orientable. 

If a surface S is oriented, it is possible to give a sign to the angle between 
two tangent vectors at a point of S. This will be important on a number of 
occasions later in this book. 

Let p £ S and let N be the chosen unit normal at p. A rotation in the 
tangent plane T p S is said to be in the positive sense, or anticlockwise, if rotation 
in this sense of a right-handed screw held perpendicular to T p S would cause it 
to advance in the direction of N. Put another way, the choice of N enables us 
to distinguish the two ‘sides’ of T p S: the ‘positive’ side is the half-space into 
which N points. Then, if we view T p S from a point on the positive side, a 
positive rotation in T p S would be seen as anticlockwise in the usual sense. 



If v and w are non-zero vectors in T p S, the oriented angle (which we shall 
sometimes just call the angle) between v and w is the angle through which v 
must be rotated in the positive sense in order for the resulting vector to be a 
positive scalar multiple of w. We shall denote this angle by vw. Note that 

wv = —vw, 

and that the sign of vw will change if we change the choice of unit normal to 
T p S. Note also that vw is determined only up to the addition of an integer 
multiple of 2 ir. 


Example 4.5.4 

It is clear that at a point p £ 5 2 , the tangent plane is perpendicular to p. 
Since p is a unit vector, the two unit normals at p are p, the ‘outward’ normal, 




4.5 Normals and orientability 


93 


and —p, the ‘inward’ normal. There are two smooth choices of unit normal on 
S 2 : either always inwards or always outwards. 

For example, the reader should check that, if we take the inward normal 
and if p is the point (1,0,0) on the equator, the oriented angle between the 
tangent vectors v = (0,1,0) and w = (0,0,1) is vw = —n/2 (or 37t/2, 7tt/2, 
etc.). If we used the outward pointing normal instead, this oriented angle would 
change sign. 


EXERCISES 

4.5.1 Calculate the transition map <I> between the two surface patches for 
the Mobius band in Example 4.5.3. Show that it is defined on the 
union of two disjoint rectangles in R , and that the determinant of 
the Jacobian matrix of is equal to +1 on one of the rectangles and 
to —1 on the other. 

4.5.2 Suppose that two smooth surfaces S and S are diffeomorphic and 
that S is orientable. Prove that S is orientable. 



5 

Examples of surfaces 


In this chapter we describe some of the simplest classes of surfaces. Others will 
be introduced later in the book. 


5.1 Level surfaces 

As we have already seen (Examples 4. 1.3-5 and Exercise 4.1.3), surfaces are 
often given to us as level surfaces 

{{x,y,z) G R 3 | f(x,y,z) = 0}, 

where / is a smooth function. In those examples, we constructed atlases by 
fairly ad hoc methods. The following result gives general conditions under which 
a level surface is a smooth surface. In fact, it deals with a slightly more general 
situation in which different regions of a surface may be defined by different 
functions. 


Theorem 5.1.1 

Let S be a subset of R 3 with the following property: for each point p G S, there 
is an open subset W of R 3 containing p and a smooth function / : W —> R 
such that 

(i) S n W = {(x, y, z) G W | f(x, y, z) = 0}; 
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(ii) The gradient V/ = (f x , f y ,fz) of / does not vanish at p. 

Then, S is a smooth surface. 

We postpone the proof to Section 5.6. 

Example 5.1.2 

For the unit sphere S' 2 , we can take W = R 3 and use the single function 
/( x, y , z) = x 2 +y 2 + z 2 — 1. Then, V/ = (2x, 2y, 2z) so || V/ || = 2 at all points 
of S 2 . In particular, V/ is non-zero everywhere on S' 2 . Hence, Theorem 5.1.1 
tells us that S 2 is a smooth surface. 

Example 5.1.3 

For the circular cone of Example 4.1.5, f(x,y,z) = x 2 + y 2 — z 2 . Hence, 
V/ = (2x, 2y, —2 z), and this vanishes only at the vertex (0,0, 0). Theorem 5.1.1 
applies with W = {(x,y,z) € R 3 | z ^ 0}, so the circular cone with the vertex 
removed is a smooth surface, as we have already seen. 

A large class of level surfaces is studied in the next section. 

EXERCISES 

5.1.1 Show that the following are smooth surfaces: 

(i) x 2 + y 2 + z 4 = 1. 

(ii) ( x 2 + y 2 + z 2 + a 2 — b 2 ) 2 = 4 a 2 {x 2 + y 2 ), where a > b > 0 are 
constants. 

Show that the surface in (ii) is, in fact, the torus of Exercise4.2.5. 

5.1.2 Consider the surface S defined by f(x, y, z ) = 0, where / is a smooth 
function such that V/ does not vanish at any point of S. Show that 
V/ is perpendicular to the tangent plane at every point of S , and 
deduce that S is orientable. Suppose now that F : K 3 —> K is a 
smooth function. Show that, if the restriction of F to S has a local 
maximum or a local minimum at p then, at p, VF = A V/ for 
some scalar A. (This is called Lagrange’s Method of Undetermined 
Multipliers.) 

5.1.3 Show that the smallest value of x 2 +y 2 +z 2 subject to the condition 
xyz = 1 is 3, and that the points (x,y,z) that give this minimum 
value lie at the vertices of a regular tetrahedron in R 3 . 
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5.2 Quadric surfaces 


The simplest level surfaces, namely planes, have Cartesian equations of the 
form ax + by + cz = d, where a, 5, c, d are constants. From this point of view, 
the next simplest surfaces should be those whose Cartesian equations are given 
by quadratic expressions in x, y and z. 

In this section, we identify any vector v = (x , y, z ) £ R 3 with the column 

( X \ 

matrix \ y , which we also denote by v. Note that, if v, w £ M 3 , v*w is a 


lxl matrix, i.e., a number, namely the dot product v • w. 


Definition 5.2.1 

A quadric is the subset of R 3 defined by an equation of the form 

v‘Av + b*v + c = 0, 

where v = (x, y,z), A is a constant symmetric 3x3 matrix, b £ R 3 is a constant 
vector, and c £ R is a constant scalar. 

To see this more explicitly, let 



( CLl 

04 

06 \ 

H 

04 

a 2 

05 I , b = (61,62 , ^3) 


^ a 6 

05 

03 / 


Then, the equation of the quadric is 

a\x 2 + a 2 y 2 + a$z 2 + 2a^xy + 2 a$yz + 2 a§xz + b\X + b 2 y + b$z + c = 0. (5.1) 

A quadric is not necessarily a surface. For example, the quadric with 
equation x 2 + y 2 + z 2 = 0 is a single point, and that with equation x 2 + y 2 = 0 is 
a straight line. A more interesting example is the quadric xy = 0, which is the 
union of the two intersecting planes x = 0 and y = 0, and is also not a surface. 
(Intuitively, it has a ‘corner’ along the line of intersection of the planes.) The 
following proposition shows that to understand all quadrics it is sufficient to 
consider quadrics whose equations take on a particularly simple form. 


Theorem 5.2.2 

By applying a direct isometry of R 3 , every non-empty quadric (5.1) in which 
the coefficients are not all zero can be transformed into one whose Cartesian 
equation is one of the following: 
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(i) Ellipsoid: ^ ^ = 1. 




(iii) Hyperboloid of two sheets: 


= 1 . 
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(iv) Elliptic paraboloid: ^2 + ^2 = z. 




(vi) Quadric cone: ^ ^ — fz = 0. 
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(vii) Elliptic cylinder: ^ ^ = 1. 




(ix) Parabolic cylinder: = y. 



(x) Plane: x = 0. 

(xi) Two parallel planes: x 2 = p 2 . 
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(xii) Two intersecting planes: ^2 — = 0. 

(xiii) Straight line: ^ = 0. 

(xiv) Single point: ^ ^ ^ = 0. 

In each case, p , q and r are non-zero constants. 


Proof 

By Theorem A.0.4, there is an orthogonal matrix P such that PAP 4 is a diag¬ 
onal matrix, say 

/ a[ 0 0 \ 

A! = 0 a' 2 0 

V 0 0 a' 3 J 

(P* denotes the transpose of P and I denotes the identity matrix). Then, 
det(P) = ±1, and by replacing P by — P if necessary, we can assume that 
det(P) = 1. The diagonal entries of A' are the eigenvalues of A , and the rows 
of P are the corresponding eigenvectors. Define v' = (■ x',y',z '), b' = (fei, 62 , 63 ), 
where 



Noting that 



the quadric in Definition 5.2.1 becomes 

Or' y' z')A'(x' y' zj + (b[ b' 2 b' 3 )(x' y' zj +c = 0, 
i.e., a[x' 2 + a' 2 y' 2 + a' 3 z’ 2 + b\x' + b' 2 y' + b' 3 z' + c = 0 . 

This new quadric is obtained from the given one by applying the direct isometry 
v 1 —^ Pv (see Appendix 1), so we might as well consider the quadric in (5.1), 
but assume that 04 = as = ae = 0 , i.e., 

ciix 2 + a 2 y 2 + a^z 2 + b x x + b 2 y + b 3 z + c = 0. (5.2) 

Suppose now that, in Eq. 5.2, ai 7 ! 0. If we define x' = x + &i/2ai, corre¬ 
sponding to a translation of R 3 , the equation becomes 

aix ' 2 + a 2 y 2 + a 3 z 2 + b 2 y + b 3 z + c = 0 , 
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where d is a constant. In other words, if a\ 7 ^ 0, we can assume that b± = 0, 
and similarly for 02 and CI 3 , of course. 

If 01,02 and 03 in Eq. 5.2 are all non-zero, we may therefore reduce to the 
form 

a\X 2 + a 2 y 2 + CI3Z 2 + c = 0. 

If c 7 ^ 0, we get cases (i), (ii) and (iii), depending on the signs of 01 , 02,03 
and c, and if c = 0 we get cases (vi) and (xiv). 

If exactly one of 01,02 and 03 is zero, say 03 = 0, we are reduced to the 
form 

a 3 x 2 + a 2 y 2 + b 3 z + c = 0. (5.3) 

If b 3 7 ^ 0, we may define z' = z + c/ 63 . Thus, by a translation (and by dividing 
by 63 ), we are reduced to the case 

a\X 2 + a 2 y 2 + 2 = 0 . 


This gives cases (iv) and (v). 

If 63 = 0 in Eq. 5.3, we have 

aio : 2 + 02?/ 2 + c = 0 . 

If c = 0 we get cases (xii) and (xiii). If c 7 ^ 0, dividing through by it leads to 
cases (vii) and (viii). 

Suppose now that 02 = 03 = 0, but ai 7 ^ 0. Then we have 

aio : 2 + b 2 y + b 3 z + c = 0. (5.4) 

If 62 and 63 are not both zero, by applying a rotation in the ccz-plane that takes 
the y-axis to a line parallel to the vector ( 62 , 63 ), we can arrive at the situation 
62 7 ^ 0 , 63 = 0 , and then by a translation along the y-axis we can arrange that 
c = 0. This leads to the equation 

a\x 2 + y = 0 , 

which gives case (ix). If b 2 = b 3 = 0 in Eq. 5.4, then c = 0 gives case (x) and 
c 7^0 gives case (xi). 

Finally, if ai = 02 = 03 = 0, (5.6) is the equation of a plane, so after 
applying a Suitable composite of rotations and translations we are in case (x) 
again. □ 


Corollary 5.2.3 

Every non-empty quadric of types (i)-(x) is a surface (for type (vi) one must 
remove the vertex of the cone). 
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Proof 

This is easily verified using Exercise4.2.8, Theorem 5.1.1 and the special form 


of the equations of quadrics in Theorem 5.2.2. 


□ 


Example 5.2.4 

Consider the quadric 

x 2 + 2 y 2 + 6 x — Ay + 3z = 7. 

Setting x' = x + 3, y' = y — 1 (a translation), we get 

x' 2 + 2 y' 2 + 32 = 18. 

Setting z' = z — 6 (another translation) gives 

x' 2 + 2 y' 2 + Zz' = 0. 

Finally, setting x" = x', y" = —y\ z" = —z' (a rotation by 7 r about the x-axis) 
gives 

which is an elliptic paraboloid. It can be parametrized by setting x" = it, y" = 
v, z" = |u 2 + |u 2 . This corresponds tox = u— 3,y=l — it, 2 = 6 — |u 2 — |it 2 , 
and shows that the given quadric is a smooth surface with an atlas consisting 
of the single surface patch 



EXERCISES 


5.2.1 Write down parametrizations of each of the quadrics in parts (i)-(xi) 
of Theorem 5.2.2 (in case (vi) one must remove the origin). 

5.2.2 Show that the quadric 



is a hyperboloid of one sheet if c > 2 , and a hyperboloid of two 
sheets if c < 2. What if c = 2? (This exercise requires a knowledge 
of eigenvalues and eigenvectors.) 
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5.2.3 Show that, if a quadric contains three points on a straight line, it 
contains the whole line. Deduce that, if L\ 1 L 2 and L 3 are non¬ 
intersecting straight lines in R 3 , there is a quadric containing all 
three lines. 

5.2.4 Use the preceding exercise to show that any doubly ruled surface 
is (part of) a quadric surface. (A surface is doubly ruled if it is the 
union of each of two families of straight lines such that no two lines of 
the same family intersect, but every line of the first family intersects 
every line of the second family, with at most a finite number of 
exceptions.) Which quadric surfaces are doubly ruled? 


5.3 Ruled surfaces and surfaces of revolution 

Level surfaces have an ‘algebraic’ origin, in that they arise from a function 
f(x,y,z). On the other hand, the two classes of surfaces considered in this 
section arise from geometric constructions. 


Example 5.3.1 

A ruled surface is a surface that is a union of straight lines, called the rulings 
(or sometimes the generators) of the surface. 



S 
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Suppose that C is a curve in R 3 that meets each of these lines. Any point p 
of the surface lies on one of the given straight lines, which intersects C at q, 
say. If 7 : (a,/3) —> R 3 is a parametrization of C with 7 (u) = q, and if S(u) is 
a non-zero vector in the direction of the line passing through 7 (it), then 

p = 7 (u) + vS(u), 

for some scalar v. Denoting the right-hand side by ar{u,v), it is clear that <r : 
U — > R 3 is a smooth map, where U = {(u,u) € R 2 | a < u < (3}. Moreover, 
denoting d/du by a dot, 

cr u = 7 + vS, cr v = 6. 

Thus, er is regular if 7 + vd and d are linearly independent. This will be true, 
for example, if 7 and 6 are linearly independent and v is sufficiently small. 
Thus, to get a surface, the curve C must never be tangent to the rulings. 

An important special case is that in which the rulings are all parallel to each 
other; the ruled surface S is then called a generalized cylinder. In the above 
notation, we can take S to be a constant unit vector, say a, parallel to the 
rulings, and the parametrization becomes 


cr(u, v ) = 7 (u) + v&. 

7 



Since 

er(u, v) = cr(u ', v') 7 (u) — 7 (u) = (v — v)a, 

for er to be a injective (and hence a surface patch), no straight line parallel 
to a should meet 7 in more than one point. Finally, er u = 7, cr v = a, so er is 
regular if and only if 7 is never tangent to the rulings. 

The parametrization is simplest when 7 lies in a plane perpendicular to a 
(in fact, this can always be achieved by replacing 7 by its perpendicular pro¬ 
jection onto such a plane - see Exercise 5.3.3). The regularity condition is then 
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clearly satisfied provided 7 is never zero, i.e., provided 7 is regular. We might 
as well take the plane to be the xy-plane and a = ( 0 , 0 , 1 ) to be parallel to the 
z-axis. Then, 7 (it) = (f(u),g(u), 0) for some smooth functions / and g , and 
the parametrization becomes 

= (f(u),g(u),v). 

For example, starting with a circle, we get a circular cylinder. Taking the 
circle to have centre the origin, radius 1 and to lie in the xy-plane, it can be 
parametrized by 

7 (u) = (cosn, sinn, 0 ), 

defined for 0 < u < 2n and — 7 r < u < n, say. This gives the atlas for the unit 
cylinder found in Example 4.1.3. 

The second special case we shall consider is that in which the rulings all 
pass through a certain fixed point, say v; then S is called a generalized cone 
with vertex v. 



We can take S(u) =7 (u) — v, giving 

<x(u, v) = (1 + v)j(u) — vv. 


Now, 

(t(u , v) = cr(u', v') <£=> (1 + v)'y(u) — (1 + v')'y(u') + (v' — v)v = 0 ; 

since ( 14 - v) — (1 + v') + (v' — v) = 0 , the equation on the right-hand side means 
that the points v, 7 ( 14 ) and 7 [u') are collinear. So, for er to be a surface patch, 
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no straight line passing through v should pass through more than one point of 
7 (in particular, 7 should not pass through v). Finally, we have cr u = (1 + ^)7, 
cr v = 7 — v, so u is regular provided v ^ — 1, i.e. , the vertex of the cone 
is omitted (cf. Example 4.1.5), and none of the straight lines forming the cone is 
tangent to 7. 

The parametrization is simplest when 7 lies in a plane. If this plane con¬ 
tains v, the cone is simply part of that plane. Otherwise, we can take v to be 
the origin and the plane to be z = 1. Then, 7 (it) = (f(u),g(u), 1) for some 
smooth functions / and g, and the parametrization takes the form 

(t(u,v) = v(f(u),g(u), 1 ), 
after making the reparametrization 


Example 5.3.2 

A surface of revolution is the surface obtained by rotating a plane curve, called 
the profile curve , around a straight line in the plane. The circles obtained by 
rotating a fixed point on the profile curve around the axis of rotation are called 
the parallels of the surface, and the curves on the surface obtained by rotating 
the profile curve through a fixed angle are called its meridians. (This agrees 
with the use of these terms in geography, if we think of the earth as the surface 
obtained by rotating a circle passing through the poles about the polar axis 
and we take u and v to be latitude and longitude, respectively.) 


2 : 



x 
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Let us take the axis of rotation to be the z-axis and the plane to be the 
xz-plane. Any point p of the surface is obtained by rotating some point q of 
the profile curve through an angle v (say) around the z-axis. If 

7 (u) = (/(«), 0,ff(w)) 

is a parametrization of the profile curve containing q, p is of the form 
<r(u,v) = (f(u)cosv,f(u)smv,g(u)). 

To check regularity, we compute (with a dot denoting d/du ): 

cr u = (fcosv, fsinv,g), cr v = (-/sin v, fcosv, 0 ), 

&U X cr v = {fgcosv,- fgsinv, f j), 

|| &u x <j v || 2 = / 2 (/ 2 + g 2 ). 

Thus, cr u x cr v will be non-vanishing if f(u) is never zero, i.e., if 7 does not 
intersect the z-axis, and if / and g are never zero simultaneously, i.e., if 7 is 
regular. In this case, we might as well assume that f(u ) > 0, so that f(u) is 
the distance of cr(u,v) from the axis of rotation. Then, er is injective provided 
that 7 does not self-intersect and the angle of rotation v is restricted to lie in 
an open interval of length < 2tt. Under these conditions, surface patches of the 
form <7 give the surface of revolution the structure of a surface. 


EXERCISES 

5.3.1 The surface obtained by rotating the curve x = coshz in the rrz-plane 
around the z-axis is called a catenoid. Describe an atlas for this 
surface. 
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5.3.2 Show that 

cr(u,v ) = (sechucosiqsech'usin'iqtanhu) 

is a regular surface patch for S 2 (it is called Mercator’s projection). 
Show that meridians and parallels on S 2 correspond under er to 
perpendicular straight lines in the plane. (This patch is ’derived’ in 
Exercise 6.3.3.) 

5.3.3 Show that, if cr(u,v) is the (generalized) cylinder in Example 5.3.1: 

(i) The curve 7 (u) = 7 (u) — (7 (u) • a)a is contained in a plane 
perpendicular to a. 

(ii) cr(u, v ) = 7 (w) + Da, where v = v + 7 (u) ■ a. 

(iii) cr(it, v) = 7 (u) + va is a reparametrization of cr(u, v). 

This exercise shows that, when considering a generalized cylinder 
cr(u, v) = 7 (u) + va , we can always assume that the curve 7 is 
contained in a plane perpendicular to the vector a. 

5.3.4 Consider the ruled surface 

cr(u, v) = 7 ( 14 ) + v8(u), (5-5) 

where || 8(u) || = 1 and 8(u) ^ 0 for all values of u (a dot denotes 
d/du ). Show that there is a unique point r(u), say, on the ruling 
through 7 (tt) at which <5(it) is perpendicular to the surface. The 
curve T is called the line of striction of the ruled surface er (of course, 
it need not be a straight line). Show that f • 8 = 0. Let v = v + , 

and let a(u,v) be the corresponding reparametrization of er. Then, 
cr(u,v) = T(u) + v8(u). This means that, when considering ruled 
surfaces as in (5.5), we can always assume that 7 ■ <5 = 0. We shall 
make use of this in Chapter 12. 


5.4 Compact surfaces 

A subset X of R 3 is called compact if it is closed (i.e., the set of points in R 3 
that are not in X is open) and bounded (i.e., X is contained in some open 
ball). On several occasions later in the book we shall be particularly interested 
in compact surfaces. 

Example 5.4.1 

Any sphere is compact. Let us consider the unit sphere S 2 for simplicity. 
Obviously S 2 is bounded as it is contained in the open ball £> 2 ( 0 ) (for example). 
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To show that S 2 is closed, let p be a point not in S 2 , so that || p || yf 1. Sup¬ 
pose, for example, that || p || > 1 (a similar argument applies if || p || < 1 ). Let 
e = || p || — 1 . Then the open ball D e ( p) does not intersect S 2 , for if q € D t { p) 
the triangle inequality || P || = || (p - q) + q || < || P - q || + || q || § ives 

II q II > II P II — II p — q || > || p || —e = 1 , 
so || q || > 1 It follows that the set of points of R 3 that are not in S 2 is open. 

Example 5.4.2 

A plane is not compact since it is obviously unbounded. 


Example 5.4.3 

The open disc 

V = {(x, y, z) € R 2 | x 2 + y 2 < 1, 2 = 0} 

is a non-compact surface. It is obviously bounded (it is contained in D i(0)); 
it is not closed, however, since the point p = ( 1 , 0 , 0 ) is not in T> and for any 
e > 0 the open ball Z? e (p) contains the point (1 — |e, 0, 0) which is in T>. 



It is a surprising result that there are very few compact surfaces in R 3 up to 
diffeomorphism, and they can all be described explicitly. We have already seen 
the simplest example, the sphere. The next simplest is the torus considered in 
Exercise 4.2.5. More generally, one can join such tori together (see above). This 
surface is denoted by T g , where g is the number of holes, called the genus of 
the surface (we take g = 0 for the sphere). We accept the following theorem 
without proof: 
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Theorem 5.4.4 

For any integer g > 0, T g has an atlas making it a smooth surface. Moreover, 
every compact surface is diffeomorphic to one of the T g . 

Corollary 5.4.5 

Every compact surface is orientable. 


Proof 

Each of the surfaces T g obviously has an ‘interior’, which is bounded, and an 
‘exterior’ which is unbounded. Hence, we can choose the unit normal at each 
point of the surface to point into the exterior region. This provides a smooth 
choice of unit normal at every point of the surface T g , so T g is orientable. Since 
every compact surface is diffeomorphic to one of the surfaces T g , the corollary 
follows from Exercise 4.5.2. □ 


EXERCISES 

5.4.1 One of the following surfaces is compact and one is not: 

(i) x 2 — y 2 + z 4 = 1. 

(ii) x 2 + y 2 + z 4 = 1. 

Which is which, and why? Sketch the compact surface. 

5.4.2 Explain, without giving a detailed proof, why the tube (Exercise 
4.2.7) around a closed curve in R 3 with no self-intersections is a 
compact surface diffeomorphic to a torus (provided the tube has 
sufficiently small radius). 


5.5 Triply orthogonal systems 

A triply orthogonal system of surfaces consists of three families of surfaces such 
that 

(i) Exactly one surface of each family passes through each point of R 3 (or of 
some open subset of R 3 ). 

(ii) Any two surfaces belonging to different families intersect orthogonally. 
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The simplest example of such a system is given by the families of planes parallel 
to the coordinates planes, namely 

x = u, y = v, z = w. 

Fixing the value of u (say) determines a particular plane in the first family, and 
similarly for the other families. If p = (a,b,c) £ R 3 , there is a unique plane 
from each family passing through p, namely those corresponding to u = a, 
v = b and w = c. The orthogonality property (ii) is obviously satisfied. 

More generally, suppose that the three families are of the form 

U(x, y, z) = u, V(x, y, z) = v, W(x,y,z) = w, (5.6) 

where U, V and W are smooth functions of ( x,y,z ). By Theorem 5.1.1, these 
equations determine three families of smooth surfaces provided the vectors VE7, 
VF and VW are non-zero everywhere. Assuming that this condition holds, by 
Exercise 5.1.2 the non-zero vector VE/ is then perpendicular to the tangent 
plane of the surface E7(a;, y,z) = u (and similarly for V, W), so condition (ii) in 
the definition of a triply orthogonal system becomes 

VE7 • VV = VV ■ VW = VW ■ VE/ = 0. (5.7) 


Now consider the smooth function 


F(x,y,z) = (U(x, 

y,z) 

,V(x,y, 

*).' 

The Jacobian matrix of F is 




/ 

f u x 

Uy 

u z 

J(F) = 

v x 

Vy 

v z 

\ 

K W a 

■■ Wy 

w z 


so the rows of J(F) are the components of the non-zero vectors VE7, VV and 
VW. By Eq. 5.7, these vectors are orthogonal, and hence linearly indepen¬ 
dent, so the matrix J(F) is invertible. By the inverse function theorem (see 
Section 5.6), Eq. 5.6 can be solved for ( x,y,z ) in terms of ( u,v,w ) (at least if 
(■ u,v,w ) is restricted to lie in a suitable open subset of R 3 ), say 


{x,y,z) = T,(u,v,w). (5.8) 

Then, setting u equal to a constant uq (say) gives a parametrization (v,w) e-► 
’S(uq,v,w) of the surface U(x,y,z) = uq (and similarly for the other two 
families of surfaces). 

Regarding x, y, z as functions of u, v, w via Eq. 5.8, we can differentiate both 
sides of the equation 


U{x,y,z ) = u 
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with respect to u, v and w. This gives 

U x x u T Uyy u -T U z z u = 1 
U x x v T Uyy v T U z z v = 0 
U x x w T Uyij w T U z z w —0. 

These three equations, together with the corresponding equations for V and W, 
can be written in vector form as follows: 

VU ■ E u = 1, VU ■ =0, VU ■ 2 W = 0, 

VT-S» = 0, W • = 1, W • S w = 0, (5.9) 

VW ■ £„ = 0, VW •£„ = (), VW • = 1. 

By Eqs. 5.8 and 5.9, VU and are both perpendicular to VV and VW, so 
they are parallel to each other. Thus, £ u is normal to the surface U( x , y, z) = u, 
and X t , and are tangent to it (the last statement is also obvious from the 
statement at the end of the preceding paragraph). 

We shall have more to say about triply orthogonal systems later, but now 
we shall describe one of the most beautiful examples of such systems, which 
is provided by the theory of quadric surfaces. Let p, q and r be constants such 
that 0 < p 2 < q 2 < r 2 . For ( x , y , z) e I 3 , 1 ^ p 2 , q 2 or r 2 , let 

. .x 2 y 2 z 2 

F t {x,y,z) = —- + ~y— + - 2 —7- 
p z — t q z — t r z — t 

Fix a point (a, b, c) € R 3 with a, b and c all non-zero. The following properties 
are clear: 

(i) F t (a,b,c) is a continuous function of t in each of the open intervals 
(- 00 ,p 2 ), ( p 2 ,q 2 ), {q 2 ,r 2 ) and (r 2 ,oo). 

(ii) F t (a, b, c) —1 0 as t —> ±oo. 

(iii) F t (a,b,c ) —1 oo as t approaches p 2 ,q 2 or r 2 from the left, and F t (a,b,c) 
-> -oo as < approaches p 2 , q 2 or r 2 from the right. 

It follows from these properties and the intermediate value theorem that 
there is at least one value of t in each open interval (—oo ,p 2 ), ( p 2 ,q 2 ) and 
{q 2 , r 2 ) such that F t (a, b,c) = 1. On the other hand, the equation F t (a, b,c) = 1 
is equivalent to the cubic equation Gt{a , b, c) = 0, where 

G t (a,b,c) = a 2 (q 2 - t)(r 2 - t) +b 2 (p 2 - t.)(r 2 - t) +c 2 (p 2 - t){q 2 - t ) 

-(p 2 ~t)(q 2 -t)(r 2 ~t), [ ' 
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which has at most three real roots. It follows that there are unique numbers 
u £ (— 00 ,p 2 ), v £ (p 2 ,q 2 ) and w £ (q 2 ,r 2 ) (depending on (a, 6 , c), of course) 
such that 


F u (a,b,c) = 1, F v (a,b,c) = 1, F w (a,b,c) = 1. 


(5.11) 



The three quadrics F u (x,y,z ) = 1, F v (x,y,z ) = 1 and F w (x,y,z) = 1 are 
ellipsoids, hyperboloids of one sheet and hyperboloids of two sheets, respec¬ 
tively, and we have shown that there is one of each passing through each point 
(a, b , c) £ R 3 that does not lie on any of the coordinate planes. We show that 
they form a triply orthogonal system. 

Indeed, the vector 

( x y z \ 

\p 2 — t 1 q 2 — t' r 2 — t) 

is perpendicular to the tangent plane of the surface F t (x,y,z) = 1 at (x,y,z). 
Thus, to show that the first two surfaces in (5.11) are perpendicular at (a, b , c), 
for example, we have to show that 

a 2 b 2 c 2 

(p 2 — u)(p 2 — u)”*~ {q 2 — u)(q 2 — v) (r 2 — u){r 2 — v ) 

But the left-hand side of this equation is 

F u (a, b, c) - F v (a, b, c) 1 - 1 


u — v 


u — V 
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We can also construct a simultaneous parametrization of the three families. 
Note that the cubic G t (a, b , c) in (5.10) is equal to (t — u)(t — v)(t — w), since it 
is divisible by this product and the coefficients of t 3 agree. Putting t = p 2 ,q 2 
and r 2 and solving the resulting equations for a 2 , b 2 and c 2 , we find that 


a = db . 


b = ± 


c = i 


(p 2 — u ) ( p 2 — v) (p 2 — w) 
( r 2 — p 2 )(q 2 — p 2 ) ' 

I (q 2 — u)(q 2 — v)(q 2 — w) 
{p 2 - q 2 )(r 2 - q 2 ) ’ 

^(r 2 — u)(r 2 — v)(r 2 — w) 

( p 2 — r 2 )(q 2 — r 2 ) 


(5.12) 


Define tr(u,v,w) = ( x,y,z ), where x,y and z are the right-hand sides of 
the three equations in (5.12), respectively, with any combination of signs. 
For fixed u (resp. fixed v, fixed w), this gives eight surface patches for 
the corresponding ellipsoid F u (x,y,z) = 1 (resp. hyperboloid of one sheet 
F v (x, y, z) = 1, hyperboloid of two sheets F w ( x, y, z) = 1). 


EXERCISES 

5.5.1 Show that the following are triply orthogonal systems: 

(i) The spheres with centre the origin, the planes containing the 
0 -axis and the circular cones with axis the 0 -axis. 

(ii) The planes parallel to the rry-plane, the planes containing the 
0 -axis and the circular cylinders with axis the 0 -axis. 



5.5.2 By considering the quadric surface F t (x,y,z) = 0, where 

x 2 y 2 


p 2 — t q 2 —t 


Ft{x,V,z) 


— 2 z + t 
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construct a triply orthogonal system (illustrated above) consisting 
of two families of elliptic paraboloids and one family of hyperbolic 
paraboloids. Find a parametrization of these surfaces analogous to 
(5.12). 


5.6 Applications of the inverse function theorem 


In this section we give the proofs of Propositions 4.2.6 and 4.4.6 and 
Theorem 5.1.1. 

Suppose first that / : U —> R" is a smooth map, where U is an open subset 
of R m . If we write (fo,..., u n ) = f(u \,..., u m ), the Jacobian matrix of / is 


Af) 


/ dui 
dui 

dv,2 

dui 


du± 

dlL2 

du2 

du2 


dui \ 
du-m 

du2 

du-m 


du n du n 
\ dui du2 


du n 

dUm / 


This has already been used in the case m = n = 2 in Section 4.2, but now we 
shall need it in other cases too. 

The main tool that we use is the following theorem. 


Theorem 5.6.1 (Inverse Function Theorem) 

Let R n be a smooth map defined on an open subset U of R n (n > 1). 

Assume that, at some point xq € U, the Jacobian matrix J(f) is invertible. 
Then, there is an open subset V of R" and a smooth map g : V — > R" such 
that 

(i) 2/o = f(x o) e V 
(h) g(y 0 ) = x 0 
(hi) g(V) C U 

(iv) g(V) is an open subset of R™ 

(v) f(g(y)) = y for all y e V 

In particular, g : V —f g{V) and / : g(V) —> V are inverse bijections. 

Thus, the inverse function theorem says that, if J(f) is invertible at some 
point, then / is bijective near that point and its inverse map is smooth. A proof 
of this theorem can be found in books on multivariable calculus. 
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As our first application of Theorem 5.6.1, we complete the proof of 
Proposition 4.4.6. Suppose then that / : S —> S is a smooth map between sur¬ 
faces S and S, let p € S and assume that the linear map D p f : T p S —> Tf( p) S 
is invertible. Let cr : U —> R 3 be a surface patch of S containing p, say 
er(uo, t>o) = p, and let cf : U -> R 3 be a surface patch of S containing /( p). By 
shrinking U if necessary, we can assume that / maps tr(U) into er(f/). Since / 
is smooth, there are smooth functions a : U —> R and 0 : U —> M such that 

f(<r(u,v)) = a(a(u,v),0(u,v)). 

From the remarks following Proposition 4.4.4, the matrix of D p f with respect 
to the bases {cr u ,cr v } of T p S and {<r.a,cf.o} of Tf( p) S is the Jacobian matrix 

( &U &V 

V Pu 0v ) ' 

Since D p f is invertible, so is this matrix. By the inverse function theorem, the 
smooth map U —> IR 2 given by (u,v) e -1 (a(u,v), 0(u,v)) is a diffeomorphism 
from an open subset V (say) of U containing (u o,vo) to an open subset V 
(say) of U. Then O = er(V) and O = ar{V) are open subsets of S and S , 
respectively, and / is a diffeomorphism from O to O. This proves that / is a 
local diffeomorphism. 

We now give the proof of Proposition 4.2.6. We want to show that, if cr : 
and cr : U -1 R 3 are two regular patches in the atlas of a surface S, 
the transition map from cr to cr is smooth where it is defined. 

Suppose that a point p lies in both patches, say cr(u o,vq) = er(uo,vo) = p. 
Write 

(t(u,v) = (f(u,v),g(u,v),h(u,v)). 

Since cr u and cr v are linearly independent, the Jacobian matrix 

/ fu fv \ 

9 u g v 1 

\ h u h v J 

of cr has rank 2 everywhere. Hence, at least one of its three 2x2 submatrices 
is invertible at each point. Suppose that the submatrix 

f fu fv \ 

V 9u 9v ) 

is invertible at p. (The proof is similar in the other two cases.) By the inverse 
function theorem applied to the map F : U —> R 2 given by 


F(u,v) = (f(u,v),g(u,v)), 
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there is an open subset V of R 2 containing F(u o, vq) and an open subset W of 
U containing (uq,Vo) such that F : W —> V is bijective with a smooth inverse 
-F -1 : V — > W. Since er : W —> er(IT) is bijective, the projection n : cr(W ) —> V 
given by tt( x,y,z) = (x,y) is also bijective, since tt = F o er” 1 on cr(W). It 
follows that W = (cr(W)) is an open subset of U and that 

a 1 o er = F~ x o F 

on W, where F = no cf. Since F~ x and F are smooth on W, so is the transition 
map cr _1 o cf. Since cr _1 o cf is smooth on an open set containing any point 
(uq,vo) where it is defined, it is smooth. 

Finally, we give the proof of Theorem 5.1.1. Let p, W and / be as in the 
statement of the theorem, and suppose that p = (xo,yo,zo) and that f~ ^ 0 
at p. (The proof is similar in the other two cases.) Consider the map F : W —! 
R 3 defined by 

F{x,y,z) = (x,y,f(x,y,z)). 

The Jacobian matrix of F is 

1 0 0 \ 

0 10 , 
fx fy fz / 

and is clearly invertible at p since f z yf 0. By the inverse function theorem, 
there is an open subset V of R 3 containing F(xo,yo, Zq) = (xo,yo,0) and a 
smooth map G : V —> W such that W = G(V) is open and F : W —> V and 
G : V —> W are inverse bijections. 

Since V is open, there are open subsets U\ of R 2 containing (xg,yo) and 
U 2 of R containing 0 such that V contains the open set U\ x U 2 of all points 
(. x,y,w) with (x,y) £ U\ and w £ I/ 2 . Hence, we might as well assume that 
V = U\ x 1 / 2 . The fact that F and G are inverse bijections means that 

G{x,y,w) = (x,y,g(x,y,w)) 

for some smooth map g : U\ x U 2 —> R, and 

f(x,y,g{x,y,w)) = w 

for all (x,y) £ U\, w £ U 2 - 
Define er : U\ —> R 3 by 

(r(x,y) = (x,y,g(x,y, 0 )). 

Then er is a homeomorphism from U\ to S D W (whose inverse is the restriction 
to S fl W of the projection n(x, y, z ) = (x, y)). It is obvious that er is smooth, 
and it is regular because 


a x x (T y = {-g x ,-g y , 1) 
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is nowhere zero. So er is a regular surface patch on S containing the given 
point p. Since p was an arbitrary point of S, we have constructed an atlas for 
S making it into a (smooth) surface. 


EXERCISES 

5.6.1 Show that, if 7 : (a,/?) —► R 3 is a curve whose image is contained 
in a surface patch er : U —> R 3 , then 7 (t) = er(u(t),v(t)) for some 
smooth map (a,/3) —> U, t i-f (u(t),v(t)). 

5.6.2 Prove Theorem 1.5.1 and its analogue for level curves in R 3 
(Exercise 1.5.1). 

5.6.3 Let er : U —> R 3 be a smooth map such that er u x a v 0 at some 
point (uq,vq) £ U. Show that there is an open subset W of U con¬ 
taining (uo, Vo) such that the restriction of er to IE is injective. Note 
that, in the text, surface patches are injective by definition, but this 
exercise shows that injectivity near a given point is a consequence 
of regularity. 

5.6.4 Let er : U —> R 3 be a regular surface patch, let (u 0 ,^ 0 ) £ U and let 
cr(uo,Vo ) = (xo,yo, zo). Suppose that the unit normal N(uo ) i’o) is 
not parallel to the cry-plane. Show that there is an open set V in R 2 
containing (xo,yo), an open subset W of U containing (uq,vo) and 
a smooth function ip : V — > R such that &{x,y) = (x,y,(p(x,y)) is 
a reparametrization of er : W —> R 3 . Thus, ‘near’ p, the surface is 
part of the graph z = <p{x, y). 

What happens if N(uo,^o) is parallel to the cry-plane? 
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The first fundamental form 


Perhaps the first thing that a geometrically inclined bug living on a surface 
might wish to do is to measure the distance between two points of the surface. 
Of course, this will usually be different from the distance between these points 
as measured by an inhabitant of the ambient three-dimensional space, since 
the straight line segment which furnishes the shortest path between the points 
in R 3 will generally not be contained in the surface. The object that allows 
one to compute lengths on a surface, and also angles and areas, is the first 
fundamental form of the surface. 


6.1 Lengths of curves on surfaces 

If our bug-geometer walks along a curve 7 on a surface S, the distance he 
travels is 



(see Definition 1.2.1). To compute this he would need to be able to find the 


length of tangent vectors to the surface, such as 7 , which in turn can be com¬ 
puted from the object in the following definition. 


Andrew Pressley, Elementary Differential Geometry: Second Edition , 

Springer Undergraduate Mathematics Series, DOI 10.1007/978-l-84882-891-9_6, 
© Springer-Verlag London Limited 2010 
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6. The first fundamental form 


Definition 6.1.1 

Let p be a point of a surface S. The first fundamental form of S at p associates 
to tangent vectors v, w G T p S the scalar 

(v,w)p, 5 = v - w. 


Thus, (v, w) Pi 5 is just the dot product, but restricted to tangent vectors 
to S at p. We shall usually omit one or both of the subscripts unless there is 
some danger of confusion as to which point or surface is intended. 

The first fundamental form ( , ) is an example of an inner product (see 
Appendix 0 ): this follows immediately from the fact that the dot product defines 
an inner product on R 3 . 

In traditional works on this subject, the first fundamental form looks slightly 
different. Suppose that <?(u, v ) is a surface patch of S. Then, any tangent vector 
to S at a point p in the image of er can be expressed uniquely as a linear 
combination of cr u and cr v . Define maps du : T p S —1 M and dv : T p S —> M by 

du(v) = A, dv(v) = p if v = A cr u + pcr v , 


for some A,/igI. It is easy to see that du and dv are linear maps. Then, using 
the fact that ( , ) is a symmetric bilinear form, we have 

(v, v) = A 2 (er u ,cr u ) + 2A p(er u ,cr v ) + p 2 (cr v , ar v ). 

Writing 


E = I 


F = 


G = I 


this becomes 


(v, v) = EX 2 + 2 FXp + Gp 2 = Edufv ) 2 + 2 Fdu(v)dv(v) + Gdv(v) 2 . 
Traditionally, the expression 

Edu 2 + 2 Fdudv + Gdv 2 


is called the first fundamental form of the surface patch cr(u, v). Note that the 
coefficients E, F , G and the linear maps du, dv depend on the choice of surface 
patch for S (see Exercise 6. 1 . 4 ), but the first fundamental form itself depends 
only on S and p. 

If 7 is a curve lying in the image of a surface patch er, we have 

7 (t) = er(u{t),v(t)) 

for some smooth functions u(t) and v(t). Then, denoting d/dt by a dot, we have 
7 = iicr u + vcr v by the chain rule, so 

(7,7} = Eu 2 + 2 Fuv + Gii 2 , 
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and the length of 7 is given by 



+ 2 Fuv + Gv 2 ) 1/2 dt. 


( 6 . 1 ) 


Example 6.1.2 

For the plane 

cr(u, v) = a + up + uq 

(see Example 4.1.2) with p and q being perpendicular unit vectors, we have 
(T u = p, ct v = q, so E = || cr u || 2 = || p || 2 = 1, F = cr u ■ a v = p ■ q = 0, 
G = || cr v || 2 = || q || 2 = 1, and the first fundamental form is simply 

du 2 + dv 2 . 


Example 6.1.3 

Consider a surface of revolution 

<r(u,v) = (f(u)cosv, f(u)smv,g(u)). 

Recall from Example 5.3.2 that we can assume that f(u) > 0 for all values of 
u and that the profile curve u *-> (f(u),0,g(u)) is unit-speed, i.e., f 2 + g 2 = 1 
(a dot denoting d/du). Then: 

(r u = (/ cosu, /sinu, g), cr v = (-/sin v, f cos v, 0 ), 

.'. E = \\a u || 2 = f 2 + g 2 = 1 , F = ct v ■ cr v =0, G = || a v || 2 = f 2 . 

So the first fundamental form is 

du 2 + f(u) 2 dv 2 . 

A special case is the unit sphere S 2 in latitude-longitude coordinates 
(Example 4.1.4). We take u = 9, v = ip, f(6) = cos 9, g(9) = sind, giving 
the first fundamental form of S 2 as 

d0 2 + cos 2 9dp 2 . 


Example 6.1.4 

We consider a generalized cylinder 

cr(u, v) = 7 (u) + va 

defined in Example 5.3.1. As we saw in Exercise 5.3.3, we can assume that 7 is 
unit-speed, a is a unit vector, and 7 is contained in a plane perpendicular to a. 
Then, denoting d/du by a dot, er u = 7 , er.„ = a, so E = || cr u || 2 = || 7 || 2 = 1, 
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F = cr u - cr v = 7 • a = 0, G = || cr v || 2 = || a || 2 = 1, and the first fundamental 
form of er is 

du 2 + dv 2 . 

Note that this is the same as the first fundamental form of the plane 
(Example 6.1.2). The geometrical reason for this coincidence will be revealed 
in the next section. 


Example 6.1.5 

We consider a generalized cone 

cr(u, v) = (1 + v)y(u) — tv 

(Example 5.3.1). Before computing its hrst fundamental form, we make some 
simplifications to er. 

First, translating the surface by v (which does not change its first funda¬ 
mental form - see Exercise 6.1.2), we get the surface patch cri = er — v = 
(1 + w )(7 — v), so if we replace 7 by 7 j = 7 - v we get 07 = (1 + v)~f 1 . This 
means that we might as well assume that v = 0 to begin with. Next, we saw in 
Example 5.3.1 that for er to be a regular surface patch, 7 must not pass through 
the origin, so we can define a new curve 7 by 7 ( 14 ) = 7 (it)/ || 7 (u) |j. Setting 
u = u, v = (1 + v)/ || 7 (u) ||, we get a reparametrization <x(«, v) = v~f(u) of er 
with || 7 || = 1 . We can therefore assume to begin with that cr(u,v) = vy(u) 
with || 7 (u) || = 1 for all values of u (geometrically, this means that we can 
replace 7 by the intersection of the cone with S 2 ). Finally, reparametrizing 
again, we can assume that 7 is unit-speed, for we saw in Example 5.3.1 that 
for er to be regular, 7 must be regular. 

With these assumptions, and with a dot denoting d/du, we have er„ = v'j, 
<r v = 7 , so E = || v-y || 2 = v 2 || 7 || 2 = v 2 , F = try • 7 = 0 (since || 7 II = 1). 
G = II 7 II 2 = 1) an d the first fundamental form is 

v 2 du 2 + dv 2 . 

Note that, as for the generalized cylinder in Example 6.1.4, the first fundamen¬ 
tal form of the generalized cone does not depend on the curve 7 . 


EXERCISES 

6.1.1 Calculate the first fundamental forms of the following surfaces: 

(i) <t{u,v) = (sinhusinht;,sinhucoshri,sinhit). 

(ii) cr{u, v) = (it — v, u + v, u 2 + v 2 ). 
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(iii) cr(u, v) = (coshu, sinhu, v). 

(iv) <x(tt, v) = (it, v, u 2 + v 2 ). 

What kinds of surfaces are these? 

6.1.2 Show that applying an isometry of R 3 to a surface does not change 
its first fundamental form. What is the effect of a dilation (i.e., a 
map R 3 —f R 3 of the form vi->av for some constant a yf 0)? 

6.1.3 Let Edu 2 +2Fdudv+Gdv 2 be the first fundamental form of a surface 
patch cr(u, v ) of a surface S. Show that, if p is a point in the image 
of u and v, w € T p <S, then 

(v, w) = Edu(v)du( w) + F(du(v)dv( w) + du(w)dv(v)) + Gdr>(w)dr>(w). 

6.1.4 Suppose that a surface patch cf(u, v) is a reparametrization of a 
surface patch cr(u,v), and let 

Edu 2 + 2Fdudv + Gdv 2 and Edu 2 + 2Fdudv + Gdv 2 


be their first fundamental forms. Show that: 

(i) du = §Idu + || dv, dv = ||du + f| dv. 

(ii) If 


[du 

du 

du 

dv 

dv 

dv 

^du 

dv 


is the Jacobian matrix of the reparametrization map ( u , v) i —> ( u, v), 
and J ( is the transpose of J, then 





J. 


6.1.5 Show that the following are equivalent conditions on a surface patch 
cr(u, v) with first fundamental form Edu 2 + 2Fdudv + Gdv 2 : 

(i) E V =G U = 0. 

(ii) cr uv is parallel to the standard unit normal N. 

(iii) The opposite sides of any quadrilateral formed by parameter 
curves of er have the same length (see the remarks following the 
proof of Proposition 4.4.2). 
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When these conditions are satisfied, the parameter curves of er are 
said to form a Chebyshev net. Show that, in that case, u has a 
reparametrization a(u,v) with first fundamental form 

du 2 + 2 cos 9 dudv + dv 2 , 

where 9 is a smooth function of (u,v). Show that 9 is the angle 
between the parameter curves of <r. Show further that, if we put 
u = u + v, v = u — v, the resulting reparametrization cr{u,v) of 
cr(u,v) has first fundamental form 

cos 2 <jj du 2 + sin 2 w dv 2 , 


where w = 9/2. 


6.2 Isometries of surfaces 

We observed in Example 6.1.4 that a plane and a generalized cylinder, when 
suitably parametrized, have the same first fundamental form. The geometric 
reason for this is not hard to see. A plane piece of paper can be ‘wrapped’ on a 
cylinder in the obvious way without crumpling the paper (see Example 4.3.2). 
If we draw a curve on the plane, then after wrapping it becomes a curve on 
the cylinder. Because there is no crumpling, the lengths of these two curves 
will be the same. Since the lengths are computed as the integral of (the square 
root of) the first fundamental form, it is plausible that the first fundamental 
forms of the two surfaces should be the same. Experiment suggests, on the 
other hand, that it is impossible to wrap a plane sheet of paper around a 
sphere without crumpling. Thus, we expect that a plane and a sphere do not 
have the same first fundamental form. 

The following definition makes precise what it means to wrap one surface 
onto another without crumpling. 


Definition 6.2.1 

If 5i and 1 S 2 are surfaces, a smooth map / : Si —> S 2 is called a local isometry if 
it takes any curve in 5i to a curve of the same length in 1 S 2 . If a local isometry 
/ : S\ —> S 2 exists, we say that <Si and S 2 are locally isometric. 

We shall see that every local isometry is a local diffeomorphism; a local 
isometry that is a diffeomorphism is called an isometry. It is obvious that any 
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composite of local isometries is a local isometry, and that the inverse of any 
isometry is an isometry. 

To express the condition for a local isometry in a more useful form, we need 
the following construction. Let / : Si —> S 2 be a smooth map and let p G Si. 
For v, w G T p Si, define 

/* ( v ,w) p = P P /(v),Dp/(w)) /(p) . 

Then, /*( , ) p is a symmetric bilinear form on T p S 1 . Indeed, the symmetry is 
obvious and if A, A' £ M, v, v', w £ T p , 

/*(Av + AV,w) p = (-D p /(Av +AV),D p /(w)) /(p) 

= (AD P /(v) + \'D p f(y'),D p f(w)) fip) 

= A(D P /(v), T» P /(w)) /(p) + A'(£> p /(v'), D p /(w)} /(p) 

= A/*(v, w) p + A'/*(v', w) p . 


Theorem 6.2.2 

A smooth map / : Si —>■ S 2 is a local isometry if and only if the symmetric 
bilinear forms ( , ) p and /*( . ) p on T p Si are equal for all p e Si. 


Proof 


If qq is a curve on Si, the length of the part of with endpoints -jq(to) and 
7 i(fi) is 

[ (7i,7i) 1/2 ^- (6-2) 

Jto 

The length of the corresponding part of the curve 72 = / 0 7i on < 5>2 is 


'to 


(7 2 ;72 ) 1/2 dt= (Df(j 1 ),Df(j 1 )) 1/ ‘ 2 dt= /*<7i,7i> 1 / 2 dt- (6.3) 


'^0 


'to 


It is now obvious that, if the two symmetric bilinear forms in the statement of 
the theorem are equal, the curves qq and / oqj have the same length. 

Conversely, suppose that the integrals in ( 6.2) and ( 6.3) are equal for all 
curves 7 on <5>i. Then, the integrands must be the same for all 7 : 

(7,7) = /*( 7,7>- 

Since any tangent vector v to is the tangent vector of a curve on <Si, it 
follows that 


(v, v) = /*(v,v) for all v. 


(6.4) 
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Since ( , } and /*( , ) are symmetric bilinear forms, it follows from (6.4) that 
they are equal (see Appendix 0). □ 

Thus, / is a local isometry if and only if 

( D pf(v),D p f(-w)) n p) = (v,w) p 

for all p 6 5i and all v,w £ T p S±. This means that the linear map D p f : 
T p iS| —1 T /(p) S 2 is an isometry , i.e., it preserves lengths (see Appendix 1). In 
short, / is a local isometry if and only if D p f is an isometry for all p £ S±. 

It follows from this theorem that every local isometry is a local diffeomor- 
phism. Indeed, let / : Si —> S 2 be a local isometry and let p £ Si. If D p f is not 
invertible, there is a non-zero tangent vector v £ T p S± such that D p f{y) = 0. 
But this gives a contradiction: since / is a local isometry, 

0 t k (v, v) p = (D p f (v) , D p f (v))/ (p) = (0, 0) p = 0. 

Hence, D p f is invertible, and so / is a local diffeomorphism (Proposition 4.4.6). 
It will be useful to express Theorem 6.2.2 in terms of surface patches. 

Corollary 6.2.3 

A local diffeomorphism / : Si —> S 2 is a local isometry if and only if, for any 
surface patch cr 1 of Si, the patches <J\ and f o cr 1 of Si and S 2 , respectively, 
have the same first fundamental form. 

Proof 

In view of the theorem, we have to show that the patches <J\ and / o <ti = <x 2 , 
say, have the same first fundamental form if and only if the symmetric bilinear 
forms ( , ) p and /*( , ) p are equal for all p in the image oi cr 1 . 

The first fundamental form of oq (i = 1, 2) is Eidu 2 +2Fidudv+Gidv 2 , where 
Ei = ((<Ti) u , (< Ti ) u ), Fi = ((cri ) u , (cr,)„), Gi = ((ai) v , (<Ti) v ). We compute 

((er 2 )u, (<r 2 )„) = (Df((<ri) u ),Df((cri) u )) = /*((tr 1 ) u , (cr^y). 

Thus, if ( , )=/*(.), then Ei = E 2 , and similarly F\ = F 2 and Gi = G 2 . 
Conversely, if these last three equations hold, then (v, w) = /*(v, w) whenever 
the tangent vectors v, w are of the form (cri) u or (cri) v . The bilinearity property 
then implies that (v, w) = /*(v, w) for all v,w. □ 

This proof actually shows that, if p £ Si is in the image of a surface patch 
er 1 , then cr 1 and / o cri have the same first fundamental form at p if and only 
if D p f is an isometry; it follows that, if p is in the image of another surface 
patch er 2 , then cr 1 and / o <ti have the same first fundamental form at p if and 
only if the same is true of er 2 and / o cr 2 . 
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Example 6.2.4 

The map / from the yz-plane to the unit cylinder defined in Example 4.3.2 is a 
local isometry. For, if we use the surface patch <7i{u, v) = (0, u, v) for the plane 
and ct 2 (u,v) = (cosit, sin m, t;) for the cylinder, then f(cri(u,v)) = er 2 (it,i!), 
and by Example 6.1.4 <t\ and er 2 have the same first fundamental form. 

A similar argument shows that a generalized cone is locally isometric to 
a plane (see Example 6.2.1). It turns out that there is another class of sur¬ 
faces that is locally isometric to a plane, called tangent developables. (In older 
works, a ‘development’ of one surface on another was the term used for a local 
isometry.) A tangent developable is the union of the tangent lines to a curve in 
R 3 - the tangent line to a curve 7 at a point 7 (it) is the straight line passing 
through 7 (it) and parallel to the tangent vector 7 (u). 



We might as well assume that 7 is unit-speed. The most general point on 
the tangent line at 7 (it) is 

cr(u , v) = 7 (it) + vj (it), 

for some scalar v. Now 

cr u x (T v = (7 + vj) x 7 = wy x 7 . 

For er to be regular, it is thus necessary that 7 is never zero, or in other words, 
the curvature re = || 7 || is > 0 at all points of 7 . Now, 7 = t, the unit tangent 
vector of 7 , and 7 = t = Kn, where n is the principal normal to 7 , so 

cr u x cr v = kv n x t = —kv b, 

where b is the binormal of 7 . Thus, er will be regular if re > 0 everywhere and 
v ^ 0. The latter condition means that, for regularity, we must exclude the 
curve 7 itself from the surface. Typically, the regions v > 0 and v < 0 of the 
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tangent developable form two sheets which meet along a sharp edge formed by 
the curve 7 where v = 0 , as the following illustration of the tangent developable 
of a circular helix indicates (see Exercise6.2.4): 



Our interest in tangent developables stems from the following result. 

Proposition 6.2.5 

Any tangent developable is locally isometric to a plane. 

Proof 

We use the above notation, assuming that 7 is unit-speed and that k > 0. Now, 
E = || ct u || 2 = (7 + v-y) ■ (7 + try) = 7 • 7 + 2vj ■ 7 + v 2 j • 7 = 1 + v 2 n 2 , 

F = cr u ■ <y v = (7 + vj) • 7 = 7 • 7 + H 7 • 7 = 1, 

G = || (T v || 2 =7-7 = 1, 

since 7'7 = 1 , 7'7 = 0, 7-7 = « 2 - So the first fundamental form of the 
tangent developable is 

(1 + v 2 n 2 )du 2 + 2dudv + dv 2 . (6-5) 

We are going to show that an open subset of the plane can be parametrized so 
that it has the same first fundamental form. This will prove the proposition. 

By Theorem 2.2.5, there is a plane unit-speed curve 7 whose curvature is k 
(we can even assume that its signed curvature is n). By the above calculations, 
the first fundamental form of the tangent developable of 7 is also given by (6.5). 
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But since 7 is a plane curve, its tangent lines obviously fill out part of the plane 


in which 7 lies. 


□ 


There is a converse to Proposition 6.2.5: any sufficiently small open subset of 
a surface locally isometric to a plane is an open subset of a plane, a generalized 
cylinder, a generalized cone or a tangent developable. The proof of this will be 
given in Section 8.4. 


EXERCISES 


6.2.1 By thinking about how a circular cone can be ‘unwrapped’ onto the 
plane, write down an isometry from 

cr(u,v) = ( ucosv,usmv,u ), u > 0 , 0 < v < 27r, 

(a circular half-cone with a straight line removed) to an open subset 
of the sy-plane. 

6.2.2 Is the map from the circular half-cone x 2 + y 2 = z 2 , z > 0, to the 
rry-plane given by ( x , y 1 z) 1 — > (x, y , 0) a local isometry? 



t =0 


t = 0.6 



t = 0.2 


t = 0.8 
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6.2.3 Consider the surface patches 

cr(u,v) = (cosh u cost;, cosh u sin v,u), ar{u,v) = (ucosv,usinv,v), 

parametrizing the catenoid (Exercise 5.3.1) and the helicoid 
(Exercise 4.2.6), respectively. Show that the map from the catenoid 
to the helicoid that takes cr(u,v) to <x(sinhtt, v) is a local isometry. 
Which curves on the helicoid correspond under this isometry to the 
parallels and meridians of the catenoid? 

In fact, there is an isometric deformation of the catenoid into a 
helicoid. Let 


&(u,v) = (— sinhrt sinu, sinhu cosu, — v). 

This is the result of reflecting the helicoid <r in the xy-plane and 
then translating it by 7 r /2 parallel to the 2 -axis. Define 

<T*(i4, u) = cost cr(u,v) + sinf fr(u,v), 

so that cr°(u,v) = cr(u,v) and <r 7 r / 2 (u, v) = a(u,v). Show that, for 
all values of t, the map cr(u,v ) K > is a local isometry. Show 

also that the tangent plane of er* at the point er^u, i>) depends only 
on u, v and not on t. The surfaces cr l are shown above for several val¬ 
ues of t. (The result of this exercise is ‘explained’ in Exercises 12.5.3 
and 12.5.4.) 

6.2.4 Show that the line of striction (Exercise 5.3.4) of the tangent de¬ 
velopable of a unit-speed curve 7 is 7 itself. Show also that the 
intersection of this surface with the plane passing through a point 
j(uo) of the curve and perpendicular to it at that point is a curve 
of the form 

T(u) = 7 (u 0 ) - ^K(uo)v 2 n(uo) + ^(moMwo^Muo) 

if we neglect higher powers of v (we assume that the curvature k(u 0 ) 
and the torsion t(uq) of 7 at j(uo) are both non-zero). Note that 
this curve has an ordinary cusp (Exercise 1.3.3) at 7 ( 140 ), so the 
tangent developable has a sharp ‘edge’ where the two sheets v > 0 
and v < 0 meet along 7 . This is evident for the tangent developable 
of a circular helix illustrated earlier in this section. 
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6.3 Conformal mappings of surfaces 


Now that we understand how to measure lengths of curves on surfaces, it is 
natural to ask about angles. Suppose that two curves 7 and 7 on a surface S 
intersect at a point p. The angle 6 of intersection of 7 and 7 at p is defined 
to be the angle between the tangent vectors 7 and 7 (evaluated at t = t 0 
and t = to, respectively). Using the dot product formula for the angle between 
vectors, we see that 9 is given by 



As usual, it will be useful to have an expression for this in terms of a 
surface patch. Suppose then that 7 and 7 he in a surface patch cr of S, so that 
7 (t) = cr(u(t),v(t)) and 7 (t) — cr(u(t),v(t)) for some smooth functions u,v,u 
and v. If Edu 2 + 2 Fdudv + Gdv 2 is the first fundamental form of cr, then by 
( 6 . 6 ) we have 


cosd = 


Eiiu + F(uv + uv) + Gvv 
(. Eu 2 + 2 Fuv + Gv 2 ) 1 / 2 (Eu 2 + 2 Fui + Gv 2 ) 1 / 2 ' 


(6.7) 


Example 6.3.1 

The parameter curves on a surface patch cr(u,v) can be parametrized by 
7 (t) = er(uo, t), 7 (t) = <r(t, v 0 ), 

respectively, where uq is the constant value of u and vq is the constant value 
of v in the two cases. Thus, 

u(t) = uq , v(t) = t, u{t) = t , v(t) = Vq, 
u = 0 , v = 1 , u = 1, v = 0. 
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These parameter curves intersect at the point cr(uo,Vo) of the surface. By 
Eq. 6.7, their angle of intersection 9 is given by 

F 

cos 9 = , , 

Veg 

where E, F and G are evaluated at [u o, iq). In particular, the parameter curves 
are orthogonal if and only if F = 0. 

Corresponding to the Definition 6.2.1 of a local isometry, we have the fol¬ 
lowing definition. 


Definition 6.3.2 

If Si and 1 S 2 are surfaces, a conformal map f : Si —> S 2 is a local diffeomorphism 
such that, if qq and qq are any two curves on Si that intersect, say at a point 
p € Si, and if q 2 and q 2 are their images under /, the angle of intersection of 
7 i and qq at p is equal to the angle of intersection of q 2 and q 2 a t /( p)- 

In short, / is conformal if and only if it preserves angles. The reason this 
definition requires / to be a local diffeomorphism is contained in Exercise 4.4.4 
- note that the angle between two intersecting curves is well defined only when 
both curves are regular. 

It is obvious that any composite of conformal maps is conformal, and that 
the inverse of any conformal diffeomorphism is conformal. 

As a special case, if er : U —> K 3 is a surface, then er may be viewed as 
a map from an open subset of the plane (namely U), parametrized by (u : v) 
in the usual way, and the image S of er, and we say that er is a conformal 
parametrization or a conformal surface patch of S if this map between surfaces 
is conformal. 


Theorem 6.3.3 

A local diffeomorphism / : Si —> S? is conformal if and only if there is a 
function A : Si —> K such that 

/*(v, w) p = A(p)(v,w) p for all p e Si and v,w £ T p Si. 

It is not hard to see that the function A, if it exists, is necessarily smooth. 

Proof 

Let 7 and 7 be two curves on Si that intersect at a point p S Si. The angle 
9 of intersection of the curves is given by Eq. 6.6. The corresponding angle of 
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intersection of the curves /07 and /07 on 1S2 is obtained from the expression 
on the right-hand side of Eq. 6.6 by replacing 7 and 7 with (/07J and (/07)', 
respectively. Now, 

((/ °7)’,(/ °7)')/( P ) = (-Dp/(7),-D P /(i , ))/(p) = /* ( 7,4) p , 

with similar expressions for ((/07);/°7)')/( P ) and ((/ °7)‘> / 0 7)')/( P )- Thus > 
to compute the angle of intersection of the curves / o 7 and / o 7 on <S 2 , we 
must replace ( , ) in the numerator and denominator of the expression on the 
right-hand side of Eq. 6.6 by /*( , }. It is now clear that, if /*( , } = A( , }, 
this replacement leaves the expression in Eq. 6.6 unchanged (since the factor A 
cancels out) and so / is conformal. 

For the converse, we must show that if 


(7 A) = /g g x 

<7,7 ) 1/2 (7,7 ) 1/2 /* (7,7 ) 1/2 /* (7,7 ) 1/2 

for all pairs of intersecting curves 7 and 7 on Si, then /*( , ) is proportional 
to ( , ). Since every tangent vector to <Si is the tangent vector of a curve on 
5i, Eq. 6.8 implies that 

__ = __ (6.9) 

(v, v) 1 / 2 (w, w ) 1 / 2 /*(v, v) 1 / 2 /*(w, w ) 1 / 2 

for all tangent vectors v, w to Si. 

Choose an orthonormal basis {vi,V 2 } of the tangent plane to <Si with re¬ 
spect to its first fundamental form ( , ). Let 

A = /*(v i,vi), M = /*(v i,v 2 ), ^ = /*(v 2 ,v 2 ). 


We apply Eq. 6.9 with v = Vi and w = cos0 vi + sin 0 V 2 , where 9 £ R. This 
gives 


cos 0 = 


A cos 6 + /x sin 6 


\J A(A cos 2 9 + 2 /i sin 9 cos 0 + v sin 2 9) 
Taking d = n/2 gives fi = 0, which implies that 


A = A cos 2 6 + v sin“ 6 for all 9 £ 


Hence, A = u. This implies that /*(v, w) = A(v, w) whenever v and w are basis 
vectors. Since both sides are bilinear forms, it follows that /*(,) = A( , ). □ 


Reinterpreting this result in terms of surface patches gives 
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Corollary 6.3.4 

A local diffeomorphism / : S\ —> S 2 is conformal if and only if, for any surface 
patch er of , the first fundamental forms of the patches cr of <Si and / o <7 of 
1 S 2 are proportional. 

In particular, a surface patch cr(u,v ) is conformal if and only if its first 
fundamental form is A (du 2 + dv 2 ) for some smooth function A (u,v). 

Example 6.3.5 

We consider the unit sphere S 2 . If q is any point of S 2 other than the north 
pole n = (0, 0,1), the straight line joining n and q intersects the xy-plane at 
some point p, say. The map that takes q to p is called stereographic projection 
from S 2 to the plane, and we denote it by II. We are going to show that II is 
conformal. 

Let p = (u,v, 0), q = (x, y, z). Since p, q, n lie on a straight line, there is a 
scalar p such that 


q - n = p(p - n) 


and hence 


(x, y, z ) = (0,0,1) + p((u, v , 0) - (0,0,1)) = (pu, pv, 1 - p). (6.10) 

Hence, p = 1 — z, u = x/(l — z), v = y/(l — z) and we have 



N 



On the other hand, from Eq. 6.10 and x 2 + y 2 + z 2 = 1 we get p = 
2 /{u 2 + v 2 + 1) and hence 
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If we denote the right-hand side by <t\(u,v ), then cri is a parametrization of 
S 2 with the north pole removed. Parametrizing the xy-plane by <x 2 (it,i;) = 
(it, v, 0), we then have 

II(er i(u, i>)) = cr 2 {u,v). 

According to Corollary 6.3.4, to show that II is conformal we have to show 
that the first fundamental forms of cr 1 and cr 2 are proportional. The first fun¬ 
damental form of a 2 is du 2 + dv 2 . As to cr 1 , we get 

2(v 2 — u 2 + 1) —4 uv 4 u 

(it 2 + V 2 + l ) 2 ’ (it 2 + V 2 + l ) 2 ’ (it 2 + V 2 + l ) 2 

—4:UV 2 (u 2 — v 2 + 1) 4v 

(it 2 + i; 2 + l) 2 ’ (u 2 + v 2 + l) 2 ’ (u 2 + v 2 + l) 2 

This gives 





Ei = ( a-i) u • (cr i) u 


4(v 2 — it 2 + l) 2 + 16w 2 it 2 + 16it 2 
(u 2 + v 2 + l) 4 


4 

(it 2 + i> 2 + l) 2 


Similarly, Fi = 0, G\ = 4/(it 2 + v 2 + l) 2 . Thus, the first fundamental form of 
cr2 is A times that of cri, where A = |(w 2 + 1 ; 2 + l) 2 . 

It is often useful to think of II as a map to the complex numbers C rather 
than to the xy-plane, by identifying u + iv € C with (it, it, 0). Moreover, we can 
parametrize S 2 itself in a partly complex way by identifying (x, y, z) £ S 2 with 
(x + iy, z). Then, S 2 becomes the set of pairs (w, z) where w £ C, z £ R and 
|iu | 2 + z 2 — 1. Stereographic projection then takes the simple form 


n(u;, z) = 


and the surface patch <t\ is given by 


cri(w) 


f 2w \w\ 2 — 1\ 
VM 2 + i’ |uf + ij ' 


The inconvenience of having to exclude the north pole from the domain 
of definition of II can be overcome by introducing a ‘point at infinity’ oo and 
defining the ‘extended complex plane’ Coo = CU{oo}. If we agree that II maps 
the north pole to oo, it defines a bijection II : S 2 —> Coo- Further discussion of 
this map is left to the exercises. 


Returning now to the general case, it is natural to ask when there is a con¬ 
formal map between two surfaces. The surprising answer is that this is always 
the case locally: if p x and p 2 are points of two surfaces <Si and <S 2 , respectively, 
there are open subsets 0\ of containing pj^ and 0 2 of S 2 containing p 2 and a 
conformal diffeomorphism O i —> 0 2 - This follows from the following theorem: 
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Theorem 6.3.6 

Every surface has an atlas consisting of conformal surface patches. 

Indeed, if cri and cr 2 are conformal parametrizations of S i and iS 2 , the map 
<ti(u,v) i — y er 2 (tt,u) will be conformal as it is the composite of the conformal 
diffeomorphism cr 2 and the inverse of the conformal diffeomorphism <t\. 

We shall prove a special case of Theorem 6.3.6 later (see Theorem 12.4.1), 
but the general case is beyond the scope of this book. 


EXERCISES 


6.3.1 Show that every local isometry is conformal. Give an example of a 
conformal map that is not a local isometry. 

6.3.2 Show that Enneper’s surface 



is conformally parametrized. 

6.3.3 Recall from Example 6.1.3 that the first fundamental form of the 
latitude-longitude parametrization er( 0 , ip) of S 2 is 


dO 2 + cos 2 d dip 2 . 


Find a smooth function if such that the reparametrization er (u, v ) = 
cr(ijj(u),v) is conformal. Verify that ef is, in fact, the Mercator 
parametrization in Exercise 5.3.2. 

6.3.4 Let $ : U —»• V be a diffeomorphism between open subsets of R 2 . 
Write 


= (f{u,v),g{u,v)), 


where / and g are smooth functions on the uu-plane. Show that 
is conformal if and only if 

either (f u = g v and f v = -g u ) or (f u = -g v and f v = g u ). 


( 6 . 11 ) 


Show that, if J(4>) is the Jacobian matrix of <h, then det(J(<l>)) > 0 
in the first case and det(J($)) < 0 in the second case. 

6.3.5 (This exercise requires a basic knowledge of complex analysis.) Re¬ 
call that the transition map between two surface patches in an atlas 
for a surface S is a smooth map between open subsets of R 2 . Since 
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R 2 is the ‘same’ as the complex numbers C (via (u,v) -O- u + iv), 
we can ask whether such a transition map is holomorphic. One says 
that S is a Riemcinn surface if S has an atlas for which all the tran¬ 
sition maps are holomorphic. Deduce from Theorem 6.3.6 and the 
preceding exercise that every orientable surface has an atlas making 
it a Riemann surface. (You will need to recall from complex analysis 
that a smooth function $ as in the preceding exercise is holomorphic 
if and only if the first pair of equations in (6.11) hold - these are the 
Cauchy-Riemann equations. If the second pair of equations in (6.11) 
hold, $ is said to be anti-holomorphic.) 

6.3.6 Define a map II similar to II by projecting from the south pole of S 2 
onto the sy-plane. Show that this defines a second conformal surface 
patch <7i, which covers the whole of S 2 except the south pole. What 
is the transition map between these two patches? Why do the two 
patches oq and bq not give S 2 the structure of a Riemann surface? 
How can d-j be modified to produce such a structure? 

6.3.7 Show that the stereographic projection map n takes circles on S 2 to 
Circles in Coo, and that every Circle arises in this way. (A circle on 
S 2 is the intersection of S 2 with a plane; a Circle in Coo is a line or 
a circle in C - see Appendix 2). 

6.3.8 Show that, if M is a Mobius transformation or a conjugate-Mobius 
transformation (see Appendix 2), the bijection Yl~ 1 oMoIi : S 2 —» S 2 
is a conformal diffeomorphism of S 2 . It can be shown that every 
conformal diffeomorphism of S 2 is of this type. 


6.4 Equiareal maps and a theorem 
of Archimedes 

Suppose that er : U —> R 3 is a surface patch on a surface S. The image of 
er is covered by the two families of parameter curves obtained by setting u = 
constant and v = constant, respectively. Fix (uo,vo) € U\ since the change in 
cr(u,v) corresponding to a small change A u in u is approximately cr u Au and 
that corresponding to a small change Av in v is approximately <j v Av, the part 
of the surface contained by the parameter curves on the surface corresponding 
to u = ito, u = uq + Au, v = vq and v = vo + Av is approximately a paral¬ 
lelogram in the plane with sides given by the vectors cr u Au and cr v Av (the 
derivatives being evaluated at (uo,i>o)): 
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Recalling that the area of a parallelogram in the plane with sides a and 
b is || a x b ||, we see that the area of the parallelogram on the surface is 
approximately 

|| cr u Au x cr v Av || = || cr u x a v || AuAv. 

This suggests the following definition. 

Definition 6.4.1 

The area Arr(R) of the part er(i?) of a surface patch er : U —t R 3 corresponding 
to a region R C U is 

Arri^R) = || cr u x cr v || dudv. 

J R 

Of course, this integral may be infinite - think of the area of a whole plane, 
for example. However, the integral will be finite if, say, R is contained in a 
rectangle that is entirely contained, along with its boundary, in U. 

The quantity || cr u x tr v || that appears in the definition of area is easily 
computed in terms of the first fundamental form Edu 2 + 2 Fdudv + Gdv 2 of cr : 


Proposition 6.4.2 

|| a u x<r v || = (EG — F 2 ) 1/2 . 
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Proof 

We use a result from vector algebra: if a, b, c and d are vectors in R 3 , 

(a x b) • (c x d) = (a • c)(b • d) — (a • d)(b • c). 

Applying this to || cr u x u v || 2 = (cr u x er„ ) • (u u x cr v ), we get 

II cr u x er t , || 2 = (ar u ■ cr u )(cr v ■ tr v ) - (cr u ■ <r v ) 2 = EG - F 2 . □ 

Note that, for a regular surface, EG — F 2 >0 everywhere, since for a regular 
surface er u x cr v is never zero. 

Thus, our definition of area is 

A tr (R) = f (EG- F 2 )^ 2 dudv. (6.12) 

J R 

We sometimes denote (EG — F 2 y^ 2 dudv by A4 CT . But we have still to check 
that this definition is sensible, i.e., it is unchanged if er is reparanretrized. This 
is certainly not obvious, since E, F and G change under reparametrization (see 
Exercise 6.1.4). 

Proposition 6.4.3 

The area of a surface patch is unchanged by reparametrization. 

Proof 

Let er : U —> K 3 be a surface patch and let ef : U —> R 3 be a reparametrization 
of er, with reparametrization map $ : U —> U. Thus, if $(w,0) = (u,v), we 
have 

cr(u, v) = er(u , v). 

Let R C U be a region, and let R = <&(R) C U. We have to prove that 
/ || cr u x <y v || dudv = || a-u x a-y || dudv. 

Jr Jr 

We showed in the proof of Proposition 4.2.7 that 

<5^ x a-y = det( J(4>)) a u x er„, 
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where J(<1>) is the Jacobian matrix of <f>. Hence, 

/ || <Tu x a-y || dudv = / |det(J($))| || cr u x er„ || dudv. 

Jii Jr 

By the change of variables formula for double integrals, the right-hand side of 
this equation is exactly 


<j u x cr v || dudv. 


□ 


Now that we have a good definition of area, we can ask which maps between 
surfaces are area-preserving. 


Definition 6.4.4 

Let 5i and S 2 be two surfaces. A local diffeomorphism / : Si —t <S 2 is said to 
be equiareal if it takes any region in 5i to a region of the same area in S 2 (we 
assume that each of the regions is sufficiently small, so that it is contained in 
the image of some surface patch). 

We have the following analogue of Theorem 6.2.2. 

Theorem 6.4.5 

A local diffeomorphism / : Si —> S 2 is equiareal if and only if, for any surface 
patch cr(u,v ) on <Si, the first fundamental forms 

Eidu 2 + 2F\dudv + G\dv 2 and E 2 du 2 + 2F 2 dudv + G^du 2 

of the patches er on S± and / o er on S 2 satisfy 


E 1 G 1 - F 2 = E 2 G 2 - F 2 . 


(6.13) 


The proof is very similar to that of Theorem 6.2.2 and we leave it as 
Exercise 6.4.6. As with isometries and conformal maps, it is obvious that any 
composite of equaireal diffeomorphism is equiareal, and that the inverse of any 
equiareal difeomorphism is equaireal. 
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2 



One of the most famous examples of an equiareal map was found by 
Archimedes. Legend has it that the discovery was inscribed onto his tomb¬ 
stone by the Roman general Marcellus who led the siege of Syracuse in 
which Archimedes perished. Naturally, since calculus was not available to him, 
Archimedes’ proof of his theorem was quite different from ours. 

Consider the unit sphere x 2 + y 2 + z 2 = 1 and the unit cylinder x 2 +y 2 = 1. 
The sphere is contained inside the cylinder, and the two surfaces touch along 
the circle x 2 + y 2 = 1 in the ajy-plane. For each point p £ S 2 other than the 
poles (0,0, ±1), there is a unique straight line parallel to the xy-plane and 
passing through the point p and the 2 -axis. This line intersects the cylinder in 
two points, one of which, say q, is closest to p. Let / be the map from S 2 (with 
the two poles removed) to the cylinder that takes p to q. 

To find a formula for /, let (a;, y, z) be the Cartesian coordinates of p, and 
(X, Y, Z) those of q. Since the line through p and q is parallel to the ccy-plane, 
we have Z = z and (X, Y) = A (x,y) for some scalar A. Since ( X,Y,Z) is on 
the cylinder, 


l=X 2 + F 2 =A 2 0r 2 +y 2 ), 
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\ = ±{x 2 +y 2 )- 1/2 . 

Taking the + sign gives the point q, so we get 

f( X ' y ' Z ) = ( (x 2 + y 2 ) 1 / 2 ’ (x 2 +y 2 )i / 2 ’ Z ) ' 

We shall show in the proof of the next theorem that / is a diffeomorphism. 

Theorem 6.4.6 (Archimedes' Theorem) 

The map / is an equiareal diffeomorphism. 


Proof 

We take the atlas for the surface consisting of the sphere minus the north 
and south poles with two patches, both given by the formula 

<Ti(0,<p) = (cos 6 cosip, cos 9 sirup, sin 6), 

and defined on the open sets 

{—7r/2 < 6 < 7 t/2 , 0 < ip < 2i r} and {—7r/2 < 9 < tt/2, —it < ip < 7r}. 

The image of <J\(Q, ip) under the map / is the point 

0-2(9, ip) = (cosip, sin</?,sin#) (6-14) 

of the cylinder. It is easy to check that this gives an atlas for the surface S 2 , 
consisting of the part of the cylinder between the planes 2 = 1 and 2 = — 1, 
with two patches, both given by Eq. 6.14 and defined on the same two open 
sets as <J\. We have to show that Eq. 6.13 holds. 

We computed the coefficients E\, F\ and G\ of the first fundamental form 
of a 1 in Example 6.1.3: 

E 1 = 1, F\ = 0, Gi = cos 2 9. 

For er 2 , we get (er 2 )g = (0,0,cos#), (cr 2 ) v , = (— sin ip, cos ip, 0), and so 
E 2 = cos 2 9, F 2 = 0, G 2 = 1. 

It is now clear that Eq. 6.13 holds. 

Note that, since / corresponds simply to the identity map (9, p) 1 —> (9, p) 
in terms of the parametrizations eri and er 2 of the unit sphere and cylinder, 
respectively, it follows that / is a diffeomorphism. □ 
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The following classical result provides a beautiful application of Archimedes’ 
theorem. A spherical triangle is a triangle on a sphere whose sides are arcs of 
great circles. 

Theorem 6.4.7 

The area of a spherical triangle on the unit sphere S 2 with internal angles a, 0 
and 7 is 

a + 0 + 7 — 7t. 


Proof 

We begin by using Archimedes’ Theorem 6.4.6 to compute the area of a dune’, 
i.e., the area enclosed between two great circles: 



We can assume that the great circles intersect at the poles, since this can 
be achieved by applying a rotation of S 2 , and this does not change areas. If 
6 is the angle between them, the image of the lune under the map / is a 
curved rectangle on the cylinder of width 9 and height 2 (see next page). If we 
now apply the isometry which unwraps the cylinder on the plane, this curved 
rectangle on the cylinder will map to a genuine rectangle on the plane, with 
width 9 and height 2. By Archimedes’ theorem, the lune has the same area as 
the curved rectangle on the cylinder, and since every isometry is an equiareal 
map (see Exercise 6.4.6), this has the same area as the genuine rectangle in the 
plane, namely 29. Note that this correctly gives the area of the whole sphere 
to be 47 T. 
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2 



Turning now to the proof of the theorem, let A, B and C be the vertices of 
the triangle (so that a is the angle at A , etc.). The three great circles, of which 
the sides of the triangle are arcs, divide S 2 into eight triangles, as shown in the 
following diagram (in which A' is the antipodal point of A, etc.). 



Note that the two triangles with vertices A, B, C and A', B , C together form a 
lune with angle a, etc. Hence, denoting the triangle with vertices A, B, C by 
ABC and its area by A(ABC), etc., we have, by the preceding calculation, 
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A(ABC) + A(A'BC) = 2a, 

A(ABC) + A(AB'C) = 2 (3, 

A(ABC) + A(ABC') = 2 7 . 

Adding these equations, we get 

2 A{ABC) + {A{ABC) + A(A'BC) + A(AB'C) + A(ABC')} = 2a + 2/3 + 2 7 . 

(6.15) 

Now, the triangles ABC, AB'C, AB'C and ABC' together make a hemisphere 
(namely, the hemisphere containing the vertex A with boundary the great circle 
passing through B and C ), so 

A(ABC) + A(AB'C) + A(AB'C') + A(ABC') = 2n. (6.16) 

Finally, since the map that takes each point of S 2 to its antipodal point is an 
isometry, and hence equiareal, we have 

A(A'BC) = A(AB'C'). 

Inserting this into Eq. 6.16, we see that the term in { } on the left-hand side 
of Eq. 6.15 is equal to 2n. Rearranging now gives the result. □ 

In Chapter 13, we shall obtain a far-reaching generalization of this result 
in which S 2 is replaced by an arbitrary surface, and great circles by arbitrary 
curves on the surface. 


EXERCISES 

6.4.1 Determine the area of the part of the paraboloid z = x 2 + y 2 with 
z < 1 and compare with the area of the hemisphere x 2 + y 2 + z 2 = 1, 
z < 0. 

6.4.2 A sailor circumnavigates Australia by a route consisting of a triangle 
whose sides are arcs of great circles. Prove that at least one interior 
angle of the triangle is > | + ygg radians. (Take the Earth to be a 
sphere of radius 6,500km and assume that the area of Australia is 
7.5 million square kilometres.) 

6.4.3 A spherical polygon on S 2 is the region formed by the intersection 
of n hemispheres of S 2 , where n is an integer > 3. Show that, 
if a\,... ,a n are the interior angles of such a polygon, its area is 
equal to 

n 

^ 2 ai ~ ( n - 2 ) ?r - 
2=1 
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6.4.4 Suppose that S 2 is covered by spherical polygons such that the in¬ 
tersection of any two polygons is either empty or a common edge or 
vertex of each polygon. Suppose that there are F polygons, E edges 
and V vertices (a common edge or vertex of more than one polygon 
being counted only once). Show that the sum of the angles of all 
the polygons is 2ttV. By using the preceding exercise, deduce that 
V — E + F = 2. (This result is due to Euler; it will be generalized 
in Chapter 13.) 

6.4.5 Show that: 


(i) Every local isometry is an equiareal map. 

(ii) A map that is both conformal and equiareal is a local isometry. 
Give an example of an equiareal map that is not a local isometry. 

6.4.6 Prove Theorem 6.4.5. 

6.4.7 Let g(u,v) be a surface patch with standard unit normal N. Show 
that 


N X (T u 


Ea v - F(t u 
y/EG - F 2 ’ 


N x g v 


F g (j^g y 
yjEG - F 2 ' 


6.5 Spherical geometry 

We conclude this chapter with a brief discussion of the simplest example of 
a geometry different from Euclid’s, namely spherical geometry. The study of 
spherical geometry, like that of plane geometry, began in antiquity. Its im¬ 
portance was astronomical: to locate an object in the sky such as a star, one 
imagines a fixed large sphere centred on the observer; the straight line con¬ 
necting the observer to the star intersects the sphere in a point whose position 
gives the direction in which the observer must look in order to see the star. 
Thus, the three-dimensional universe is projected onto the surface of a sphere. 
Of course, spherical geometry is also important because we live on the surface 
of a sphere, to a reasonably good approximation. 

If we are to develop spherical geometry by analogy with Euclidean plane 
geometry, the first thing to do is to decide what should be the analogue of 
straight lines. Now straight lines are the shortest curves joining any two of 
their points (Exercise 1.2.4), so it is natural to ask what the corresponding 
shortest curves are on the sphere. We are going to show that these are arcs of 
great circles. 
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For simplicity, we work with the unit sphere S 2 . If p and q are two distinct 
points of S 2 , there is always at least one great circle passing through p and q. 
To see this, note first that if p and q are antipodal points, i.e., if p = —q, 
the intersection of S 2 with any plane containing this diameter is a great cir¬ 
cle through p and q. If p and q are not antipodal points, the plane passing 
through the origin perpendicular to the (non-zero) vector pxq intersects S 2 
in a great circle passing through p and q. The argument shows, in fact, that if 
p and q are not antipodal there is a unique great circle passing through them 
both; in this case p and q divide this great circle into two circular arcs, one 
shorter than the other. If p and q are antipodal, there are infinitely many great 
circles passing through both points, each of which is divided by p and q into 
two semicircles (see below). 



Proposition 6.5.1 

Let p and q be distinct points of S 2 . If p ^ — q, the short great circle arc joining 
p and q is the unique curve of shortest length joining p and q. If p = q, any 
great semicircle joining p and q is a shortest curve joining these two points. 


Proof 

By using a rotation of S 2 (which is an isometry of S 2 - see Exercise 6.1.2) we 
can assume that p is the north pole (0,0,1), and by a further rotation about 
the 2 -axis we can assume in addition that q is a point on the great semicir¬ 
cle C passing through the north and south poles and the point (1,0,0), say 
(cos a, 0, sin a), where — §<»<§• Then the distance from p to q measured 
along the short great circle arc joining them is 7r/2 — a. 
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The first fundamental form of the latitude-longitude parametrization 
cr(9,p) is d9 2 + cos 2 9 cLp 2 (Example 6.1.3) so the length of a curve 7 (t) 
passing through p when t = to and through q when t = t 1 , say, is 



dt. 


The integrand is not less than \0\, so the length of the part of 7 between p and 
q is not less than 


| 0 | dt = 


f-K/2 


d9 = 7t/2 — a, 


which is the length of the short great circle arc passing through p and q. 
Conversely, if 7 has exactly this length, we must have 

1/2 


(d 2 + cos 2 9 <p 2 j = |0|, 


and hence 


cos 9 ip = 0 


for all t between to and t\. Since cos 9 = 0 only at the north and south poles 
( 0 , 0 , ± 1 ), we must therefore have dp = 0 at all other points of 7 ; this means 
that ip is a constant, which must be zero since 7 passes through p, and so 7 is 
part of C. □ 


Thus, great circles are the spherical analogues of straight lines in Euclidean 
geometry. One immediate difference between spherical and plane geometry is 
that there are no parallel lines in spherical geometry , for any two great circles 
intersect (the two planes containing the two great circles intersect in a diameter 
of S 2 , the endpoints of which are the points of intersection of the two great 
circles). 

The spherical distance dg 2 (p, q) between two points p, q G S 2 is the length 
of the short great circle arc joining p and q. This is simply the angle between 
the vectors p and q in the range 0 < dg 2 (p, q) < x: in symbols, 

cosd S 2 (p,q) = p q. 

There is a beautiful formula for the spherical distance in terms of the stereo¬ 
graphic projection map II (see Example 6.3.5). Recall that II defines a bijection 
from S 2 to the extended complex plane Coo; we write 0(52 (II -1 (u;), II -1 (z)) sim¬ 
ply as dg 2 (w, z). 
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Proposition 6.5.2 

If w,z £ C, the spherical distance dg^{z,w) between the points of S 2 corre¬ 
sponding to w and z under stereographic projection is given by 


tan - dg 2 ( w , z) 


\w — z | 
|1 + wz\ 


Proof 

From Example 6.3.5, the point of S 2 corresponding to w £ C is 


Hence, 


n"V) 


w + w w — w |u;| 2 — 1\ 
\w\ 2 + 1 ’ i(\w\ 2 + 1) ’ |u>| 2 + 1 ) 


cos ds^(w, z) = n 1 (w)-n 1 (z) 

(w + iu)(z + z) — (w — w)(z — z) + (In'l 2 — 1) (l-^l 2 — 1) 

= (M 2 + i)(M 2 + i) 

= 2(wz + wz) + (l-\w\ 2 )(l-\z\ 2 ) 

(H 2 + 1)(N 2 + 1) ' 1 


On the other hand, let t denote the right-hand side of the formula in the 
statement of the proposition. Then, 


1-f 2 
1 +t 2 


|1 + wz | 2 — \w — z\ 2 
|1 + wz\ 2 + \w — z\ 2 
(1 -)- wz)( 1 + wz) — (w — z)(w — z) 


(1 + wz)( 1 -|- wz) + (w — z)(w — z) 
2 (wz + wz) + (1 — |tu| 2 )(l — \z\ 2 ) 

(H 2 + 1)(N 2 + 1) ' 


(6.18) 


The proposition follows on comparing Eqs. 6.17 and 6.18 and recalling the 
identity 


cos 9 = 


1 — tan 2 \Q 
1 + tan 2 \Q 


□ 


Much of Euclidean geometry deals with the properties of triangles. We shall 
always consider only spherical triangles with sides of length less than n. 
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Proposition 6.5.3 


Suppose that a spherical triangle has sides of length A , B and C, and let a , /3 
and 7 be its internal angles (so that a is the angle opposite the side of length 
A, etc., and 0 < a, j3 ,7 < 7 t). Then, 


(i) 

(ii) 


cos C — cos A cos B 

37 = - 

sin A sin B 

sin a sin /3 sin 7 

sin A sin B sin C 


Two formulas similar to that in (i) can, of course, be obtained by making the 
cyclic permutations A —> B —> C A, a—> /3 —> 7 —> a. 


Part (i) is called the ‘cosine rule’ for spherical triangles because it becomes 
the usual cosine rule when A, B, C are small, in which case the spherical triangle 
is ‘almost’ a plane triangle: using the approximations cos A = 1 — \A 2 and 
sin A = A, etc. we get 

C 2 = A 2 +B 2 - 2AB cos 7 . 

Similarly (ii) reduces to the familiar sine rule for plane triangles when A 1 
B , C are small. 

Proof 6.5.3 Let a, b and c be the vertices of the triangle, so that a is the angle 
at a, etc. Since A is the angle (measured in radians) between the unit vectors 
b and c, etc., we have 


cosA = bc, cos.B = c-a, cosC = ab. (6.19) 


Next, the side of the triangle of length C is an arc of the great circle that is 
the intersection of S 2 with the plane lie through the origin and perpendicular 
to the vector a x b (and similarly for the other sides). Let II C be the plane 
passing through the vertex c parallel to the tangent plane of S 2 there. Then 
n c intersects the planes 11,4 and IIs in two straight lines that are tangent to the 
sides of the triangle passing through c. It follows that 7 is the angle between 
these two lines, which in turn is equal to the angle between 11 ^ and 11 ^, i.e., 
the angle between b x c and axe: 


(b x c) • (a x c) 
L ° b7_ II bxc || || axe ||' 


( 6 . 20 ) 


Of course, there are similar formulas for cos a and cos/3. 
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Now 

|| b x c || = sin A 1 || a x c ||= sin B. 

On the other hand, the triple product identity (see the proof of Proposition 
6.4.2) gives 

(b x c) • (a x c) = (a ■ b)(c • c) — (b • c)(a • c) = cos C — cos AcosH, 

using Eq. 6.19. Inserting these formulas in Eq. 6.20 gives formula (i). 

For (ii), we have 

|| (a x c) x (a x b) || || ((a x c) • b)a — ((a x c) • a)b || (axe) - b| 

sin B sin C sin B sin C 

Hence, 

sin a | (a x c) ■ b| 

sin A sin A sin B sin C 

Now, the scalar triple product (a x c) • b is unchanged, up to a sign, by any 
permutation of the vectors a, b and c. It follows that the left-hand side of 
Eq. 6.21 is unchanged under any permutation of the vertices of the triangle. 
This gives formula (ii). □ 

As a special case, we have the spherical analogue of Pythagoras’ theorem: 

Corollary 6.5.4 

Suppose that a spherical triangle has sides of length A , B and C and that the 
angle opposite the side of length C is a right angle. Then, 

cos C = cos A cos B. 

The formal analogy between Eqs. 6.19 and 6.20 suggests that we should 
consider the spherical triangle with vertices 

, bxc exa * axb 

a = II b x c ||’ = R^’ C = II a x b II ■ 

Note that the cyclic order a— > b — » c — >• a of the vertices is preserved in these 
formulas; if the cyclic order was reversed the sign of all three vectors would 
change. The triangles with vertices a*, b*, c* and —a*, — b*, —c* are called the 
dual triangles of the triangle with vertices a, b, c. 

Note that each of the two dual triangles is obtained from the other by 
applying the antipodal map v i —> — v of S' 2 ; since this is an isometry of R 3 
(see Appendix 1), it is also an isometry of S 2 (Exercise 6.1.2) so the two dual 


sin B sin C 

( 6 . 21 ) 
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triangles have the same angles and sides of the same length. Geometrically, 
±a* are the endpoints of the diameter of S 2 perpendicular to the plane that 
intersects S' 2 in the great circle passing through b and c: they are called the 
poles of this great circle (thus, the north and south poles of S 2 are the poles of 
the equator). 

Note also that ±a are the poles of the great circle through b* and c*, since a 
is perpendicular to b* and c* . It follows that the dual triangles of the triangle 
with vertices a*,b*,c* are the original triangle with vertices a, b, c and its 
image under the antipodal map. This can also be verified algebraically: 

* * (c x a) x (a x b) ((c x a) • b)a 

_ || c x a |||| a x b || “ || c x a |||| a x b || ’ 

b* X c* 

II b* x c* || - a ’ 

the sign being that of (c x a) • b = a • (b x c). Thus, the dual triangle of the 
triangle with vertices a*, b*, c* is the original triangle if a • (b x c) > 0 and is 
its image under the antipodal map if a ■ (b x c) < 0. 

Proposition 6.5.5 

Let a , p, 7 and A , B, C be the angles and the lengths of the sides of a spher¬ 
ical triangle, so that a is the angle opposite the side of length A , etc. Let 
a *, P *, 7 *, A *, B *, C* be the corresponding quantities for either of the dual tri¬ 
angles. Then, 


a* 

= 7 T — A, 

P* 

= 7 T — B, 

* 

7 =7r ■ 

A * 

II 

P 

B* 

II 

ii 

* 

o 


Proof 


Denoting the vertices of the triangle by a, b,c as above, Eq. 6.19 gives 


cos A* =b* c* 


(c x a) • (a x b) 

|| c x a HI! a x b || 


so, since both a and A* are between 0 and 7 r, 


— cos a, 


A* = n — a. 


( 6 . 22 ) 


The formula a* = n — A is obtained by applying Eq. 6.22 to the dual triangles. 

□ 
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Corollary 6.5.6 

With the notation in Proposition 6.5.3, we have 

. cos a + cos 8 cos 7 

cos A =- —- - 

sin p sin 7 

together with two similar formulas obtained by making the permutations A —> 
B —> C —> A, a—1/3— 17 —> a. 

Proof 

Just apply part (i) of Proposition 6.5.3 to the dual triangle and use Proposi¬ 
tion 6.5.5. □ 

This formula is important because it shows that the sides of a spherical 
triangle are determined by its angles , unlike the situation in plane geometry in 
which there are ‘similar’ triangles with the same angles but possibly different 
sizes. The ‘reason’ for this is that in spherical geometry there is an absolute 
standard of length, namely the radius of the sphere. 

Much of Euclidean geometry is concerned with the question of when two 
geometrical figures (such as triangles) are congruent , which means that one 
figure can be ‘moved’ so that it coincides with the other. The types of ‘mo¬ 
tions’ that are allowed are those that do not change the size or shape of the 
triangles, namely the isometries of the plane (see Appendix 1 ). Hence, we need 
to determine the isometries of the sphere. 

We know that any isometry of R 3 that preserves S 2 will give an isometry 
of S 2 (see Exercise 6 .1.2). The following proposition shows that we get all the 
isometries of S 2 this way (cf. Theorem A. 1.5 and its proof). 

Proposition 6.5.7 

Every isometry of S 2 is a composite of reflections in planes passing through 
the origin. In fact, at most three reflections are required. 


Proof 

The first thing to observe is that isometries of S 2 must take great circles to great 
circles, since these are the curves of shortest length and isometries preserve 
length. 

Let F be any isometry of S 2 , and let ei = (1,0,0), e 2 = (0,1,0) and 
e 3 = (0,0,1). If F(e 1 ) = ei let G\ be the identity map. Otherwise, let Gi be 
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the reflection in the plane perpendicular to the line joining e\ to F(e±) and 
passing through its mid-point; note that since || e\ || = || F(e i) ||, this plane 
passes through the origin so G± is an isometry of S 2 . Then G\o F fixes e±. If 
e 2 = Gi(F(e 2 )) let G 2 be the identity map. Otherwise, let G 2 be the reflection 
in the perpendicular bisector of the line joining e 2 and Gi(F(e 2 )). Since || e 2 || 
= || Gi(F(e 2 )) || (because F and Gi are isometries), this plane passes through 
the origin so G 2 is an isometry of S 2 , and since 

|| ei - Gr(F(e 2 )) || = || G^Ffer)) - G 1 (F(e 2 )) || = || e, - e 2 ||, 

ei is fixed by G 2 . Hence, G 2 oG\o F fixes e\ and e 2 . Now the north and south 
poles ±e 3 are the only two points whose spherical distance from e\ and e 2 is 
equal to 7r/2, so G 2 o Gi o F must either fix e 3 or take it to — 63 . In the first 
case let G 3 be the identity, in the second let G 3 be reflection in the ccy-plane. 
Then, H = G 3 o G 2 o Gi o F is an isometry of S 2 that fixes e\, e 2 and 63 . 

Since H fixes ei and e 2 it must fix each point of the equator, since the 
equator is the unique great circle passing through these two points and any 
point on the equator is uniquely determined by its spherical distances from 
them. Similarly, H must fix each point of the great circle passing through ei 
and e 3 . If a is any point of S 2 other than the poles ±e 3 , the unique great circle 
C passing through a and the poles intersects the equator at a point b, say. Since 
H fixes b and the poles, it fixes every point of C by the previous argument. In 
particular, H fixes a. Since a was an arbitrary point of the sphere, H must be 
the identity map. 

Hence, F = Gi o G 2 o G 3 is a product of < 3 reflections. □ 

One of the most striking differences between Euclidean and spherical ge¬ 
ometry is contained in the following result, which is strongly suggested by 
Corollary 6.5.6. 


Proposition 6.5.8 

In spherical geometry, similar triangles are congruent. 

This means that if two spherical triangles have vertices a, b, c and a', b ; , c', 
and if the angle of the first triangle at a is equal to that of the second triangle 
at a', and similarly for the other two angles, there is an isometry of S 2 that 
takes a to a', b to b ' and c to c'. We leave the proof to Exercise 6.5.2. 
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EXERCISES 


6.5.1 Find the angles and the lengths of the sides of an equilateral spherical 
triangle whose area is one quarter of the area of the sphere. 


6.5.2 Show that similar spherical triangles are congruent. 

6.5.3 The spherical circle of centre p £ S 2 and radius R is the set of 
points of S 2 that are a spherical distance R from p. Show that, if 
0 <R< 7t/2: 

(i) A spherical circle of radius R is a circle of radius sin R. 

(ii) The area inside a spherical circle of radius R is 27t(l — cosi?). 
What if R > tt/2? 

6.5.4 This exercise describes the transformations of Coo corresponding to 
the isometries of S 2 under the stereographic projection map II : 
S 2 —> Coo (Example 6.3.5). If F is any isometry of S 2 , let = 
II o F o FT 1 be the corresponding bijection Coo —> Coo- 


(i) A Mobius transformation 


M(w ) 


aw + b 
cw + d' 


where a, b, c, d € C and ad—be A 0, is said to be unitary if d = d 
and c = —b (see Appendix 2). Show that the composite of two 
unitary Mobius transformations is unitary and that the inverse 
of a unitary Mobius transformation is unitary. 


(ii) Show that if F is the reflection in the plane passing through the 
origin and perpendicular to the unit vector (a, b) (where a £ C, 
b £ R. - see Example 5.3.4), then 


Foo(w) 


—aw + b 
bw + a 


(iii) Deduce that if F is any isometry of S 2 there is a unitary Mobius 
transformation M such that either = M or FA, = M o J 
where J(w) = —w. 

(iv) Show conversely that if M is any unitary Mobius transforma¬ 
tion, the bijections Coo —l C^ given by M and M o J are both 
of the form FA for some isometry F of S' 2 . 





7 

Curvature of surfaces 


In this chapter, we discuss several approaches to the problem of measuring 
how ‘curved’ a surface is. Although they use quite different methods, we show 
that each of the approaches leads to the same geometric object: the second 
fundamental form of a surface. It turns out (see Theorem 10.1.3) that a surface 
is determined up to an isometry of R 3 by its first and second fundamental 
forms, just as a unit-speed plane curve is determined up to an isometry of R 2 
by its signed curvature. 

Throughout this chapter we shall work with oriented surfaces. Recall from 
Section 4.5 that every surface patch is oriented. 


7.1 The second fundamental form 

In our first attempt to define the curvature of a surface, we imitate the dis¬ 
cussion at the beginning of Section 2.1, which leads to the definition of the 
curvature of a curve. Suppose then that er is a surface patch in R 3 with stan¬ 
dard unit normal N. As the parameters (it, v) of u change to (it + Ait, v + An), 
the surface moves away from the plane through <x(it, v ) parallel to the tangent 
plane by a distance 


(<r(u + Ait, v + An) — <t(u, n)) • N. 
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equal to 

cr u Au + <r v Av + - ( cr uu {Au) 2 + 2cr uv AuAv + cr vv ( Aw) 2 ) + remainder, 

where (remainder)/((Au ) 2 + (At;) 2 ) tends to zero as (A u) 2 + ( Av ) 2 tends to 
zero. Now cr u and cr v are tangent to the surface, hence perpendicular to N, so 
the deviation of cr from its tangent plane is 

- ( L(Au) 2 + 2MAuAv + N( Aw) 2 ) + remainder, (7-1) 

where 

L = <j uu • N, M = cr uv • N, N = a vv ■ N. (7.2) 

Comparing Eq. 7.2 with Eq. 7.1, we see that the expression 
L(Au) 2 + 2MAuAv + N( Av) 2 

is the analogue for the surface of the curvature term ft(At ) 2 in the case of a 
curve. 

One calls the expression 

Ldu 2 + 2M dudv + Ndv 2 (7-3) 

the second fundamental form of the surface patch cr. It clearly resembles the first 
fundamental form of a surface patch, and we can make sense of it in the same 
way, by interpreting du and dv as linear maps as in Section 6.1. Imitating the 
discussion there, we define a symmetric bilinear form on the tangent plane by 

((v, w)} = Ldu(v)du( w) + M (du{v)dv{ w) + du(w)dv(v)) + Ndv(v)dv( w) 

(cf. Exercise6.1.3). In the next section, we shall give this form an appealing geo¬ 
metric interpretation, and extend its definition to an arbitrary oriented surface. 
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Example 7.1.1 

Consider the plane 

<x(it, v) = a + up + vq 

(see Example 4.1.2). Since cr u = p and cr v = q are constant vectors, we have 
cr uu = cr U v = &vv = 0 - Hence, the second fundamental form of a plane is zero. 


Example 7.1.2 

Consider a surface of revolution (Example 5.3.2) 

tr(u,v) = (f(u) cosv, f(u)smv,g(u))-, 

we assume as usual that f(u) >0 for all values of u and that the profile curve 
u e-f (/(«), 0,g(u)) is unit-speed, i.e., f 2 + g 2 = 1 (a dot denoting d/du). Then: 

cr u = (/ cosu, / sinw, g), cr v = (-/ sinu,/cosu, 0), 

.'. cr« x ct v = (-fgcosv,-fgsinv,ff), 

|| cr u x a v || = / (since f 2 + g 2 = 1), 

• N = --77 = {-gcosv,-gsmv,f), 

II cr u x a v || 

(7 UU = (fcosv,fsinv/g), 

°uv = (-/ sin v, fcosv, 0 ), 

= (-/cost;,-/sin w,0), 

.'. i = cr uu ■ N = fg - fg, M = cr uv • N = 0, N = cr vv • N = fg, 
so the second fundamental form is 

(fg ~ fd)du 2 + fgdv 2 . 

For the unit sphere S 2 in latitude-longitude coordinates (Example 4.1.4), 
u = 9, v = ip, f(6) = cos 9, g(6) = sin0, giving the second fundamental form 
of S 2 as 

d0 2 + cos 2 9 dip 2 . 

Note that this is the same as the first fundamental form of S 2 (see 
Example 6.1.3; the reason for this will appear in Section 8.2). 

If the surface is the unit cylinder, we can take f(u ) = 1, g(u ) = u (again, the 
conditions / > 0 and f 2 +g 2 = 1 are satisfied). This gives L = M = 0, N = 1, 
so the second fundamental form of the cylinder is dv 2 . 
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EXERCISES 


7.1.1 Compute the second fundamental form of the elliptic paraboloid 

<7 (u, V) = (it, V 7 U 2 + V 2 ). 


7.1.2 Suppose that the second fundamental form of a surface patch er is 
zero everywhere. Prove that er is an open subset of a plane. This 
is the analogue for surfaces of the theorem that a curve with zero 
curvature everywhere is part of a straight line. 

7.1.3 Let a surface patch er({ l, v) be a reparametrization of a surface patch 
cr{u,v) with reparametrization map (u,v) = 3>(u,v). Prove that 






J, 


where J is the Jacobian matrix of $ and we take the plus sign 
if det(J) > 0 and the minus sign if det(J) < 0. Deduce from 
Exercise 6.1.4 that the second fundamental form of a surface patch 
is unchanged by a reparametrization of the patch which preserves 
its orientation. 


7.1.4 What is the effect on the second fundamental form of a surface of 
applying an isometry of R 3 ? Or a dilation? 


7.2 The Gauss and Weingarten maps 

Our second approach to defining the curvature of an oriented surface S is to 
consider its unit normal N. The way that N varies clearly reflects the way in 
which S curves: N varies rapidly near a point at which the surface is highly 
curved and slowly where the surface is only slightly curved. If S is a plane, N 
is the same at all points of S , i.e., N is a constant, and the curvature should 
be zero. 

The values of N at the points of S are recorded by its Gauss map Qs (or 
just Q if there is no doubt as to which surface is intended). This is the map from 
S to the unit sphere S 2 that assigns to any point p € S the point N p £ S 2 , 
where N p is the unit normal of S at p. 
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The rate at which N varies across S is measured by the derivative of Q: 
D P G : T p S ->• Tg(p)S 2 . 

Now, the tangent plane at a point q £ S 2 is the plane passing through the origin 
perpendicular to q. Thus, Tg (p )S 2 is the plane through the origin perpendicular 
to N p , in other words, T p S. Thus, the derivative of Q is a linear map from the 
tangent plane of S to itself: 

D p Q : T p S —> T p S. 


Definition 7.2.1 

Let p be a point of a surface S. The Weingarten map Wp.s of S at p is defined 
by 

Wp,s = -D p g. (7.4) 

The second fundamental form of S at p £ S is the bilinear form on T p S given 

by 

((v, w ))p.s = (W p ,s(v), w)p, 5 , v, w G T p S. 


The minus sign is introduced in Eq. 7.4 as a matter of convention (it will 
reduce the total number of minus signs later). We shall often omit the subscripts 
p and S from the Weingarten map if there is no danger of confusion. 

The bilinearity asserted in this definition is easy to check. Let vi,V 2 ,w G 
TpS , Ai, A 2 G R. Then, 

((A1V1 + A 2 v 2 , w)) = (W(Aivi + A 2 v 2 ), w) 

= (Ai w(vi) + a 2 w(v 2 ),w) 

= Ai(W(vi), w) + A 2 (W(v 2 ), w) 

= Ai((vi, w)) + A 2 ((v 2 , w)), 
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where we used the linearity of W in passing from the first line to the second 
and the bilinearity of ( , ) in passing from the second line to the third. This 
proves that ((v, w)) is a linear function of v for each fixed w. The proof that 
it is linear in w for each fixed v is similar but easier. 


Proposition 7.2.2 

Let p be a point of a surface S, let cr(u , v) be a surface patch of S with p in 
its image, and let Ldu 2 + 2 Mdudv + Ndv 2 be the second fundamental form of 
a defined in Section 7.1. Then, for any v,w G T p S , 

((v, w)) = Ldu(v)du( w) + M(du(v)dv( w) + dw(w)dv(v)) + Ndv(v)dv( w). 

(7.5) 

To prove this we shall need the following lemma, which will also be used 
elsewhere. 

Lemma 7.2.3 

Let cr(u,v) be a surface patch with standard unit normal N(it,u). Then, 

* rr u — L, ■ o v — ■ o~ u T17, • cr v — N , 

where L, M and N are as defined in Eq. 7.2. 


Proof 

Since cr u and cr v are tangent vectors to the surface patch, 

N • cr u = N • cr v = 0. 

Differentiating these equations with respect to u and v gives 

' &uu — 7/, 1N7 ' CT u — N • O’uv — -^7? 

N u • cr v = -N ■ cr uv = -M, N t , • ar v = -N • cr vv = -TV. □ 

Proof 1.2.2 Since both sides of the equation in the statement of the proposition 

define bilinear forms on T p S, it suffices to verify that they agree when v and 
w are o u or o v . Recalling that du(o- u ) = dv{a v ) = 1, du(o - v ) = dv(o- u ) = 0, 
we have to prove that 


{{o’u, cr u )) = L, {{(T U ,(T V )) = {{(T V ,(T U )) = M, {{cr v ,(T v )) = N. (7.6) 
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Let cr(uo,vo) = p. Then, with the derivatives evaluated at (uo,Vo), 


W(o-„) = - — 

au 


G(cr(u,v o)) = - — 
au 


N(m, vq) = -N„ 


where N is the standard unit normal of er. Similarly, yV(<x„) = — N„. Hence, 
((o' u , cr u )) = (W(cr u ), <t u ) = -N„ • ar u , 

which is equal to L by Lemma 7.2.3. The other equations in (7.6) are proved 
similarly. □ 

Since the formula (7.5) for ((v, w)) is obviously unchanged when v and w 
are interchanged, we obtain 


Corollary 7.2.4 

The second fundamental form is a symmetric bilinear form. Equivalently, the 
Weingarten map is self-adjoint. 


EXERCISES 

7.2.1 Calculate the Gauss map Q of the paraboloid S with equation 
z = x 2 + y 2 . What is the image of Q1 

7.2.2 Show that the Weingarten map changes sign when the orientation 
of the surface changes. 


7.3 Normal and geodesic curvatures 

It is obvious that the shape of a surface influences the curvature of curves on the 
surface. For example, a curve on a plane or a cylinder can have zero curvature 
everywhere, but this is not possible for curves on a sphere since no segment of 
a straight line can lie on a sphere. Thus, another natural way to investigate 
how much a surface curves is to look at the curvature of curves on the surface. 
We shall see that this leads, once again, to the second fundamental form of the 
surface. 
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If 7 is a unit-speed curve on an oriented surface S, then 7 is a unit vector 
and is, by definition, a tangent vector to S. Hence, 7 is perpendicular to the 
unit normal N of S , so 7 , N and N x 7 are mutually perpendicular unit 
vectors. Again since 7 is unit-speed, 7 is perpendicular to 7 , and hence is a 
linear combination of N and N x 7 : 

7 = k„N + k 9 N x 7 . (7.7) 


Definition 7.3.1 

The scalars K n and K g in Eq. 7.7 are called the normal curvature and the 
geodesic curvature of 7 , respectively. 

Note that n n and k s both change sign when N is replaced by —N, so on a 
general (not necessarily orientable) surface only the magnitudes of K n and k s 
are well defined. 

Proposition 7.3.2 

With the above notation, we have 

k„= 7 -N, K g = 7 ■ (N x 7 ), 

2 2,2 

K — K n + Kg, 

K n = K COSIp, Kg = ±KSimp, 


(7.8) 

(7.9) 
(7.10) 
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where n is the curvature of 7 and ip is the angle between N and the principal 
normal n of 7 . 


Proof 

Equations 7.8 and 7.9 follow from Eq. 7.7 and the fact that N and N x 7 are 
perpendicular unit vectors. The first equation in (7.10) follows from 7 = ren, 
and the second then follows from Eq. 7.9. □ 

If 7 is regular, but not necessarily unit-speed, we define the geodesic and 
normal curvatures of 7 to be those of a unit-speed reparametrization of 7 
(see Exercise 7.3.1). When a unit-speed parameter t is changed to another such 
parameter ±f+ c, where c is a constant, it is clear that n n 1 —> n n and n g <—> 
so K n is well defined for any regular curve, while K g is well defined up to sign. 
Equations 7.9 and 7.10 continue to hold if 7 is any regular curve. 

The following proposition is the most important single fact about the normal 
curvature, and reveals its relation to the second fundamental form (( , )). 


Proposition 7.3.3 

If 7 is a unit-speed curve on an oriented surface S, its normal curvature is given 

by 

«n = (( 7 , 7 )}. 

If er is a surface patch of S and 7 (t) = cr{u{t ), v(t)) is a curve in er, 

K n = Lii 2 + 2 Miii) + Nv 2 
in the notation of Section 7.1. 

This result means that two curves which touch each other at a point p of a 
surface (i.e., which intersect at p and have parallel tangent vectors at p) have 
the same normal curvature at p. 


Proof 

Since 7 is a tangent vector to S , N .7 = 0. Hence, N • 7 = —N • 7 so 
n n = N • 7 = -N • 7 = (W( 7 ), 7 ) = (( 7 , 7 )}, 

since 

N = j t Qh (i)) = -W(7). 

The second part follows from the first and Proposition 7.2.2. □ 
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It turns out that, while the normal curvature depends on the second funda¬ 
mental form of the surface, the geodesic curvature n g depends only on its first 
fundamental form (see Exercise 7.3.4). But we leave further discussion of K g to 
Chapter 9. 

Here is a classical application of Proposition 7.3.3. It takes almost as long 
to state as to prove. 

Proposition 7.3.4 (Meusnier’s Theorem) 

Let p be a point of a surface S and let v be a unit tangent vector to S at p. 
Let n@ be the plane containing the line through p parallel to v and making 
an angle 8 with the tangent plane T p S, and assume that is not parallel to 
T p S. Suppose that intersects S in a curve with curvature Kg. Then, Kg sin 8 
is independent of 8. 



Proof 

Assume that 'yg is a unit-speed parametrization of the curve of intersection of 
n 0 and S. Then, at p, fig = ±v, so fig is perpendicular to v and is parallel to 
Ug. Thus, in the notation of Proposition 7.3.2, ip = n/2—8 and so Eq. 7.10 gives 







7.3 Normal and geodesic curvatures 


169 


Kg sin 9 = K n . 

But K n depends only on p and v, and not on 9. □ 

An important special case is that in which 7 is a normal section of the sur¬ 
face, i.e., 7 is the intersection of the surface with a plane II that is perpendicular 
to the tangent plane of the surface at every point of 7 . 

Corollary 7.3.5 

The curvature k, normal curvature K n and geodesic curvature K g of a normal 
section of a surface are related by 

K n = ±«, Kg = 0 . 


Proof 

As in the proof of Proposition 7.3.3, K n = k sin0, where 9 = ± 7 r /2 for a normal 
section. This gives the first equation; the second follows from it and Eq. 7.9. □ 


EXERCISES 


7.3.1 Let 7 be a regular, but not necessarily unit-speed, curve on a sur¬ 
face. Prove that (with the usual notation) the normal and geodesic 
curvatures of 7 are 


K n 


(Of, if)) 

Or, ir) 


and K g 


7 • (N x 7 ) 
<7,7 > 3/2 ' 


7.3.2 Show that the normal curvature of any curve on a sphere of radius 
r is ±l/r. 

7.3.3 Compute the geodesic curvature of any circle on a sphere (not nec¬ 
essarily a great circle). 

7.3.4 Show that, if 7 (t) = cr(u(t),v(t)) is a unit-speed curve on a surface 
patch <7 with first fundamental form Edu 2 + 2 Fdudv + Gdv 2 , the 
geodesic curvature of 7 is 

K g = ( vu — vu) \J EG — F 2 + Aii 3 + Bu 2 v + Guv 2 + Dv 3 , 

where A, B , C and D can be expressed in terms of E, F, G and 
their derivatives. Find A, B, C, D explicitly when F = 0. 
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7.3.5 Suppose that a unit-speed curve 7 with curvature k > 0 and princi¬ 
pal normal n is a parametrization of the intersection of two oriented 
surfaces and £2 with unit normals Ni and N 2 . Show that, if K\ 
and K 2 are the normal curvatures of 7 when viewed as a curve in 
and S 2 , respectively, then 

kiN 2 — k 2 Ni = k(Ni x N 2 ) x n. 

Deduce that, if a is the angle between the two surfaces, 

2-2 2.2 o 

k sin a = Ki + k 2 — zkik 2 cos a. 

7.3.6 A curve 7 on a surface S is called asymptotic if its normal curvature 
is everywhere zero. Show that any straight line on a surface is an 
asymptotic curve. Show also that a curve 7 with positive curvature 
is asymptotic if and only if its binormal b is parallel to the unit 
normal of S at all points of 7 . 

7.3.7 Prove that the asymptotic curves on the surface 

cr(u,v) = (ucosu, usinu, lnu) 


are given by 


In u = ± (u + c), 


where c is an arbitrary constant. 


7.4 Parallel transport and covariant derivative 

Imagine that there is a road that runs along the Earth’s equator and that you 
are driving along this road at constant speed. The road would appear perfectly 
straight - you would not have to turn to the right or left to continue along 
the road. Thus, you would perceive your velocity (and not just your speed) 
as being constant. On the other hand, an observer in space would see that 
your velocity is not constant as you are travelling in a circle rather than in 
a straight line. The resolution of this apparent paradox is that an observer 
restricted to the surface of the Earth perceives only the component of the 
acceleration tangential to the surface. From the point of view of the observer 
in space, the acceleration vector points towards the centre of the Earth, and so 
has zero tangential component. 

In general, suppose that 7 is a curve on a surface S and let v be a tangent 
vector field, along 7 , i.e., a smooth map from an open interval (a, ft) to R 3 such 
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that v(i) € T-y(t)S for all t £ (a, (3). To an observer moving along the curve 7 , 
the perceived rate of change of v is the tangential component of v, i.e., the 
orthogonal projection of v = dv/dt onto T-y^S. If N is a unit normal to cr, 
the component of v perpendicular to the surface is (v-N)N, so the tangential 
component is 

V 7 v = v — (v • N)N. (7.11) 

Note that this is unchanged if N is replaced by — N, so V T v is well defined on 
any surface, orientable or not. 



Definition 7.4.1 

Let 7 be a curve on a surface S and let v be a tangent vector field along 7 . The 
covariant derivative of v along 7 is the orthogonal projection V-yV of dv/dt 
onto the tangent plane at a point 7 (t). 

In particular, an inhabitant of S would perceive v as being constant along 
7 if V-yV = 0. In this case, v is sometimes said to be covariant constant , but 
the usual terminology is contained in 


Definition 7.4.2 

With the notation in Definition 7.4.1, v is said to be parallel along 7 if V T v = 0 
at every point of 7 . 


Proposition 7.4.3 

A tangent vector field v is parallel along a curve 7 on a surface S if and only 
if v is perpendicular to the tangent plane of S at all points of 7 . 
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Proof 

This is clear from the definitions: if the right-hand side of Eq. 7.11 is zero, then 
v is obviously parallel to N. Conversely, if v = AN for some scalar A, then 

V 7 v = v — (AN • N)N = v — AN = 0 . □ 

To establish the existence of parallel tangent vector fields, we shall express 
the covariant derivative in terms of the parameters u, v of a parametrization er 
of the surface. To do this, we shall need the following calculation, which will 
also be used later. 

Proposition 7.4.4 (Gauss Equations) 

Let cr(u,v) be a surface patch with first and second fundamental forms 
Edu 2 + 2Fdudv + Gdv 2 and Ldu 2 + 2Mdudv + Ndv 2 . 

Then, 

& i lu —r n(7u T TnCr,, T LN, 

(Tuv = r \ 2 <r u + r 2 2 er „ + MN, 

cr vv = Tl 2 (T u + r 22 (T v + NN, 

where 

2 _ 2 EF U — EE V — FE U 

11 “ 2 (EG-F 2 ) ’ 

2 _ EG U — FE V 

12 “ 2 (EG-F 2 )' 

2 EG V - 2 FF V + FG U 
22 ~ 2 (EG - F 2 ) 

The six T coefficients in these formulas are called Christoffel symbols. Note 
that they depend only on the first fundamental form of er. 

Proof 

Since {er„, er.„, N} is a basis of R 3 , scalar functions a±, ..., 73 satisfying 

er UM = q.\<t u + a 2 cr v + 03 N, 
cr U v = u + fcvv + ^N, 

CTw = 71 <T U + 72 (Tv + 73N, 


! GE U - 2 FF U + FE V 


F 1 - 
1 11 — 


2 {EG - F 2 ) 
GE V - FG U 


F 1 = 

12 2(EG — F 2 ) ’ 

1 _ 2 GF V — GG U — FG V 
22 “ 2 {EG-F 2 ) 


(7.12) 
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certainly exist. Taking the dot product of each equation with N gives 
a 3 = L, j3 3 = M, 73 = N. 

Now we take the dot product of each equation in (7.12) with o u and o v . 
This gives six scalar equations from which we determine the remaining six 
coefficients. For example, taking the dot product of the first equation in (7.12) 
with cr u and o v gives the two equations 


Ed i T Fd 2 — o uu * o' :/ — ^ E U: 
Fd 1 -p Gd 2 = <7 uu ' CT v = (o u ■ O v ^ u O u ■ O’uv 



Solving these equations gives d\ = T\ Xl d 2 = Tf x ; similarly for the other four 


coefficients in Eq. 7.12. 


□ 


We can now establish the conditions for a tangent vector field v to be 
parallel along a curve 7 (t) = o-(u{t), v(t)) on a surface patch o(u,v). Since 
the tangent plane of o is spanned by the vectors o u and o v , there are smooth 
scalar functions a and j3 such that 


v(t) = d{t)o u + P(t)a- V: 


the derivatives of er being evaluated at o(u(t),v(t)). 

Proposition 7.4.5 

Let 7 (t) = o(u{t),v{t)) be a curve on a surface patch er, and let v(f) = a(t)er u + 
/3(t)o v be a tangent vector field along 7 , where a and /? are smooth functions of 
t. Then, v is parallel along 7 if and only if the following equations are satisfied: 


b + (r}i4 + V\ 2 v)d + (T} 2 m + T\ 2 v)f3 = 0 
/3 + (r^w + Tj 2 v)d + (Tj 2 m + T 22 u)/3 = 0. 


(7.13) 


Note that these equations involve only the first fundamental form of er. 


Proof 


Using the Gauss equations, we have 

v = ao u + $o v + dufT^Ou + T 2 n o- v + LN) 


(7.14) 


+ (dv + /3 , u)(r} 2 er u + T^ 2 er t , + M N) + f3v(Y\ 2 o’ u + T \ 2 ar v + N N). 
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By Proposition 7.4.3, v is parallel along 7 if and only if v is parallel to N, which 
means that the coefficients of cr u and cr v on the right-hand side of Eq. 7.14 
must both be zero. But these coefficients are the left-hand sides of the two 
equations in (7.13). □ 


Eqs. (7.13) are of the form 

a = f(<x,P,t ), /3 = g(a,P,t), 


(7.15) 


where / and g are smooth functions of three variables. It is proved in the theory 
of ordinary differential equations that such equations have a unique solution 
for any given set of initial conditions , i.e., if to is some particular value of t, 
and ao, f3o € R, there are unique smooth functions a(t) and /3(f), defined on 
an open interval containing to, that satisfy Eq. 7.16 and are such that 

a(t 0 ) = a 0 , /3(t 0 )=/3 0 . (7-16) 


In the situation considered in Proposition 7.4.5, the initial conditions (7.16) 
are equivalent to 

v(t 0 ) = a 0 cr u + /3 0 cr v . 


So we obtain 


Corollary 7.4.6 

Let 7 be a curve on a surface S and let vo be a tangent vector of S at the point 
7 (<o)- Then, there is exactly one tangent vector field v that is parallel along 7 
and is such that v(f 0 ) = v 0 . 


Example 7.4.7 

Take 7 to be a circle of latitude d = do (— 7t/2 < do < 7 r/ 2 ) on the unit 
sphere with the latitude-longitude parametrization cr(9,ip) (Example 4.1.4); 
thus, 7 (<p) = <r(0o,(p). The first fundamental form of er is d6 2 + cos 2 9dip 2 
(Example 6.1.3) from which we find 

r ii = r ii = r 22 = r i 2 = 0. Ti 2 = -tan 0 , V\ 2 = sind cos 9. 

The differential equations (7.13) become 

a = —/? sin do cos 9q, $ = a tan do- 

If do =0, then a and [3 are constant. If do 7 ^ 0, eliminating j3 gives 

a + a sin 2 do = 0 , 


(7.17) 
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which has the general solution 

a(p) = Hcos(<psin 0 o) + -Bsin((/jsin 0 o ), 
where A and B are constants; the second equation in (7.17) now gives 

sin((£sin 0 o) cos(y>sin 0 o ) 

P = A - a - B - —Q -' 

cos do sin &o 

Let us consider the special case in which v = <j v is tangent to 7 when 
ip = 0. Then, a = 0, /3 = 1 when <p = 0, which gives A = 0, B = — sin(?o and 
hence 

v(ip) = — sin do sin((^sin 6 lo)(T 6 / + cos(iy5sin0o) <7 V 

(this solution is also correct when 9 0 = 0). Note that v(y>) is not tangent to 7 
at 7 (^ 9 ) in general. However, if 9q = 0 then v is tangent to 7 for all <p. Thus, 
the tangent vector of 7 is parallel along 7 if and only if 7 is a great circle. We 
shall see the reason for this in Section 9.1. 

If p and q are two points on a curve 7 on a surface S , the covariant derivative 
enables us to associate to any vector in the tangent plane T p S a vector in the 
tangent plane T q <S. Indeed, suppose that p and q correspond to the parameter 
values to and t\ , let v 0 £ T p S , let v(£) be the unique parallel vector field along 
7 such that v(£q) = v 0 (see Corollary 7.4.6), and let vi = v(fi) £ T q <S. 


Definition 7.4.8 

With the above notation, the map nP q : T p S —> T ql S that takes Vo £ T p S to 
Vi £ T q <S is called parallel transport from p to q along 7 . 


Proposition 7.4.9 

With the notation in Definition 7.4.8, 

(i) nP q : T p S —> TqS is a linear map 

(ii) nP q is an isometry, i.e., it preserves lengths and angles. 


Proof 

Let v 0 , w 0 £ T p S and let \,p £ R. Let v(£), w(t) be the parallel vector fields 
along 7 such that v(£ 0 ) = v 0 , w (to) = w 0 . If V = Av + /rw, then V = Av + /jw 
is parallel to the unit normal N of S because v and w are parallel to N, so V 
is parallel along 7 . Hence, 

nP q (Av 0 + /rw 0 ) = nP q (V(£ 0 )) = V(£i) = \v 1 +pw 1 = AnP q (v 0 ) + /rnP q (w 0 ), 
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which proves that I[P q is linear. 

For (ii), note that 

— (v-w) = v- w + v- w= ((v • N)N) • w + v • ((w • N)N) = 0 , 
at 

since v-N = w- N = 0 (v and w are tangent to the surface). Hence, 


Vo • Wo = Vi • Wj. 

Thus, nP q preserves dot products of vectors. Since lengths and angles are 
expressible in terms of dot products, part (ii) is proved. □ 


Example 7.4.10 

Take 7 to be the equator of S 2 . We saw in Example 7.4.7 that the tangent 
vector <j v of 7 is parallel along 7 . Now, at points of the equator, erg is a unit 
vector perpendicular to cr v . By Proposition 7.4.9, the parallel vector field along 
7 equal to erg when ip = 0 has the same property. It must therefore be equal to 
erg; in other words, erg is also parallel along 7 (this can also be checked directly 
from the formulas in Example 7.4.7). Since parallel transport is a linear map, 
it follows that, for any two points p and q on the equator, and any A, p £ M, 

nP q (Xcrg + pcr v ) = Xcrg + per v . (7.18) 

(Note, however, that nP q is not the identity map unless p and q coincide! If 
p yf q the derivatives erg and cr v on the two sides of (7.18) are being evaluated 
at different points of S 2 .) 


EXERCISES 


7.4.1 


Let 7 be a reparametrization of 7 , so that 7 (f) = 7 ( 95 ( 7 )) for some 
smooth function 95 with dp/dt 7^ 0 for all values of t. If v is a tangent 
vector field along 7 , show that v(f) = v(<p(t)) is one along 7 . Prove 


that 


„ _ d(p„ 

V~v = -p-V-y-i 

7 dt 1 


and deduce that v is parallel along 7 if and only if v is parallel 
along 7 . 


7.4.2 Show that the parallel transport map nP q : T p S —► T q <S is invertible. 
What is its inverse? 
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7.4.3 Suppose that a triangle on the unit sphere whose sides are arcs 
of great circles has vertices p, q, r. Let Vo be a non-zero tangent 
vector to the arc pq through p and q at p. Show that, if we parallel 
transport v 0 along pq, then along qr and then along rp, the result 
is to rotate Vo through an angle 27r — A, where A is the area of the 
triangle. For an analogous result see Theorem 13.6.4. 



8 

Gaussian, mean and principal curvatures 


In this chapter, we show how to extract geometric information from the second 
fundamental form of a surface or, equivalently, from its Weingarten map. 


8.1 Gaussian and mean curvatures 

We start by defining two new measures of the curvature of a surface. 


Definition 8.1.1 

Let W be the Weingarten map of an oriented surface S at a point p € S. The 
Gaussian curvature K and mean curvature H of S at p are defined by 

K = det(W), H = ^trace(W). 

Recall that the determinant and trace of a linear map (such as W) can be 
computed as the determinant and the sum of the diagonal entries of the matrix 
of the linear map with respect to any basis (in this case of the tangent plane), 
and that they depend only on the linear map and not on the choice of basis. 

When the sign of the unit normal of S is changed, the Weingarten map also 
changes sign (Exercise 7.2.2), thus leaving K unchanged. This implies that the 
Gaussian curvature is defined for any surface S, orientable or not: to define 
K at a point p £ cS, choose a surface patch er with p in its image; this is an 
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oriented surface, which may be used to define K , and the result is independent 
of the choice of <r. On the other hand, on a surface that is not necessarily 
orientable, H is in general only well defined up to sign. 

To get explicit formulas for H and K, we work in a surface patch of S. Let 
er (u,v) be a surface patch with first and second fundamental forms 

Edu 2 + 2Fdudv + Gdv 2 and Ldu 2 + 2Mdudv + Ndv 2 , 


respectively. Define symmetric 2x2 matrices J~i and Fjj by 


Ti 


E F \ _ ( L M \ 

F G )' ^ V. M N J ' 


Proposition 8.1.2 

Let a be a surface patch of an oriented surface S. Then, with the above nota¬ 
tion, the matrix of Wp.s with respect to the basis {cr u ,cr v } of T p S is FJ l Fn. 


Proof 


By the proof of Proposition 7.2.2, W(er u ) = — N u and W(cr v ) = — N„, so the 

CL C 

matrix of W is ( ^ ), where 


—N„ = acr u + bcr v , —N„ = ccr u + dcr v . 


Take the dot product of each of these equations with a u and cr v and use 
Lemma 7.2.3; this gives 


L = aE + bF, M = cE + dF , 
M = aF + bG, N = cF + dG. 


These four scalar equations are equivalent to the single matrix equation 


M \ - I 

f E 

N ) \ 

v F 

Tu = T 1 ( 

a 

b 


a c 
b d 


Hence, the matrix of W with respect to the basis {« 


J is 


a c 
b d 


= TT^Fu. 


□ 
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Corollary 8.1.3 


We have 


LG - 2 MF + NE 
2 (EG - F 2 ) ’ 


LN - M 2 
EG -F 2 ' 


Proof 

By Definition 8.1.1, 


K = det (EY l En) = 


det(Err) LN - M 2 


det(.Fj) EG — F 2 ’ 
To compute H , we need the trace of the matrix 


T7 x E u = 


1 


G -F 


EG-F 2 \ -F E 


1 


L M 
M N 


Thus, 


LG - MF MG- NF 
EG-F 2 \ ME- LF NE - MF 

LG - 2 MF + NE 


2H = trace (Fj l Fn) = 


EG-F 2 


□ 


Example 8.1.4 

In Examples 6.1.3 and 7.1.2 we considered the surface of revolution 
tr(u,v) = (f(u) cosv, f(u)smv,g(u)), 

where we can assume that / > 0 and f 2 +g 2 = l everywhere (a dot denoting 
d/du). We found that 

E = 1, F = 0, G = f 2 , L = fg — fg , M = 0, N = fg. 

By Corollary 8.1.3, the Gaussian curvature is 

= LN - M 2 = (fg - fg)fg 
EG — F 2 f 2 

We can simplify this formula by noting that f 2 + g 2 = 1 implies (by differenti¬ 
ating with respect to u) that ff+gg = 0, 

if9 - fg)g = -f 2 f - fg 2 = -/(/ 2 + g 2 ) = -/> 
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We consider some special cases. If 7 (u) = (u, 0,0) is the z-axis, the 
corresponding surface of revolution is the xy-plane; since f{u) = u, we have 
/ = 1, / = 0, so K = 0. If 7 ( 14 ) = (1,0, u) is a straight line parallel to the 
0 -axis, the corresponding surface is the unit cylinder; since f(u) = 1 , / = 0, so 
K = 0. Finally, if 7 (u) = (cosu, 0, sinu) is a circle of radius 1, the correspond¬ 
ing surface is the unit sphere; since f(u) = cos u, f = — sintt, / = — cos u so 
K = —/// = — (— cos u)/ cos u = 1. Note that in each of these examples the 
curve 7 is unit-speed. 


Example 8.1.5 

For a ruled surface, take a patch 

cr(u, v ) = 7 (u) + vS(u), 

(see Example 5.3.1). Denoting d/du by a dot, we have cr u = 7 + v6, cr v = 6 , 
so 

& UV ft ■) &VV 0 . 

Hence, if N = ( cr u x cr v )/ || cr u x cr v || is the standard unit normal of er, then 
M = cr uv ■ N = 5 ■ N and N = 0. So 

LN — M 2 —(S ■ N ) 2 
EG-F 2 EG-F 2 ~ ’ 

i.e., the Gaussian curvature of a ruled surface is negative or zero. 

Gauss discovered a way to obtain the Gaussian curvature from the Gauss 
map itself, rather than from its derivative, the Weingarten map. His result is 
an analogue of Proposition 2.2.3, which shows that, if 7 is a unit-speed plane 
curve, its signed curvature k s = tp, where (p is the angle between its tangent 
vector 7 and a fixed direction, i.e., the (signed) curvature is the rate of change 
of direction of the tangent vector of 7 per unit length. The ‘direction’ of the 
tangent plane to an oriented surface S is measured by its unit normal N, so we 
might expect that a measure of the curvature of er is the ‘rate of change of N 
per unit area’. The values of N at points of S are recorded by the Gauss map 
Q, so if R is a small region on S containing a point p, we should look at the 
ratio 

Area (G{R)) 

Area (R) 

in the limit as the region R shrinks down to the point p. 

To make this idea precise, we work in a surface patch. 
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Theorem 8.1.6 

Let u : U —> R 3 be a surface patch, let (u o, vq) € U, and let 5 > 0 be such that 
the closed disc 


Rs = {(u,v) e R 2 | (u - w 0 ) 2 + (v - v 0 ) 2 < d 2 } 
with centre (uq, vo) and radius 6 is contained in U. Then, 

i5—>0 A.cr{R &) 

where K is the Gaussian curvature of <x at <j(uq,vq). 

Note that a 6 with the properties in the statement of the theorem exists 
because U is open. 


Proof 

By Definition 6.4.1, 

An(Rs) _ f r s II Nil x N„ || dudv ^ 

Aa-(Rs) I r s II x (Tv II dudv 

In the notation of the proof of Proposition 8.1.2, 

N„ x N„ = ( acr u + bcr v ) x (cer„ + dcr v ) 

= (ad — bc)cr u x cr v 
= det(J 7 J 1 J 7 ii)a u x (T v 
det(J r //) 

= d^T“ x ^ 

LN-M 2 

- T D q I X a qj 

EG- F 2 

= Kcr u x (T v (by Corollary 8.1.3). (8.2) 

Substituting in Eq. 8.1, we get 

An(Rs) _ Jr 5 \ K \ II x “v II dudv 

Acr(Rs) f Rs II X <Ty II dudv 

Let e be any positive number. Since K(u,v) is a continuous function of 
( u,v ) (see Exercise 8.1.3), we can choose <5 > 0 so small that 


I K(u,v) - K(u 0 ,v 0 )| < e 
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if (u,v) £ Rs . Since, for any real numbers a,b, \a — b\ > ||a| — |&||, it follows 
that \\I<(u,v)\ — |A'(u 0 ,uo)|| < e if (u,v) £ Rs, i.e., 

\K(uq, u 0 )| - e < \K{u,v)\ < |A"(u 0 ,u 0 )| + e 


if (u,v) £ Rs- Multiplying through by || cr u x cr v || and integrating over Rs, we 
get 


(|AT(u 0 ,uo)| - e)J || <r u x cr v \\dudv<J\K{u,v)\ || <r u x cr v \\dudv 

< {\K(u 0 ,v 0 )\ + e)J || <r u x a v \\dudv, 
|AT(uo, fo)| - e < < \K(u 0 ,v 0 )\ +e (using Eq. 8.1) 


Arr(Rs) 

v4n (Rs) 


Arr^Rs) 


- \K(u 0 ,v 0 )\ 


< e. 


This proves the theorem. 


□ 


Although this proposition only gives the absolute value of the Gaussian 
curvature AT, the sign can be recovered from the Gauss map if we define the 
signed area of Q(R) to be ±An(R), where the sign is + or — according to 
whether N u x N„ points in the same or the opposite direction as N. By Eq. 8.3, 
this sign is that of K, so K is the limit of the ratio 

Signed area (G(R)) 

Area (R) 

as the region R shrinks to the point p. 

As the following examples show, Theorem 8.1.6 sometimes allows one to 
find the Gaussian curvature of a surface with no calculation. 


Example 8.1.7 

For a plane, the unit normal is constant. Thus, for any R, G(R) is a single 
point, and thus has zero area. By the theorem, a plane has Gaussian curvature 
zero everywhere. 

For a generalized cylinder, the unit normal is clearly always perpendicular 
to the rulings of the cylinder, so the image of the Gauss map is contained in the 
great circle on S 2 formed by intersecting S 2 with the plane passing through its 
centre perpendicular to the rulings of the cylinder. Any great circle obviously 
has zero area, so the cylinder has zero Gaussian curvature too. 

Finally, for the unit sphere S 2 itself, the unit normal at a point p is clearly 
parallel to the radius vector from the centre of the sphere to p. In other words, 
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the Gauss map is the identity map or the antipodal map (depending on the 
choice of orientation). Both of these maps are obviously equiareal, so the ab¬ 
solute value of the Gaussian curvature of S 2 is 1. In fact, if er is any surface 
patch of S 2 , we have N = ±er so with either choice of sign N u x N„ = cr u x er„ 
is a positive multiple of N and the Gaussian curvature is + 1 . 


EXERCISES 


8.1.1 Show that the Gaussian and mean curvatures of the surface z = 
f(x,y), where / is a smooth function, are 


K = 


fxxSyy fxy 
(1 + /x 2 + /, 2 ) 2 ’ 


(1 + fy)fxx ^fxfyfxy + (1 + fx)fw 

2(1 + / 2 + /y ) 3 / 2 


8.1.2 Calculate the Gaussian curvature of the helicoid and catenoid 
(Exercises 4.2.6 and 5.3.1). 

8.1.3 Show that the Gaussian and mean curvatures of a surface S are 
smooth functions on S. 


8.1.4 In the notation of Example 8.1.5, show that if 8 is the principal 
normal n of 7 or its binormal b, then K = 0 if and only if 7 is 
planar. 

8.1.5 What is the effect on the Gaussian and mean curvatures of a surface 
S if we apply a dilation of R 3 to SI 

8.1.6 Show that the Weingarten map W of a surface satisfies the quadratic 
equation 

W 2 - 2 HW + K = 0, 

in the usual notation. 


8.1.7 Show that the image of the Gauss map of a generalized cone is a 
curve on S 2 , and deduce that the cone has zero Gaussian curvature. 

8.1.8 Let er : U —> R 3 be a patch of a surface S. Show that the image 
under the Gauss map of the part cr(R) of S corresponding to a 
region R C U has area 

[ \K\dA,r, 

J R 

where K is the Gaussian curvature of S. 
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8.1.9 Let S be the torus in Exercise 4.2.5. Describe the parts and S~ of 
S where the Gaussian curvature K of S is positive and negative, 
respectively. Show, without calculation, that 



It follows that f S K dA = 0, a result that will be ‘explained’ in 
Section 13.4. 

8.1.10 Let w (u,v) be a smooth tangent vector field on a surface patch 
cr(u,v). This means that 


w (u, v) = a{u , v)u u + /3(u , v)cr v 


where a and f) are smooth functions of (u,v). Then, if 7 (f) = 
cr(u(t),v(t )) is any curve on cr, w gives rise to the tangent vec¬ 
tor field w| T (t) = w (u(t),v(t)) along 7 . Let V„w be the covariant 
derivative of w| T along a parameter curve v = constant, and define 
V„w similarly. (Note that if cr is the uu-plane, then V u and V„ 
become d/du and d/dv). Show that 

V„(V u w) - V u (V„w) = (w„ • N)N U - (w u ■ N)N„, 

where N is the unit normal of cr. Deduce that, if A (it, v) is a smooth 
function of (it,u), then 

V„(V u (Aw)) - V u (V„(Aw)) = A (V„(V u w) - V„(V„w)). 

Use Proposition 8.1.2 to show that 

V [ ,(V ll cr u ) - V u (V v cr u ) = K(-Fcr u + Ecr v ), 


where 


LN - M 2 


K = - 

EG -F 2 ' 


and find a similar expression for V„(V u cr l ,) — V u (V„cr 1) ). Deduce 
that 


V 1 ,(V u w) = V u (V„w) 


for all tangent vector fields w if and only if K = 0 everywhere on 
the surface. (Note that this holds for the plane: w uv = w vu .) We 
shall see the significance of the condition K = 0 in Section 8.4. 
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8.2 Principal curvatures of a surface 

We now examine the Weingarten map W Pj s of a surface S at a point pfS 
in a little more detail (we shall usually omit the subscripts). The crucial point 
is that W is self-adjoint (Corollary 7.2.4). From Theorem A.0.3 we deduce the 
following proposition. 


Proposition 8.2.1 

Let p be a point of a surface S. There are scalars K\. k 2 and a basis {ti, t 2 } of 
the tangent plane T p S such that 

W(ti) = Klti, W(t 2 ) = «2t 2 - 

Moreover, if K\ yf k 2 , then (ti,t 2 ) = 0. 

The real numbers sq and K 2 are the eigenvalues of W, and ti and t 2 are 
corresponding eigenvectors. But in this situation, we adopt a special terminol¬ 
ogy: n\ and k 2 are called the principal curvatures of S, and ti and t 2 are called 
principal vectors corresponding to /sq and k 2 . 

Points of the surface at which the two principal curvatures are equal (to 
k, say) are called umbilics. At an umbilic, the equations W(ti) = Kfq and 
W(t 2 ) = «t 2 imply that W(t) = nt if t is any linear combination of ti and t 2 . 
Thus, p is an umbilic if and only ifW p .s is a scalar multiple of the identity map , 
and in that case every tangent vector is principal. On the other hand, if p € S is 
not an umbilic, Proposition 8.2.1 tells us that principal vectors corresponding to 
the two principal curvatures are necessarily orthogonal (Theorem A.0.3). Thus, 
whether or not p is an umbilic we can always find two orthogonal principal 
vectors in T p S, and we obtain: 

Corollary 8.2.2 

If p is a point of a surface S, there is an orthonormal basis of the tangent plane 
T p S consisting of principal vectors. 

The principal curvatures are related in a simple way to the mean and 
Gaussian curvatures: 
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Proposition 8.2.3 

If Ki and k 2 are the principal curvatures of a surface, the mean and Gaussian 
curvatures are given by 

h =7^(ki+k 2 ), K = KiK 2 - 


Proof 

The determinant and trace of the Weingarten map W can be computed using 
the matrix of W with respect to any basis of the tangent plane. Using the basis 
formed by the principal vectors, the matrix is 

«i 0 

0 k 2 

The proposition now follows immediately from Definition 8.1.1. □ 

One reason for introducing the principal curvatures and principal vectors 
is contained in the following result, which shows that, if we know the principal 
curvatures and principal vectors of a surface, it is easy to calculate the normal 
curvature of any curve on the surface: 


Euler’s Theorem 8.2.4 

Let 7 be a curve on an oriented surface S, and let K\ and n 2 be the principal 
curvatures of er, with non-zero principal vectors ti and t 2 - Then, the normal 
curvature of 7 is 

k„ = Ki cos 2 9 + k 2 sin 2 9 , 
where 9 is the oriented angle ti 7 . 

Proof 

Let p £ 5, let K\ and n 2 be the principal curvatures of S at p, and let ti and 
t 2 be corresponding principal vectors. By Corollary 8.2.2, we can assume that 
{ 11 ,1 2 } is an orthonormal basis of T p S. Moreover, by replacing t 2 by —12 if 
necessary, we can assume that the oriented angle tit 2 = +7r/2. 

With these assumptions, we have 


7 = cos 0 ti +sin 0 t 2 . 
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^2 



By Proposition 7.3.5, 

K n = ((7:7)} = COS 2 0((ti,ti)) + 2sin6»cos6»((ti,t 2 )) + sin 2 0((t 2 , t 2 ))- 
Now, for i. j = 1, 2, 

((tj,tj)) = (W(tj),tj) = = 

Hence the result. 

Corollary 8.2.5 

The principal curvatures at a point of a surface are the maximum and minimum 
values of the normal curvature of all curves on the surface that pass through 
the point. Moreover, the principal vectors are the tangent vectors of the curves 
giving these maximum and minimum values. 


if i = j 

if * t 1 3 

□ 


Proof 

If the principal curvatures K\ and «2 are different, we might as well suppose 
that Ki > k -2 . Let K n be the normal curvature of a curve 7 on the surface. 
Then, since 

K n = «i cos 2 9 + «2 sin 2 9 = k 1 — (ki — K 2 ) sin 2 9, 

it is clear that K n < n\ with equality if and only if 9 = 0 or 7 r, i.e., if and only 
if the tangent vector 7 of 7 is parallel to the principal vector ti. Similarly, one 
shows that n n > K 2 with equality if and only if 7 is parallel to t 2 . 

If Ki = « 2 , the normal curvature of every curve is equal to n\ by Euler’s 
Theorem and every tangent vector to the surface is a principal vector. □ 
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To compute the principal curvatures, we work in a surface patch cr(u, v); let 

Edu 2 + 2Fdudv + Gdv 2 and Ldu 2 + 2Mdudv + Ndv 2 

be its first and second fundamental forms. In the notation of Section 8.1, the ma¬ 
trix of the Weingarten map W with respect to the basis {cr u , cr v } of the tangent 
plane is FJ 1 Fu. Hence, the principal curvatures are the roots k of the equation 

Aet{Fj 1 Fu — kI) = 0, 

and a tangent vector t = £cr u + rjcr v is a principal vector if 

<r r - «D ( l ) = (°) ■ 

Writing TJ x Tu — kI as Tj x (Tn — kFi), we obtain the following. 


Proposition 8.2.6 

In the above notation, the principal curvatures are the roots of the equation 

L — kE M — kF 
M-kF N-kG 

and the principal vectors corresponding to the 
tangent vectors t = £ u u + rjcr v such that 

{ L- kE M-kF \ ( £ 

V M-kF N~ kG ) \ r) 

Example 8.2.7 

It is intuitively clear that a sphere curves the same amount in every direction, 
and at every point of the sphere. Thus, we expect that the principal curvatures 
of a sphere are equal to each other at every point, and are constant over the 
sphere. To confirm this by calculation, we work with the unit sphere S 2 and use 
the latitude longitude parametrization as usual. We found in Example 6.1.3 that 
E = 1, F = 0, G = cos 2 9 and in Example 7.1.2 that L = 1, M = 0, N = cos 2 9. 
So the principal curvatures are the roots of 

° = 0 , 

0 cos 2 9 — k cos 2 9 

i.e., k = 1 (repeated root), as we expected. Every tangent vector is a principal 
vector. 


= 0 , 

principal curvature k are the 
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Example 8.2.8 

We consider the unit cylinder parametrized in the usual way: 

cr(u,v) = (cost;, sin v,u). 


We found in Example 6.1.4 that E = 1,F = 0,G = 1 and in Example 7.1.2 
that L = 0, M = 0, N = 1. So the principal curvatures are the roots of 


i.e., k = 0 or 1. Any principal vector ti corresponding to /ti(= 1) satisfies 



so = 0 and ti is a multiple of cr v = (— sinu, cost;, 0). Similarly, one finds that 
any principal vector corresponding to «2 (= 0) is a multiple of cr u = (0,0,1). 



Example 8.2.7 proves the intuitively obvious fact that on a sphere every 
point is an umbilic. The same is clearly true for a plane, since in that case 
both principal curvatures are zero everywhere. Remarkably, there are no other 
surfaces with this property: 


Proposition 8.2.9 

Let S be a (connected) surface of which every point is an umbilic. Then, S is 
an open subset of a plane or a sphere. 
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Proof 

For every tangent vector t, we have W(t) = ret where re is the principal curva¬ 
ture. Let u : U —> R 3 be a surface patch of S with U a (connected) open subset 
of JR 2 . Taking t = cr u and cr v and recalling from the proof of Proposition 7.2.2 
that W(cr u ) = —N u ,yV(cr„) = — N„, we get 

1N U — re<x. u , — K(T V . (8.3) 


Hence, 


(k(Tu)v (-N u )^ (N^) u (ncr v ) u , 


so 

^ v CT U — ^ u & v • 

Since u is regular, cr u and cr v are linearly independent, so the last equation 
implies that k u = k v = 0. Thus, re is constant. 

There are now two cases to consider. If re = 0, Eqs. 8.3 show that N is 
constant. Then, 


(N • cr) u = N • cr u = 0, (N • cr) v = N • cr v = 0, 

so N • er is a constant, say c. Then cr(U) is an open subset of the plane v • N = c. 
If re ^ 0, Eq. 8.3 shows that 


N = — reer + a, 


where a is a constant vector. Hence, 


1 

2 

i 

er - a 

= 

—N 

k 


re 


so cr(U) is an open subset of the sphere with centre re^a and radius re -1 . 

We have now proved the proposition when S is covered by a single surface 
patch. For an arbitrary surface S, the preceding argument shows that each 
patch in the atlas of S is contained in a plane or a sphere. But if the images of 
two patches intersect they must clearly be part of the same plane or the same 
sphere. It follows that the whole of S is contained in a plane or a sphere. □ 

Note that this proposition is an analogue for surfaces of Example 2.2.7, 
which tells us that a plane curve with constant curvature is part of a circle. 

We conclude this section by showing how the values of the principal cur¬ 
vatures at a point p of a surface S provide information about the shape of S 
near p. To simplify the situation, we assume that p is the origin and that T p S 
is the rry-plane: this can be arranged by applying a suitable isometry of K 3 to 
S (which does not change its shape). By a further rotation around the z-axis, 
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we can also assume that the tangent vectors ti = (1,0,0) and t 2 = (0,1,0) 
are principal, and correspond to principal curvatures K\ and n 2 . Finally, by 
reflecting in the xy -plane if necessary, we can assume that the unit normal of 
S at p is N = (0,0,1). 

Let er be a surface patch of S with er(0, 0) = 0. For any there are 

unique s, t € R such that 


(x,y, 0) = s<r u + ter v 

(here and below, the derivatives of <r are evaluated at (0,0)). By Taylor’s 
theorem, 

<r(s,t) = er(0, 0) + scr u + tcr v + - (s 2 er uu + 2 ster uv + t 2 cr vv ) 

if we neglect terms involving higher powers of s and t. Hence, if x and y (and 
hence s and t) are small, we have er(s, t) = (x, y, z), where 

2 = ^(s 2 cr uu + 2stcr uv + t 2 cr vv ) • N = i(Ls 2 + 2 Mst + Nt 2 ) 

approximately, where Ldu 2 + 2 Mdudv + Ndv 2 is the second fundamental form 
of u at the origin. If t = ser u + tcr v , then by Proposition 7.3.3, 

Ls 2 + 2Mst + Nt 2 = «t,t» = (W(t),t). 

Now, t = X't| + yt -2 so 

W(t) = xW(ti) + yW(t 2 ) = Kixti + K 2 yt 2 = (kix, n 2 y, 0). 

Hence, 

Ls 2 + 2Mst + Nt 2 = ( K\x , k 2 y, 0) • (x, y, 0) = Kix 2 + n 2 y 2 . 

Hence, near the point p, S is approximated by the quadric surface 

z = ^(nix 2 + K 2 y 2 ). (8.4) 

We distinguish four cases: 

(i) Ki and k 2 are both > 0 or both < 0. Then, (8.4) is the equation of an 
elliptic paraboloid (see Theorem 5.2.2) and one says that p is an elliptic 
point of the surface. 

(ii) K± and n 2 are of opposite sign (both non-zero). Then, (8.4) is the equation 
of a hyperbolic paraboloid and one says that p is a hyperbolic point of the 
surface. 
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(iii) One of n\ and K 2 is zero, the other is non-zero. Then, (8.4) is the equation 
of a parabolic cylinder and one says that p is a parabolic point of the 
surface. 



z = y A z = x 3 — 3 xy 2 


(iv) Both principal curvatures are zero at p. Then, (8.4) is the equation of a 
plane, and one says that p is a planar point of the surface. In this case, 
one cannot determine the shape of the surface near p without examining 
derivatives of order higher than the second (in the non-planar case, these 
terms are small compared to k.\X 2 + k, 2 y 2 when x and y are small). For 
example, the surfaces above both have the origin as a planar point, but 
they have quite different shapes. (The surface on the right is called the 
monkey saddle as it is the right shape for the saddle on a bicycle ridden 
by a monkey: two ways down for the two legs and a third for the tail.) 

The classification of points of a surface as elliptic, hyperbolic, parabolic 
or planar is independent of the surface patch er, since reparametrizing either 
leaves the principal curvatures unchanged or changes the sign of both of them 
(Exercise 8.2.8). 


Example 8.2.10 

On S 2 , Ki = K 2 = ±1 (the sign depending on the parametrization) so all points 
are elliptic (and umbilics). On a circular cylinder, n\ = ±1,K2 = 0, so every 
point is parabolic (and there are no umbilics). On a plane, k.\ = K 2 = 0 so all 
points are planar (!) (and umbilics). 


Example 8.2.11 

For the torus <r(0, ip) = (( a+b cos 6) cos ip, (a+b cos 9) sin <p, b sin 9) (see Exercise 
4.2.5), we find that the first and second fundamental forms are 

b 2 d9 2 + (a + b cos 9) 2 dip 2 and b d9 2 + (a + b cos 9) cos 9 dip 2 , 
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respectively, so the principal curvatures are 

1 cos 9 

«i = 7, «2 = ——r -7- 

o a + o cos 9 

Since n± > 0 (everywhere), the point cr{9, <p) of the torus is elliptic, parabolic or 
hyperbolic according to ft 2 is > 0 , = 0 or < 0 , respectively; from the formula for 
K 2 j these are the regions of the torus given by — 7 r /2 < 9 < n/2, 9 = ± 7 t /2 and 
7 t /2 < 9 < 37 t/ 2 , respectively. Pictures of the elliptic and hyperbolic regions 
can be found in the solution to Exercise 8.1.9 (where they are labelled S + and 
, respectively); the parabolic region consists of two circles of radius a centred 
on the z-axis. 


EXERCISES 

8.2.1 Calculate the principal curvatures of the helicoid and the catenoid, 
defined in Exercises 4.2.6 and 5.3.1, respectively. 

8.2.2 A curve 7 on a surface S is called a line of curvature if the tangent 
vector of 7 is a principal vector of S at all points of 7 (a ‘line’ 
of curvature need not be a straight line!). Show that 7 is a line of 
curvature if and only if 

N = -A 7 , 

for some scalar A, where N is the standard unit normal of er, and 
that in this case the corresponding principal curvature is A. (This is 
called Rodrigues’ formula.) 

8.2.3 Show that a curve 7 (t) = cr(u(t),v(t)) on a surface patch er is a line 
of curvature if and only if (in the usual notation) 

{EM - FL)u 2 + {EN - GL)uv + {FN - GM)v 2 = 0. 

Deduce that all parameter curves are lines of curvature if and only 
if either 

(i) the second fundamental form of er is proportional to its first 
fundamental form, or 

(ii) F = M = 0. 

For which surfaces does (i) hold? Show that the meridians and par¬ 
allels of a surface of revolution are lines of curvature. 

8.2.4 In the notation of Example 8.1.5, show that if 7 is a curve on a 
surface S and S is the unit normal of S , then K = 0 if and only if 7 
is a line of curvature of S. 
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8.2.5 Suppose that two surfaces Si and S -2 intersect in a curve C that is 
a line of curvature of Si. Show that C is a line of curvature of S 2 
if and only if the angle between the tangent planes of Si and S 2 is 
constant along C. 

8.2.6 Let E : W —> R 3 be a smooth function defined on an open subset 
W of R 3 such that, for each fixed value of u (resp. v, w), E(u, v, w) 
is a (regular) surface patch. Assume also that 

51 u ' 52„ = E„ • = Tj w ■ E u = 0. (8-5) 

This means that the three families of surfaces formed by fixing 
the values of it, v or w constitute a triply orthogonal system (see 
Section 5.5). 

(i) Show that • E UUJ = E w • = 0. 

(ii) Show that, for each of the surfaces in the triply orthogonal 
system, the matrices Ti and Tn are diagonal. 

(iii) Deduce that the intersection of any surface from one family 
of the triply orthogonal system with any surface from another 
family is a line of curvature on both surfaces. (This is called 
Dupin’s Theorem.) 

8.2.7 Show that, if p, q and r are distinct positive numbers, there are 
exactly four umbilics on the ellipsoid 



What happens if p, q and r are not distinct? 

8.2.8 Show that the principal curvatures of a surface patch er : U —>■ M 3 are 
smooth functions on U provided that cr has no umbilics. Show also 
that the principal curvatures either stay the same or both change 
sign when cr is reparametrized. 


8.3 Surfaces of constant Gaussian curvature 

We have seen in the examples in Section 8.1 some surfaces of zero and constant 
positive curvature. For an example of a surface with constant negative Gaussian 
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curvature, however, we have to construct a new surface. To this end, we examine 
again the surface of revolution 


<x(w, v) = ( f(u ) cos v, f{u) sin v, g(u)) 

obtained by rotating the unit-speed curve u K > (f(u),0,g(u)) in the xz-plane 
around the z-axis. We found in Example 8.1.4 that its Gaussian curvature is 

K = ~J- ( 8 . 6 ) 

Suppose first that K = 0 everywhere. Then, Eq. 8.6 gives f = 0, so f{u) = 
au + b for some constants a and b. Since f 2 + g 2 = 1, we get g = ±\/l — a 2 
(so we must have \a\ < 1) and hence g{u) = ±\/l — a 2 u + c, where c is another 
constant. By applying a translation along the z-axis we can assume that c = 0, 
and by applying a rotation by n about the x-axis, if necessary, we can assume 
that the sign is +. This gives the ruled surface 

<x(it, v ) = (bcosv, b sinv, 0) + u{a cosu, as sin u, y/l — a 2 ). 


If a = 0 this is a circular cylinder; if |a| = 1 it is the xy-plane; and if 0 < |a| < 1 
it is a circular cone (to see this, put u = au + b). 

Now suppose that K > 0, say K = l/R 2 , where R > 0 is a constant. Then, 
Eq. 8.6 becomes 

/+ ^ = 0> 

which has the general solution 

/(it) = a cos (|; + bj , 


where a and b are constants. We can assume that b = 0 by performing a 
reparametrization u = u + Rb, v = v. Then, up to a change of sign and adding 
a constant, 

siu) =/ 

The integral in the formula for g{u) can be evaluated in terms of ‘elementary’ 
functions only when a = 0 or ±R. The case a = 0 does not give a surface, and 
if a = R then f(u) = R cos g(u) = R sin j|, and we have a sphere of radius 
R (the case a = —R can be reduced to this by rotating the surface by n around 
the z-axis). 

Suppose finally that K < 0. We can restrict ourselves to the case K = — 1, 
as the general case can be obtained from this by applying a dilation of R 3 (see 
Exercise 8.1.5). In view of the preceding case, we can think of a surface with 
K = —1 as a ‘sphere of imaginary radius’ y/—l, or a ‘pseudosphere’. 
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When K = — 1 the general solution of Eq. 8.6 is 

f(u) = ae u + be~ u , 

where a and b are arbitrary constants. The function g(u ) can be expressed in 
terms of elementary functions only if one of a or b is zero. If b = 0 we can 
assume that a = 1 by a reparametrization «>->« + constant, and the case 
in which a = 0 can be reduced to the case b = 0 by the reparametrization 
u i ^ —u. Suppose then that a = 1 and b = 0; then, f(u) = e“ and we can take 

g(u) = J y/l — e 2u du. (8.7) 

Note that we must have u < 0 for the integral in Eq. 8.7 to make sense, since 
otherwise 1 — e 2u would be negative. The integral can be evaluated by putting 
cos# = e“. Then, 

[ \J\ — e 2u du = — f— - dd = sin (9 — ln(secd + tand) 

J J cos 9 

— — e 2 “ — ln(e - “ + \J e~ 2u — 1). 


We have omitted the arbitrary constant, but we can take it to be zero by a 
suitable translation of the surface parallel to the 0 -axis. Putting x = f(u ), 
0 = g(u), and noting that cosh~ 1 (u) = ln(u + y/v 2 — 1), we see that the profile 
curve in the a,’ 0 -plane has equation 


0 = 


\Jl — x 2 — cosh 



( 8 . 8 ) 


Rotating this curve around the 0 -axis thus gives a surface which has Gaussian 
curvature —1 everywhere. Note that, since u < 0, x = e u is restricted to the 
range 0 < x < 1. 
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The curve defined by Eq. 8.8 is called the tractrix, and it has an interesting 
geometrical property. Consider the tangent line at a point P of its graph, and 
suppose that it intersects the 2 -axis at the point Q. Let us compute the distance 
from P to Q. 



Suppose that P is the point (xo,zq). Either by a direct calculation or by 
inspecting the calculation of the integral (8.7), one finds that 

dz y/l — x 2 
dx x 

Hence, the tangent line at P has equation 

z- z 0 = - (x - Xq). 

x 0 

This meets the 2 -axis at the point (0, 2 i), where 

zi ~ 2 0 = ^ 1 X ° (0 - Xq) = -Jl~ x%. 

X 0 v 

Hence, the square of the distance from P to Q is 

x o + (~i - z o ) 2 = x l + 1 - x o = f, 

so the distance from P to Q is constant and equal to 1. 

This means that the tractrix has the following description. Let a donkey 
pull a box of stones by a rope of length 1. Suppose that the donkey is initially 
at (0, 0), the box is initially at (1,0), and let the donkey walk slowly along the 
negative 2 -axis. Then, the box of stones moves along the tractrix. 
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EXERCISES 


8.3.1 Show that: 


(i) Setting w = e u gives a reparametrization cri(v, w) of the pseu¬ 
dosphere with first fundamental form 

dv 2 + dw 2 


(called the upper half-plane model). 

(ii) Setting 

v 2 + w 2 — 1 


V = 


; 2 + (w + l ) 2 ’ 


W = 


—2v 


j 2 + (w + l) 2 


defines a reparametrization (T'liV, W) of the pseudosphere with 
first fundamental form 

4 (dV 2 + dW 2 ) 


(1 - V 2 - W 2 ) 2 


(called the Poincare disc model: the region w > 0 of the vw- 
plane corresponds to the disc V 2 + W 2 < 1 in the VW- plane). 


(iii) Setting 


V = 


2V 


V 2 + W 2 + 1 ’ 


w = 


2 W 


V 2 + W 2 + 1 


defines a reparametrization cr 2 (V, W) of the pseudosphere with 
first fundamental form 

(1 - W 2 )dV 2 + 2 VWdVdW + (1 - V 2 )dW 2 
(1 - V 2 - T^ 2 ) 2 

(called the Beltrami-Klein model: the region w > 0 of the vw- 
plane again corresponds to the disc V 2 + W 2 < 1 in the VW- 
plane). 

In cases (i) and (ii), find the open subsets of the mu- and VW-p\sua.e, 
respectively, corresponding to the open set 

{(«, v) | u < 0, —7r < v < 7r} 


in the parametrization of the pseudosphere given in the text. 
These models are discussed in much more detail in Chapter 11. 
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8.4 Flat surfaces 

In Section 8.3, we gave some examples of surfaces of constant Gaussian curva¬ 
ture K , but this certainly falls well short of a complete classification of such 
surfaces. It is possible, however, to give a fairly complete description of flat 
surfaces , i.e., surfaces for which K = 0 everywhere. To do so, we shall make use 
of a special parametrization, valid for any surface, described in the following 
proposition. 


Proposition 8.4.1 

Let p be a point of a surface S, and suppose that p is not an umbilic. Then, there 
is a surface patch <x(it, v ) of S containing p whose first and second fundamental 
forms are 

Edu 2 + Gdv 2 and Ldu 2 + Ndv 2 , 
respectively, for some smooth functions E,G,L and N. 

We recall that a point p of a surface S is an umbilic if the two principal 
curvatures of S at p are equal. From Section 8.2, we see that for the patch 
er in the statement of the proposition, cr u and u v are principal vectors with 
corresponding principal curvatures L/E and N/G. We call er a principal patch. 

We assume Proposition 8.4.1 for the moment, and use it to give the proof of 


Proposition 8.4.2 

Let p be a point of a flat surface S, and assume that p is not an umbilic. Then, 
there is a patch of S containing p that is a ruled surface. 

Proof 

We take a principal patch er : U — > R 3 containing p as in Proposition 8.4.1, 
say p = er(uo,Uo). By Corollary 8.1.3, the Gaussian curvature K = LN/EG. 
Since the Gaussian curvature is zero everywhere, either L = 0 or N = 0 at 
each point of U, and since p is not an umbilic L and N are not both zero. 
Suppose that L(uo,vq) ^ 0, say. Then, L(u,v) ^ 0 for (u,v) in some open 
subset of U containing (uq,Vo). Hence, by shrinking U if necessary, we can 
assume that L ^ 0 at every point of U. Then, N = 0 everywhere, and the 
second fundamental form of cr is Ldu 2 . 

We shall prove that the parameter curves u = constant are straight lines. 
Such a curve can be parametrized by v K > er(uo,v), where uq is the constant 
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value of u. A unit tangent vector to this curve is t = Uy/G 1 ^ 2 , so by 
Proposition 1.1.6 what we have to prove is that t.„ = 0. 

By the proof of Proposition 8.1.2, the derivatives of the unit normal are 

N u = - E~ 1 Lcr u , N„ = 0. (8.9) 

Hence, t v ■ a u = —EL~ 1 t v ■ N u . Now, t • N u = 0 and N M „ = 0 by Eq. 8.9, so 
t.„ • N u = t • N u „ = 0. Hence, t„ • cr u = 0. Next, t„ • t = 0 since t is a unit 
vector by construction, so t v ■ cr v = 0. Finally, t„ • N = —t ■ N t , = 0 by Eq. 8.9 
again. Since the vectors cr u , cr v and N form a basis of K 3 , we have proved that 
t.„ = 0. □ 

Our task, then, is to describe the structure of flat ruled surfaces. We 
parametrize the ruled surface as in Example 8.1.5: 

cr(u, v) = 7 (it) + v8(u). 

We found there that u u = 7 -f- v8, cr v = 8, the dot denoting d/du , and that 
the Gaussian curvature of er is zero if and only if 

8 ■ (er„ x (T v ) = 0 . 

Since 

cr u x cr v = 7 x 8 + v8 x 8, 

and 8 ■ ( 8 x 8) = 0 , 

I\ = 0 if and only if 8 ■ (7 x 8) = 0 . ( 8 . 10 ) 

Thus, K = 0 if and only if 7 , 8 and 8 are everywhere linearly dependent. 

To proceed further, let us assume, as we may, that 8(u) is a unit vector for 
all values of u. Then, 5-5 = 0. Suppose first that 8(u) = 0 for all values of u. 
Then, 5 is a constant vector and er is a generalized cylinder. 

Suppose now that 5 is never zero. Then, 5 and 5 are linearly independent 
as they are non-zero and perpendicular, so if 7 , 5 and 5 are linearly dependent, 
then 

7 0 ) = f(u)8{u) + g{u)8{u) 

for some smooth functions / and g. Assume first that f = g everywhere. Then, 
7 = (g8)' and so 7 = g8 + a, where a is a constant vector; hence, 

<r(it, v) = a + (v + g(u))8(u). 

Putting u = u, v = v + g{u), we see that this is a reparametrization of a 
generalized cone. 

Suppose finally that 5 and f — g are both nowhere zero. If we define 

v + g(u) 
f( u ) — g(u) ’ 


j(u) =7 (u) ~ g(u)8(u), 


V = 
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a short calculation gives 

cr(u, v ) = 7 (u) + U 7 (u), 

so <J is a reparametrization of an open subset of the tangent developable of 7 . 



Of course, it could be that none of the conditions on 5, f and g considered 
above are satisfied. In fact, we have only shown that certain open subsets 
of the surface are parts of generalized cylinders, generalized cones or tangent 
developables. It is not true that the whole surface must be one of these three 
types, since flat surfaces of different types can be joined together to make a 
smooth surface, as shown in the diagram above. It can be shown that the most 
general flat surface is a patchwork consisting of pieces of generalized cylinders, 
generalized cones and tangent developables, joined together along segments of 
straight lines. 

The remainder of this section is devoted to the proof of Proposition 8.4.1 
and can safely be omitted by readers who are uncomfortable with the use of 
the inverse function theorem. In fact, we can prove a more general result with 
no additional effort: 


Proposition 8.4.3 

Let er : U M 3 be a surface patch, and suppose that for all (u, v) G U we are 
given tangent vectors 

ei(u, v) = a(u, v)<Tu + b(u, v)a-y, e 2 (w, v) = c{u , £)cr fi + d(u, v)a-. s , 

whose components a, 6 , c, d are smooth functions of (u,v). Assume that, at 
some point (uo,i>o) G U, the vectors ei({(o,i'o) and e 2 (uo,vo) are linearly in¬ 
dependent. Then, there is an open subset V of U containing (u o,uo) and a 
reparametrization cr(u,v) of cr(u,v), for (u,v) G V. such that cr u and cr v are 
parallel to and e 2 , respectively. 
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Proposition 8.4.1 is a special case of Proposition 8.4.3. In fact, let cr be 
any surface patch of S containing p, and let p = <t(uo, fio). Since the principal 
curvatures n\ and K 2 of cr are distinct at p, and are continuous functions by 
Exercise 8.2.8, they remain distinct for (u,v) in some open set U containing 
(uo,Vo) on which cr is defined. Let 

e i = si^« + r h°'vi 62 = £,2&u + V2&v 


be unit principal vectors corresponding to K\ and K 2 \ they are perpendic¬ 
ular by Proposition 8.2.1. Let cr(u,v) be a reparametrization of cr as in 
Proposition 8.4.3. Then, cr u ■ cr v = 0 because e\ and e 2 are perpendicular, 
so the first fundamental form of cr is of the form Edu 2 + Gdv 2 . Also, cr u and 
cr v are principal vectors corresponding to k± and K 2 , so we have 

(Fn - «i Fi) ( l ) = (JFn - «2-A/) ( i ) = ( o ) - 


where Ti and Tn are the matrices associated to the first and second 


fundamental forms of cr. Since Ti 


E 

0 


0 

G 


j , these equations imply that 


En = ( Kl J^ ^ V so the second fundamental form of a is Ldu 2 + Ndv 2 , 
V 0 G ) 
where L = k,\E and N = K 2 G. 

We are thus left with the proof of Proposition 8.4.3. To begin, we observe 
that, if 

e = Aero, + Ba-y, 

where A and B are any given smooth functions of (u, v) € U , we can find a 
curve 7 in cr with 7 = e and with any given point q = cf (a, f$) as starting point 
7 ( 0 ). For, finding such a curve 7 (t) = a-(u(t),v(t)) is equivalent to solving the 
pair of ordinary differential equations 


u = A(u, v), v = B(u, v) 


with initial conditions w(0) = a, h(0) = /3. It is proved in the theory of ordinary 
differential equations that this problem has a unique solution u(t),v(t) defined 
on some open interval containing t = 0. Moreover, u and v are smooth functions 
of the three variables t, a and fi. 

Applying this observation to e = ei, we can find a curve 7 i(si) in cr with 
7 1 ( 0 ) = cr(uo,Vo) and dj 1 /ds± = e±. Now applying the same observation to 
e = e 2 , we can find, for each value of si close to 0 , a curve S 2 > X(s\,S 2 ) 
in cr with d\/ds 2 = e 2 and A(si,0) = 7 i(si). Define {u,v) as functions of 
(si,s 2 ) by 


cr(u,v) = A(si,s 2 ). 


(8.11) 
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A(si, .) 



/«(•> s 2 ) 


7i 


Differentiating with respect to si and s 2 gives 
du _ di 

-F CTy — 

US i OS i 


du, ^ dv _ du _ 90 

o* v'/ — + <t ? ~, — — A Sl ? cr 7 } — -|- <77 — A S2 ■ 

ds 2 os 2 


We have 


a ^I S2 =° - dsi - 2 l ~ 61 ’ As2 " a S2 " e2 ' (8 ‘ 12) 


Equating coefficients of 07 and <t,j, we see from the last two sets of equations 
that, at the point <r(uo,v o), where si = s 2 = 0, the Jacobian matrix 



a c 
b d 


(8.13) 


Since e\ and e 2 arc linearly independent at (uo,vo), this matrix is invertible. 
By the Inverse Function Theorem 5.6.1, Eq. 8.11 can be solved for (si,s 2 ) as 
smooth functions of (u, v ) when ( u , v) is in some open set W of U containing 
(u o, v 0 )- Thus, A is an allowable surface patch; by Eq. 8.12, it has the property 
that A Sl = e\ when s 2 = 0, and X S2 = e 2 everywhere. 

We now repeat the procedure, this time starting with a curve 7 2 (t 2 ) with 
d'y 2 /dt 2 = e 2 and 7 2 ( 0 ) = cr(u o,ho), and then taking a curve fi H > [i(t\,t 2 ) 
with d/i/dti = ei and [1,(0, t 2 ) = J 2 (t 2 ). This gives an allowable patch [i(t\,t 2 ) 
such that 

V(h,t 2 ) = <t(u, v) 

for (u,v) in some open subset Z of U containing (uq,vq). This patch has the 
property that [i tl = ei everywhere and /x t2 = e 2 when t\ = 0 . 
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The parametrization we want is cr(u,v), where cr(u,v ) is the intersection 
of the curve s 2 <—> A (u, s 2 ) with the curve t\ 1 — > Thus, we consider the 

equations 

<t(u, v ) = A(it, s 2 ) = p(ti, v). 


From Eq. 8.13, 
and similarly 

Hence, the Jacobian matrix 


du dv 

d^ = a ’ az = b ’ 


du dv 

lh =C ' = ' 


du du 
du dv ) — 
dv dv 
du dv 


a C 

b d 


As usual, the fact that this matrix is invertible means that (u, v ) can be ex¬ 
pressed as smooth functions of (u, v), for (u, v) in some open subset V of WC\Z 
containing ({to, no), and we get a reparametrization cr(u,v) of a(u,v). Finally, 
the equation cr(u,v) = implies that 

dt\ dti 

<Tu = d = ~du El1 


and similarly 


ds 2 

dv 


e 2 , 


so u u and cr v are parallel to and e 2 everywhere. 


□ 


EXERCISES 

8.4.1 Let p be a hyperbolic point of a surface S (see Section 8.2). Show 
that there is a patch of S containing p whose parameter curves 
are asymptotic curves (see Exercise 7.3.6). Show that the second 
fundamental form of such a patch is of the form 2 Mdudv. 


8.5 Surfaces of constant mean curvature 

We now consider surfaces whose mean curvature H is constant. Such surfaces 
have an interesting physical interpretation: we shall show in Section 12.1 that 
soap bubbles always adopt the form of a surface of constant mean curvature. In 
this section we give two simple constructions of surfaces of constant non-zero 
mean curvature; the case in which H = 0 is treated in much more detail in 
Chapter 12. 
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The first of these gives a correspondence between surfaces of constant non¬ 
zero mean curvature and surfaces of constant positive Gaussian curvature. 


Definition 8.5.1 

Let S be an oriented surface and let A € M. The parallel surface S x of S is 

= {p + AN P | p € S}, 

where N p is the unit normal of S at the point p. 



Roughly speaking, S x is obtained by translating the surface S at a distance 
A perpendicular to itself (but this will not be a genuine translation since N p 
will in general depend on p). 


Proposition 8.5.2 

Let Ki and «2 be the principal curvatures of an oriented surface S , let A € K. 
and let S x be the corresponding parallel surface of S. Assume that neither m 
nor K2 is equal to 1/A at any point of S. Then, 

(i) S x is a (smooth) oriented surface, the unit normal of S x at p + AN p being 
equal to eN p , where e is the sign of (1 — Aki)(1 — Ak 2 )- 

(ii) The principal curvatures of S x are e«i/(l — Aki) and eK2/(l — AK2), and 
the corresponding principal vectors are the same as those of S for the 
principal curvatures K\ and K2, respectively. 

(iii) The Gaussian and mean curvatures of S x are 

I '1\H I X-K 1 - 2A H + X 2 I< ’ 

respectively, where K and H are the Gaussian and mean curvatures of S. 
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Proof 

Let cr(u,v) be a surface patch of S with standard unit normal N(it, t>). Define 
cr x (u, v) = cr(u, v ) + AN(it, v). 


By Proposition 8.1.2, 

cr A = <T u + AN„ = (1 - A a) cr u - Ab cr v , 

cr x = er v + AN V = —A ca u + (1 — Ad) cr v , (8-14) 


where 


= 


a c 
b d 


is the matrix of the Weingarten map of S with respect to the basis { cr u ,cr v } 
of the tangent plane. Hence, 


cr,, x cr' 


= (1 — A(a + d) + A 2 (ad — be)) 


C i / X C i 


Since and K 2 are the eigenvalues of (see Section 8.2), and since the 
sum and product of the eigenvalues of a matrix are equal to the trace and the 
determinant of the matrix, respectively, 


Ki + ft 2 = « + d, niK 2 = ad — be. 


Hence, 

cr A x cr A = (1 — A«i)(l — Ak 2 ) cr u x <r v . (8.15) 

The assertions in part (i) follow from this equation. 

The principal curvatures of <S A are the eigenvalues of the matrix of 
the Weingarten map of S x with respect to the basis {cr A , cr A }. By the proof of 
Proposition 8.1.2, this is the negative of the matrix expressing N A and N A in 
terms of er A and cr A , where N A is the standard unit normal of cr A . Equation 8.14 
says that the matrix expressing cr A and cr A in terms of cr u and cr v is I — AW CT , 
and the fact that N A = eN implies that -fW^ is the matrix expressing N A 
and N a in terms of cr u and cr v . Combining these two observations we get 

= e(I — ATVcr ) _ 1 Wcr • 

If T is an eigenvector of W<r with eigenvalue k, then T is also an eigenvector of 
with eigenvalue e«/(l — Arc). The assertions in part (ii) follows from this. 
Part (iii) follows from part (ii) by straightforward algebra. □ 
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Corollary 8.5.3 

If S has constant Gaussian curvature 1/R 2 , the parallel surfaces S ±R have 
constant mean curvature 1/2 R. Conversely, if S has constant mean curvature 
1/2 R, the parallel surface S R has constant Gaussian curvature 1/R 2 . 

Proof 

This follows from part (iii) of the proposition by straightforward algebra. For 
example, if H = 1/2 R the Gaussian curvature of S R is 

K — K 1 □ 

1 - 2 RH + K 2 K ~ R 2 K ~ R 2 ' 


The next construction gives a beautiful geometric description of the surfaces 
of revolution which have constant non-zero mean curvature in terms of the curve 
traced out by the focus of an ellipse that rolls without slipping along a straight 
line (cf. Exercise 2.2.10). Take the ellipse to be 

/// (y - q ) 2 _ 1 

„2 + „2 


where p > q > 0 are constants. Thus, the ellipse is tangent to the cc-axis at 
the origin. The foci of the ellipse are the points fi = (— ep,q ) and f 2 = ( ep,q ), 


where the eccentricity e 




Proposition 8.5.4 

With the above notation, let C be the curve traced out by one of the foci of 
the ellipse as it rolls without slipping along the x-axis. Let S be the surface 
obtained by rotating C around the x-axis. Then, S has constant non-zero mean 
curvature. 












210 


8. Gaussian, mean and principal curvatures 


Proof 


We consider a situation in which the ellipse has rolled along the x-axis so that 
its point of contact with the rr-axis is at a point p, the focus fi has moved to a 
point fi' = (x, y ) on C, and the focus f 2 has moved to £ 2 ' = (X, F), say. Let ip 
be the angle between p — fi and the x-axis; then ip is also the angle between 
p — f '2 and the ir-axis by Exercise 1.1.6(iii). Hence, 

V = II P - f/ II sin^, F = || p-f 2 '|| sinp 


and so 


y + Y = 2 p sin ip 


by Exercise 1.1.6(i). But Exercise 1.1.6(h) gives yY = q 2 so 


y + 


V 


2psmip. 


(8.16) 


Now, since the ellipse rolls without slipping, the point of contact of the ellipse 
with the ir-axis is stationary. This implies that the point £\ moves as if rotating 
instantaneously about p, so that the tangent vector to C at fZ is perpendicular 
to p — f/. (If this heuristic argument is unconvincing, an analytical proof can 
be found in Exercise 2.2.10.) It follows that 


— = cot p. 
ax 


Eliminating tp between Eqs. 8.16 and 8.17 gives 


y 2 + q 


2 



(8.17) 


(8.18) 


The surface S obtained by rotating C around the x-axis can be parametrized by 


er(x,9) = (x, y cos 9, y sinf?) 


where 9 is the angle of rotation. The first and second fundamental forms of 
er are 


( 


1 + 



dx 2 + y 2 d9 2 


and 


d 2 y 

dx 2 


dx 2 



d9 2 , 


respectively. Using the formula in Corollary 8.1.3, the mean curvature is found 
to be 



H = 


(8.19) 
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Differentiating both sides of Eq. 8.18 we get 


2 y 


dy 

dx 



3/2 ■ 


Dividing both sides by 4py and comparing with Eq. 8.19 shows that the 
surface S has mean curvature 1/2 p. □ 


EXERCISES 


8.5.1 Suppose that the first fundamental form of a surface patch cr(tt,u) 
is of the form E(du 2 + dv 2 ). Prove that cr uu + cr vv is perpendicular 
to cr u and <r v . Deduce that the mean curvature H = 0 everywhere 
if and only if the Laplacian 

G uu “b CT v V 0 • 


Show that the surface patch 

/ . f U o U 222 

(T(U , u) = I u - — + uv ,v —— + u v,u — V 

\ o o 

has H = 0 everywhere. (A picture of this surface can be found in 
Section 12.2.) 

8.5.2 Prove that H = 0 for the surface 

, = ln(^V 

Vcosx/ 

(A picture of this surface can also be found in Section 12.2.) 

8.5.3 Let cr(u,v) be a surface with first and second fundamental forms 
Edu 2 + Gdv 2 and Ldu 2 + Ndv 2 , respectively (cf. Proposition 8.4.1). 
Define 

S(u, v, w) = cr(u, v) + w;N(ii, v), 

where N is the standard unit normal of cr. Show that the three 
families of surfaces obtained by fixing the values of u, v or m in 
E form a triply orthogonal system (see Section 5.5). The surfaces 
w = constant are parallel surfaces of cr. Show that the surfaces u = 
constant and v = constant are flat ruled surfaces. 
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8. Gaussian, mean and principal curvatures 


8.6 Gaussian curvature of compact surfaces 

We have seen in Section 8.2 how the relative signs of the principal curvatures 
at a point p of a surface S determine the shape of S near p. In fact, since 
the Gaussian curvature K of S is the product of its principal curvatures, the 
discussion there shows that 

(i) If K > 0 at p, then p is an elliptic point. 

(ii) If K < 0 at p, then p is a hyperbolic point. 

(iii) If K = 0 at p, then p is either a parabolic point or a planar point. 

In this section, we give a result which shows how the Gaussian curvature 

influences the global shape of a surface. We shall give another result of a similar 
nature in Section 13.4. 


Proposition 8.6.1 

If S is a compact surface, there is a point of S at which its Gaussian curvature 
K is > 0. 

In the proof, we shall make use of the following fact about compact sets: if 
X is a compact subset of R 3 and / : M 3 -> 1 is a continuous function, then 
there are points p,q£l such that /( q) < /( r) < /( p) for all points r £ X, 
so that / attains its maximum value on X at p and its minimum at q. 


Proof 

Define / : R 3 — > R by /(v) = || v || 2 . Then, / is continuous, so the fact that S 
is compact implies that there is a point p £ S where / attains its maximum 
value. Then S is contained inside the closed ball of radius || p || and centre the 
origin, and S intersects its boundary sphere at p. The idea is that S is at least 
as curved as the sphere at p, so its Gaussian curvature should be at least that 
of the sphere at p, i.e., at least 1/ || p || 2 . 

To make this argument precise, let 7 (t) be any unit-speed curve in S passing 
through p when t = 0 . Then, /( 7 (f)) has a local maximum at t = 0 , so 

4 /( 7 ( ())= 0 , jb/Mf ))<0 

at t = 0, i.e., 

7 (0) • 7(0) = 0, 7(0) • 7(0) + 1 < 0. (8.20) 

The equation in ( 8 . 20 ) shows that p = 7(0) is perpendicular to every unit 
tangent vector to S at p, and hence is perpendicular to the tangent plane T p S. 
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Choose a surface patch <x of S containing p, and let N be its standard unit 
normal. By the preceding remark, 


N = ± 


P 

Up II' 


( 8 . 21 ) 


The inequality in (8.20) implies that the normal curvature K n = 7 ( 0 ) • N of 7 
at p (computed in the patch er) is < — 1/ || p || or > 1/ || p ||, according to 
whether the sign in Eq. 8.21 is + or —, respectively. By Corollary 8.2.5, the 
principal curvatures of <x at p are either both < —1/ || p || or both > 1/ || p ||. 
In each case, K > 1/ || p || 2 > 0 at p. □ 




9 

Geodesics 


Geodesics are the curves in a surface that a bug living in the surface would 
perceive to be straight. For example, the shortest path between two points in a 
surface is always a geodesic. We shall actually begin by giving a quite different 
definition of geodesics, since this definition is easier to work with. We give 
various methods of finding geodesics on surfaces, before finally making contact 
with the idea of shortest paths towards the end of the chapter. 


9.1 Definition and basic properties 

If we drive along a ‘straight’ road, we do not have to turn the wheel of our car to 
the right or left (this is what we mean by ‘straight’!). However, the road is not, 
in fact, a straight line as the surface of the earth is, to a good approximation, a 
sphere and there can be no straight line on the surface of a sphere. If the road 
is represented by a curve 7 , its acceleration 7 will be non-zero, but we perceive 
the curve as being straight because the tangential component of 7 is zero, in 
other words because 7 is perpendicular to the surface. This suggests 

Definition 9.1.1 

A curve 7 on a surface S is called a geodesic if 7 (f) is zero or perpendicular 
to the tangent plane of the surface at the point 7 (f), i.e., parallel to its unit 
normal, for all values of the parameter t. 

Andrew Pressley, Elementary Differential Geometry: Second Edition , 215 

Springer Undergraduate Mathematics Series, DOI 10.1007/978-1-84882-891-9-9, 

© Springer-Verlag London Limited 2010 
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9. Geodesics 


Equivalently, 7 is a geodesic if and only if its tangent vector 7 is parallel 
along 7 (see Section 7.4). 

Note that this definition makes sense for any surface, orientable or not. 

There is an interesting mechanical interpretation of geodesics: a parti¬ 
cle moving on the surface, and subject to no forces except a force acting 
perpendicular to the surface that keeps the particle on the surface, would move 
along a geodesic. This is because Newton’s second law of motion states that 
the force on the particle is parallel to its acceleration 7 , which would therefore 
be perpendicular to the surface. 

We begin our study of geodesics by noting that there is essentially no choice 
in their parametrization. 


Proposition 9.1.2 

Any geodesic has constant speed. 

Proof 

Let 7 (t) be a geodesic on a surface S. Then, denoting d/dt by a dot, 
j f II 7 H 2 = ^(7-7) = 2 7'7- 

Since 7 is a geodesic, 7 is perpendicular to the tangent plane and is therefore 
perpendicular to the tangent vector 7 . So 7-7 = 0 and the last equation shows 
that || 7 || is constant. □ 

It follows from this proposition that a unit-speed reparametrization of a 
geodesic 7 is still a geodesic. For, if || 7 ||= A, then 7 (t) = 7 (t/A) is a unit- 
speed reparametrization of 7 and = yv is parallel to 7 , and hence is 
also perpendicular to the surface. Thus, we can always restrict to unit-speed 
geodesics if we wish. In general, however, a reparametrization of a geodesic will 
not be a geodesic (see Exercise 9.1.2). 

We observe next that there is an equivalent definition of a geodesic expressed 
in terms of the geodesic curvature n g (see Section 7.3). Of course, this is why 
K g is called the geodesic curvature! 

Proposition 9.1.3 

A unit-speed curve on a surface is a geodesic if and only if its geodesic curvature 
is zero everywhere. 
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Proof 

Let 7 be a unit-speed curve on the surface S , and let p £ S. Let er be a surface 
patch of S with p in its image, and let N be the standard unit normal of er, so 
that 

K g = 7 • (N x 7 ) (9.1) 

(changing er may change the sign of N, and hence that of n g , but that is 
not relevant to the present discussion). If 7 is parallel to N, it is obviously 
perpendicular to N x 7 , so by Eq. 9.1, K g = 0. 

Conversely, suppose that K g = 0. Then, 7 is perpendicular to N x 7 . But 
then, since 7 , N and N x 7 are perpendicular unit vectors in R 3 (see the 
discussion in Section 7.3), and since 7 is perpendicular to 7 , it follows that 7 
is parallel to N. □ 

The following result gives the simplest examples of geodesics. 

Proposition 9.1.4 

Any (part of a) straight line on a surface is a geodesic. 

By this, we mean that every straight line can be parametrized so that it is 
a geodesic. A similar remark applies to other geodesics we consider and whose 
parametrization is not specified (see Exercise 9.1.2). 


Proof 

This is obvious, for any straight line has a (constant speed) parametrization of 
the form 

7 (t) = a + bt, 

where a and b are constant vectors, and clearly 7 = 0 . □ 

Example 9.1.5 

All straight lines in the plane are geodesics, as are the rulings of any ruled 
surface, such as those of a (generalized) cylinder or a (generalized) cone, or the 
straight lines on a hyperboloid of one sheet. 


The next result is almost as simple: 
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Proposition 9.1.6 

Any normal section of a surface is a geodesic. 

Proof 

Recall from Section 7.3 that a normal section of a surface S is the intersection 
C of S with a plane II, such that II is perpendicular to the surface at each point 
of C. We showed in Corollary 7.3.4 that n g = 0 for a normal section, and so the 
result follows from Proposition 9.1.3. □ 


Example 9.1.7 

All great circles on a sphere are geodesics. For a great circle is the intersection of 



the sphere with a plane II passing through the centre O of the sphere, and so 
if P is a point of the great circle, the straight line through O and P lies in 
II and is perpendicular to the tangent plane of the sphere at P. Hence, n is 
perpendicular to the tangent plane at P. 


Example 9.1.8 

The intersection of a generalized cylinder with a plane n perpendicular to the 
rulings of the cylinder is a geodesic. For it is clear that the unit normal N is 
perpendicular to the rulings. It follows that N is parallel to n, and hence that 
n is perpendicular to the tangent plane. 
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EXERCISES 

9.1.1 Describe four different geodesics on the hyperboloid of one sheet 

2,2 2 i 

x +y — z =1 

passing through the point ( 1 , 0 , 0 ). 

9.1.2 A (regular) curve 7 with nowhere vanishing curvature on a surface 
S is called a pre-geodesic on S if some reparametrization of 7 is a 
geodesic on S (recall that a reparametrization of a geodesic is not 
usually a geodesic). Show that: 

(i) A curve 7 is a pre-geodesic if and only if 7 • (N x 7 ) = 0 every¬ 
where on 7 (in the notation of the proof of Proposition 9.1.3). 

(ii) Any reparametrization of a pre-geodesic is a pre-geodesic. 

(iii) Any constant speed reparametrization of a pre-geodesic is a 
geodesic. 

(iv) A pre-geodesic is a geodesic if and only if it has constant speed. 

9.1.3 Consider the tube of radius a > 0 around a unit-speed curve 7 in 
R 3 defined in Exercise4.2.7: 

cr(s,9) = 7 (s) + a(cosdn(s) + sinf?b(s)). 

Show that the parameter curves on the tube obtained by fixing the 
value of s are circular geodesics on cr. 
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9.1.4 Let 7 (f) be a geodesic on an ellipsoid S (see Theorem 5.2.2(i)). Let 
2 R(t) be the length of the diameter of S parallel to 7 (t), and let S(t) 
be the distance from the centre of S to the tangent plane T^ t )S. 
Show that the curvature of 7 is S(t)/R(t) 2 , and that the product 
R(t)S(t) is independent of t. 

9.1.5 Show that a geodesic with nowhere vanishing curvature is a plane 
curve if and only if it is a line of curvature. 

9.1.6 Let 5i and S 2 be two surfaces that intersect in a curve C, and let 7 
be a unit-speed parametrization of C. 

(i) Show that if 7 is a geodesic on both (Si and S 2 and if the curvature 
of 7 is nowhere zero, then (Si ad S 2 touch along 7 (i.e., they have 
the same tangent plane at each point of C). Give an example of 
this situation. 

(ii) Show that if (Si and S 2 intersect orthogonally at each point of C, 


then 7 is a geodesic on (Si if and only if N 2 is parallel to Ni at 
each point of C (where Ni and N 2 are unit normals of (Si and 
(S 2 ). Show also that, in this case, 7 is a geodesic on both Si and 
(S 2 if and only if C is part of a straight line. 


9.2 Geodesic equations 

Unfortunately, Propositions 9.1.4 and 9.1.6 are not usually sufficient to deter¬ 
mine all the geodesics on a given surface. For that, we need the following result: 


Theorem 9.2.1 

A curve 7 on a surface S is a geodesic if and only if, for any part 7 (t) = 
cr(u(t),v(t )) of 7 contained in a surface patch u of S , the following two equa¬ 
tions are satisfied: 



(9.2) 


where Edu 2 + 2 Fdudv + Gdv 2 is the first fundamental form of <x. 
The differential equations (9.2) are called the geodesic equations. 
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Proof 


Since {cr u ,cr v } is a basis of the tangent plane of er, 7 is a geodesic if and only 
if 7 is perpendicular to cr u and <j v . Since 7 = ua u + va v , this is equivalent to 


( d, \ 


( d , ,\ 


1 — (liCT^ + V(T v) J 

■ a u = 0 and 

1 — (UCTu + V(T v ) J 

C| 

ci 

II 

O 


(9.3) 


We show that these two equations are equivalent to the two geodesic equations. 
The left-hand side of the first equation in (9.3) is equal to 


d 

dt 


((ilCTu + V(T v ) ■ a u ) — (iltT u + V(T v ) ■ 


da u 
dt 


= + Ev) — ( ua u + va v ) ■ ( ua uu + va uv ) ( 9.4) 

= ^(Eu + Fit) — ( u 2 (a u ■ a uu ) + ui>(a u ■ a uv + a v • a uu ) + v 2 (a v ■ a uv )). 


Now, 

Eu — (rr u • (Tu) u — & uu ' T &u * &uu — - a uu , 

so a u ■ a uu = \E U . Similarly, a v ■ a uv = \G U . Finally, 

& u ' &uv T &v ' & uu — (tr^ • a v ^ u — E u . 

Substituting these values into (9.4) gives 

ucr u + vcr v )^j ■ a u = ^{Eu + Fv) - ^( E u u 2 + 2 F u uv + G u v 2 ). 

This shows that the first equation in (9.3) is equivalent to the first geodesic 
equation in (9.2). Similarly for the other equations. □ 

The geodesic equations are non-linear differential equations, and are usually 
difficult or impossible to solve explicitly. The following example is one case in 
which this can be done. Another is given in Exercise 9.2.3. 


Example 9.2.2 

We determine the geodesics on the unit sphere S 2 by solving the geodesic 
equations. For the usual parametrization by latitude 0 and longitude ip, 

cr(9,ip) = (cos9cosip, cos9sirup, sin9), 

we found in Example 6.1.3 that the first fundamental form is 


d9 2 + cos 2 9 dip 2 . 
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We might as well restrict ourselves to unit-speed curves 7 (t) = cr( 6 (t),ip(t)), 
so that 

9 1 + p 2 cos 2 9 = 1 , 

and if 7 is a geodesic the second equation in (9.2) gives 


so that 


^(pcos 2 9) = 0 , 


ip cos 2 9 = n, 


where fl is a constant. If fl = 0, then p = 0 and so ip is constant and 7 is part 
of a meridian. We assume that p ^ 0 from now on. 

The unit-speed condition gives 


so along the geodesic we have 



2 


^—7 = cos 2 9(tt 2 cos 2 0—1), 
<P 2 


and hence 

±(ip—<po)= [ - = , 

J cos 9\Ztt ~ 2 cos 2 9—1 

where ipo is a constant. The integral can be evaluated by making the substitu¬ 
tion u = tan0. This gives 


±{ip-ip 0 ) 


du 


Vn ~ 2 -1 - ■ 


= sin 


-1 


-1 


and hence 

tan 0 = ± \J fl~ 2 — 1 sin((/j — tpo)- 


This implies that the coordinates x = cos 9 cos<p, y = cos 0 sinc /3 and 0 = sin0 
of 7 (t) satisfy the equation 

z = ax + by, 

where a = =Fv/fl -2 — 1 sin po, and b = ±\/£}~ 2 — 1 cos <pq. This shows that 7 is 
contained in the intersection of S 2 with a plane passing through the origin. 
Hence, in all cases, 7 is part of a great circle. 


The geodesic equations can be expressed in a different, but equivalent, form 
which is sometimes more useful than that in Theorem 9.2.1. 
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Proposition 9.2.3 

A curve 7 on a surface S is a geodesic if and only if, for any part 7 (t) = 
cr(u(t),v(t)) of 7 contained in a surface patch u of <S, the following two equa¬ 
tions are satisfied: 

u + T^u 2 + 2T\ 2 uv + T\ 2 v 2 = 0 
v + T 2 ^ 2 + 2r 2 2 un + r^n 2 = 0 . 


Proof 

As we noted after Definition 9.1.1, 7 is a geodesic if and only if 7 is parallel 
along 7 . Since 7 = ua u +va v , the equations in the statement of the proposition 
follow from Proposition 7.4.5. □ 

It can of course be verified directly that the differential equations in Propo¬ 
sition 9.2.3 are equivalent to those in Theorem 9.2.1 (see Exercise 9.2.6). 

Proposition 9.2.3 makes it obvious that the geodesic equations are second- 
order ordinary differential equations for the functions u(t) and v(t). Even 
though we may be unable in many situations to solve these equations explicitly, 
the general theory of ordinary differential equations provides valuable informa¬ 
tion about their solutions. This leads to the following result, which tells us 
exactly ‘how many’ geodesics there are. 

Proposition 9.2.4 

Let p be a point of a surface <S, and let t be a unit tangent vector to S at p. 
Then, there exists a unique unit-speed geodesic 7 on S which passes through 
p and has tangent vector t there. 

In short, there is a unique geodesic through any given point of a surface in 
any given tangent direction. 

Proof 

The geodesic equations in Proposition 9.2.3 are of the form 

ii = f(u,v, u,v), v = g{u,v,u,v), (9.5) 

where / and g are smooth functions of the four variables u,v,u and v. It 
is proved in the theory of ordinary differential equations that, for any given 
constants a, h , c, and d, and any value to of f, there is a solution of Eqs. 9.5 
such that 


u(t. 0 ) = a, v(t 0 ) = b, u(t . 0 ) = c, v(t 0 ) = d, 


(9.6) 
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and such that u(t) and v(t) are defined and smooth for all t satisfying \t — 1 0 | < 
e, where e is some positive number. Moreover, any two solutions of Eqs. 9.5 
satisfying (9.6) agree for all values of t such that 1 1 — fo| < Ci where e' is some 
positive number < e. 

We now apply these facts to the geodesic equations. Suppose that p lies in 
a patch cr(u, v ) of S, say p = er(a, b), and that t = ccr u + dcr v , where a, &, c, and 
d are scalars and the derivatives are evaluated at u = a, v = b. A unit-speed 
curve 7 (t) = a{u{t),v(t)) passes through p at t = to if and only if u(f 0 ) = a, 
v(to) = 6, and has tangent vector t there if and only if 

ccr u + dcr v = t = 7 (t 0 ) = u(t 0 )cr u + v(t 0 )cr v , 

i.e., it (to) = c, v(t o) = d. Thus, finding a (unit-speed) geodesic 7 passing 
through p at t = to and having tangent vector t is equivalent to solving the 
geodesic equations subject to the initial conditions (9.6). But we have said 
above that this problem has a unique solution. □ 


Example 9.2.5 

We already know that all straight lines in a plane are geodesics. Since there is 
a straight line in the plane through any given point of the plane in any given 
direction parallel to the plane, it follows from Proposition 9.2.4 that there are 
no other geodesics. 

Example 9.2.6 

Similarly, on a sphere, the great circles are the only geodesics, for there is 
clearly a great circle passing through any given point of the sphere in any given 
direction tangent to the sphere. (If p is the point and t the tangent direction, 
let II be the plane passing through the origin parallel to p and t (i.e., with 
normal p x t); then take the intersection of the sphere with II.) 

The following consequence of Theorem 9.2.1 can also be used in some cases 
to find geodesics without solving the geodesic equations. 

Corollary 9.2.7 

Any local isometry between two surfaces takes the geodesics of one surface to 
the geodesics of the other. 
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Proof 

Let 5i and S 2 be the two surfaces, let / : <Si —> S 2 be the local isometry, 
and let 'y 1 be a geodesic on <Si . Let p be a point on j 1 and let cr(u,v) be 
a surface patch of S 1 with p in its image. Then, the part of lying in the 
patch er is of the form 7 1 (t) = cr(u(t),v(t)) with a < t < 6 , say, where the 
smooth functions u and v satisfy the geodesic equations (9.2), with E, F and 
G being the coefficients of the first fundamental form of cr. By Corollary6.2.3, 
/ o <x is a patch of S 2 with the same first fundamental form as cr. Hence, by 
Theorem 9.2.1, 7 2 (t) = f(cr(u(t),v(t))), with a < t < b, is a geodesic on S 2 . 
This implies that 7 2 is perpendicular to <S >2 at /(p). As this is true for all p, 
7 2 is a geodesic on S 2 • □ 

Example 9.2.8 

On the unit cylinder S given by x 2 + y 2 = 1, we know that the circles obtained 
by intersecting S with planes parallel to the :ry-plane are geodesics (since they 
are normal sections). We also know that the straight lines on S parallel to the 
0 -axis are geodesics. However, these are certainly not the only geodesics, for 
there is only one geodesic of each of the two types passing through each point 
of S (whereas we know that there is a geodesic passing through each point in 
any given tangent direction). 

To find the missing geodesics, we recall that S is locally isometric to the 
plane (see Example 6.2.4). In fact, the local isometry takes the point (it, t>,0) 
of the rry-plane to the point (cos it, sin u, v) £ S. By Corollary 9.2.7, this map 
takes geodesics on the plane (i.e., straight lines) to geodesics on 5, and vice 
versa. So to find all the geodesics on S, we have only to find the images under 
the local isometry of all the straight lines in the plane. Any line not parallel to 
the y-axis has equation y = mx+c, where m and c are constants. Parametrizing 
this line by x = u, y = mu + c, we see that its image is the curve 

7 (u) = (cos u , sin u, mu + c) 




on S. Comparing with Example 2.1.3, we see that this is a circular helix of 
radius one and pitch 27 t|to| (adding c to the 0 -coordinate just translates the 








226 


9. Geodesics 


helix vertically). Note that if m = 0, we get the circular geodesics that we 
already know. Finally, any straight line in the rry-plane parallel to the y-axis 
is mapped by the local isometry to a straight line on S parallel to the z-axis, 
giving the other family of geodesics that we already know. 


EXERCISES 

9.2.1 Show that, if p and q are distinct points of the unit cylinder, there 
are either two or infinitely many geodesics on the cylinder with end¬ 
points p and q (and which do not otherwise pass through p or q). 
Which pairs p,q have the former property? 

9.2.2 Use Corollary 9.2.7 to find all the geodesics on a circular cone. 

9.2.3 Find the geodesics on the unit cylinder by solving the geodesic 
equations. 

9.2.4 Consider the following three properties that a curve 7 on a surface 
may have: 

(i) 7 has constant speed. 

(ii) 7 satisfies the first of the geodesic equations (9.2). 

(iii) 7 satisfies the second of the geodesic equations (9.2). 

Show, without using Theorem 9.2.1, that (ii) and (iii) together imply 

(i) . Show also that if (i) holds and if 7 is not a parameter curve, then 

(ii) and (iii) are equivalent. 

9.2.5 Let 7 (t) be a unit-speed curve on the helicoid 

cr(u,v) = (ucosv,usmv,v) 

(Exercise 4.2.6). Show that 

u 2 + (1 + u 2 )v 2 = 1 

(a dot denotes d/dt). Show also that, if 7 is a geodesic on er, then 

a 


where a is a constant. Find the geodesics corresponding to a = 0 
and a = 1 . 

Suppose that a geodesic 7 on er intersects a ruling at a point p a 
distance D > 0 from the z-axis, and that the angle between 7 and 
the ruling at p is a , where 0 < a < 7t/2. Show that the geodesic 
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intersects the 0 -axis if D > cot a, but that if D < cot a its smallest 
distance from the 0 -axis is \JD 2 sin 2 a — cos 2 a. Find the equation 
of the geodesic if D = cot a. 

9.2.6 Verify directly that the differential equations in Proposition 9.2.3 are 
equivalent to the geodesic equations in Theorem 9.2.1. 


9.3 Geodesics on surfaces of revolution 

It turns out that, although the geodesic equations for a surface of revolution 
cannot usually be solved explicitly, they can be used to get a good qualitative 
understanding of the geodesics on such a surface. 

We parametrize the surface of revolution in the usual way 

<r(u,v) = (f(u)cosv, f(u)smv,g(u)), 

where we assume that / > 0 and +( 3 ^) = 1 ( see Example 5.3.2 - we 

used a dot there to denote d/du , but now a dot is reserved for d/dt, where t 
is the parameter along a geodesic). We found in Example 6.1.3 that the first 
fundamental form of <x is du 2 + f(u) 2 dv 2 . Referring to Eq. 9.2, 

u = f(u)^v 2 , ^(f(u) 2 v) = 0. (9.7) 

We might as well consider unit-speed geodesics, so that 

u 2 + f(u) 2 v 2 = 1. (9.8) 

From this, we make the following easy deductions: 


Proposition 9.3.1 

On the surface of revolution 

<r(u,v) = (f(u)cosv,f(u)sinv,g(u)), 

(i) Every meridian is a geodesic. 

(ii) A parallel u = uq (say) is a geodesic if and only if df /du = 0 when u = uq, 
i.e., uq is a stationary point of /. 
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Proof 

On a meridian, we have v = constant so the second equation in (9.7) is obviously 
satisfied. Equation 9.8 gives u = ±1, so u is constant and the first equation in 
(9.7) is also satisfied. 



geodesics 


For (ii), note that if u = uq is constant, then by Eq. 9.8, v = ±l//(ito) is 
non-zero, and so the first equation in (9.7) holds only if df /du = 0. Conversely, 
if df /du = 0 when u = uq, the first equation in (9.7) obviously holds, and the 
second holds because v = ±l//(ito) and /(it) = f(uo) are constant. □ 

Of course, this proposition only gives some of the geodesics on a surface of 
revolution. The following result is very helpful in understanding the remaining 
geodesics. 

Proposition 9.3.2 (Clairaut’s Theorem) 

Let 7 be a unit-speed curve on a surface of revolution S, let p : S —> R be 
the distance of a point of S from the axis of rotation, and let if be the angle 
between 7 and the meridians of S. If 7 is a geodesic, then p sin if is constant 
along 7 . Conversely, if psin^ is constant along 7 , and if no part of 7 is part 
of some parallel of S, then 7 is a geodesic. 

By a ‘part’ of 7 we mean 7 (J), where J is an open interval. The 
hypothesis there cannot be relaxed, for on a parallel if = tt/2, and so psinif 
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is certainly constant. But parallels are not geodesics in general, as Proposi¬ 
tion 9.3.1 (ii) shows. 



Proof 

Parametrizing S as in Proposition 9.3.1, we have p = f(u ). Note that cr u and 
p~ 1 o v are unit vectors tangent to the meridians and parallels, respectively, and 
that they are perpendicular since F = 0. Assuming that 7 (f) = cr(u(t),v(t)) is 
unit-speed, we have 

7 = cos^ u u + p~ l sin ip o v 

(this equation actually serves to define the sign of ip, which is left ambiguous 
in the statement of Clairaut’s Theorem). Hence, 

o’ u x 7 = p 1 sin ip o’ u x o v . 

Since 7 = uo u + vo v , this gives 

v o’ u x o v = p -1 sin ip o’ u x o v . 

Hence, pv = sin ip and so 

psin^ = p 2 v. 

But the second equation in (9.7) shows that this is a constant, say H, along the 
geodesic. 
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For the converse, if psinip is a constant £2 along a unit-speed curve 7 in S, 
the above argument shows that the second equation in (9.7) is satisfied, and 
we must show that the first equation in (9.7) is satisfied too. Since 


sin ip £2 


Eq. 9.8 gives 



Differentiating both sides with respect to t gives 


2D 2 2D 2 dp 

2 uu = —=-/? = — =-—u, 
p 6 p 6 du 


■ ( ■■ d P - 2 ^ 

U { U - p du V ) 


= 0 . 


(9.9) 


(9.10) 


If the term in brackets does not vanish at some point of the curve, say at 
7 (<o) = er(ito,vo), there will be a number e > 0 such that it does not vanish 
for \t — to\ < e. But then u = 0 for \t — to I < e, and so 7 coincides with the 
parallel u = uq when \t — to I < e, contrary to our assumption. Hence, the term 
in brackets must vanish everywhere on 7 , i.e., 


dp. 2 

u= Pl~ v > 
du 


showing that the first equation in (9.7) is indeed satisfied. 


□ 


Clairaut’s Theorem has a simple mechanical interpretation. Recall that the 
geodesics on a surface S are the curves traced on S by a particle subject to no 
forces except a force normal to S that constrains it to move on S. When S is 
a surface of revolution, the force at a point p £ S lies in the plane containing 
the axis of revolution and p, and so has no moment about the axis. It follows 
that the angular momentum fl of the particle about the axis is constant. But, 
if the particle moves along a unit-speed geodesic, the component of its velocity 
along the parallel through p is sin^, so its angular momentum about the axis 
is proportional to psin^. 


Example 9.3.3 

We use Clairaut’s theorem to determine the geodesics on the pseudosphere: 


er(u,v) = (e“ cosi>, e u sinu, \J 1 — e 2u — cosh x {e “)). 
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We found in Section 8.3 that its first fundamental form is 

du 2 + e 2u dv 2 . 


It is convenient to reparametrize by setting w = e u . The reparametrized 
surface is 


(1 

i . [ 

— cos?;, 

— sin v. \ 

1 w 

w V 


-l. 


w 


w* 


and its first fundamental form is 

dv 2 + dw 2 
w 2 


(9.11) 


We must have w > 1 for tr to be well defined and smooth. 

If 7 (t) = cr(v(t),w(t)) is a unit-speed geodesic, the unit-speed condition 


gives 


■2 , -2 2 

V + w = w , 

(9.12) 

and Clairaut’s theorem gives 


— sin ip = — -kV = f 2 , 

'in 

(9.13) 


w w 


where is a constant, since p = \/w. Thus, v = Qw 2 . If SI = 0, we get a 
meridian v = constant. Assuming now that ^ 0 and substituting in Eq. 9.12 
gives 

w = ±w\/l — fl 2 w 2 . 

Hence, along the geodesic, 

dv v + flw 
dw w y/1 - tt 2 w 2 ’ 

.-. (v - v 0 ) = n 2 w 2 , (9.14) 

(v-vo ) 2 +w 2 = -^, 

where vo is a constant. So the geodesics are the images under ef of the parts 
of the circles in the uw-plane given by Eq. 9.14 and lying in the region w > 1. 
Note that these circles all have centre on the u-axis, and so intersect the u-axis 
perpendicularly. The meridians correspond to straight lines perpendicular to 
the u-axis. 









232 


9. Geodesics 


w 



Note that the geodesics cannot be extended indefinitely, in one direction in the 
case of the meridians and in both directions for the others. This is because the 
geodesics ‘run into’ the circular edge of the pseudosphere in the ccy-plane. A bug 
walking at constant speed along such a geodesic would reach the edge in a finite 
time, and thus would suffer the fate feared by ancient mariners of falling off 
the edge of the world. In terms of the uin-plane, the reason for this is that the 
line w = 1 is a boundary of the region that corresponds to the pseudosphere 
and the straight lines and semicircles that correspond to the geodesics cross 
this line. 



Clairaut’s theorem can often be used to determine the qualitative behaviour 
of the geodesics on a surface S , when solving the geodesic differential equations 
explicitly may be difficult or impossible. Note first that, in general, there are 
two geodesics passing through any given point p £ S with a given angular 
momentum f l, for v is determined by Eq. 9.9 and u up to sign by Eq. 9.10. In 
fact, one geodesic is obtained from the other by reflecting in the plane through 
p containing the of rotation (which changes to — fl) followed by changing the 
parameter t of the geodesic to —t (which changes the angular momentum back 
to If again). 

The discussion in the preceding paragraph shows that we may as well assume 
that > 0, which we do from now on. Then, Eq. 9.10 shows that the geodesic 
is confined to the part of S which is at a distance > Q from the axis. 
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If all of S is a distance > f l from the axis, the geodesic will cross every 
parallel of S. For otherwise, u would be bounded above or below on S , say the 
former. Let uq be the least upper bound of u on the geodesic, and let Q + 2e, 
where e > 0, be the radius of the parallel u = uq. If u is sufficiently close to uq, 
the radius of the corresponding parallel will be > + e, and on the part of the 

geodesic lying in this region we shall have 



by Eq. 9.10. But this clearly implies that the geodesic will cross u = uq, con¬ 
tradicting our assumption. 

Thus, the interesting case is that in which part of S is within a distance fi 
of the axis. The discussion of this case will be clearer if we consider a concrete 


example whose geodesics nevertheless exhibit essentially all possible forms of 


behaviour. 

Example 9.3.4 

We consider the hyperboloid of one sheet obtained by rotating the hyperbola 

x 2 — z 2 = 1, x > 0, 

in the xz -plane around the 2 -axis. Since all of the surface is at a distance > 1 
from the 2 -axis, we have seen above that, if 0 < f2 < 1, a geodesic with angular 
momentum Q crosses every parallel of the hyperboloid and so extends from 

2 = — OO to 2 = 00. 



o < n < i 
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Suppose now that 17 > 1. Then the geodesic is confined to one of the two regions 
2 > \/ST 2 — 1, z < — \/Q 2 — 1, 

which are bounded by circles T + and T“, respectively, of radius f l. Let p be a 
point on T“, and consider the geodesic C that passes through p and is tangent to 
T- there. Then, ip = tt/2 and p = Si at p, so C has angular momentum 17. Now C 
cannot be contained in T“, since T“ is not a geodesic (by Proposition 9.3.1(h)), 
so C must head into the region below T - as it leaves p. Moreover, C must be 
symmetric about p, since reflection in the plane through p containing the 2 -axis 
takes C to another geodesic that also passes through p and is tangent to T~ 
there, and so must coincide with C by the uniqueness part of Corollary 9.2.4. 
Since u 7 ^ 0 in the region below T“ by Eq. 9.10, the geodesic crosses every 
parallel below T“ and 2 —> — 00 as t —> ± 00 . 

Suppose now that C is any geodesic with angular momentum 17 > 1 in 
the region below P _ . Then a suitable rotation around the 2 -axis will cause C 
to intersect C, say at q, and so to coincide with it (possibly after reflecting 
in the plane through q containing the 2 -axis and changing t to —t). We have 
therefore described the behaviour of every geodesic with angular momentum 
17 > 1 that is confined to the region below P“. Of course, the geodesics with 
angular momentum 17 > 1 in the region above T + are obtained by reflecting 
those below T _ in the ary-plane. 



0>1 17 = 1 


Suppose finally that 17 = 1 . Let C be a geodesic with angular momentum 1 
passing through a point p. If p is on the waist T of the hyperboloid (i.e., the 
unit circle in the rry-plane), which is a geodesic by Proposition 9.3.1 (ii), then 
p = 1 at p and so ip = n /2 and C is tangent to P at p. It must therefore coincide 
with r. If, on the other hand, p is in the region below T, then 0 < ip < it/2 
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at p, so as it leaves p in one direction, C approaches T. It must in fact get 
arbitrarily close to T. For if it were to stay always below a parallel F of radius 
1 + e, say (with e > 0), then we would have 



everywhere along C by Eq. 9.10, which clearly implies that C must cross every 
parallel, contradicting our assumption. So, if D = 1, the geodesic spirals around 
the hyperboloid approaching, and getting arbitrarily close to, T but never quite 
reaching it. 


EXERCISES 


9.3.1 There is another way to see that all the meridians, and the parallels 
corresponding to the stationary points of /, are geodesics on a surface 
of revolution considered in this section. What is it? 

9.3.2 Describe qualitatively the geodesics on: 

(i) A spheroid, obtained by rotating an ellipse around one of its 
axes. 

(ii) A torus (Exercise 4.2.5). 

9.3.3 Show that a geodesic on the pseudosphere with non-zero angular 
momentum f 1 intersects itself if and only if Q < (1 + 7r 2 ) -1 / 2 . How 
many self-intersections are there in that case? 

9.3.4 Show that if we reparametrize the pseudosphere as in Exercise 
8.3.1(h), the geodesics on the pseudosphere correspond to segments 
of straight lines and circles in the parameter plane that intersect the 
boundary of the disc orthogonally. Deduce that, in the parametriza- 
tion of Exercise 8.3.1 (iii), the geodesics correspond to segments of 
straight lines in the parameter plane. We shall see in Section 10.4 
that there are very few surfaces that have parametrizations with this 
property. 


9.4 Geodesics as shortest paths 


Everyone knows that the straight line segment joining two points p and q 
in a plane is the shortest path between p and q (see Exercise 1.2.4). It is 
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almost as well known that great circles are the shortest paths on a sphere 
(Proposition 6.5.1). And we have seen that the straight lines are the geodesics 
in a plane, and the great circles are the geodesics on a sphere. 

To see the connection between geodesics and shortest paths on an arbitrary 
surface S, we consider a unit-speed curve 7 on S passing through two fixed 
points p, q G S. If 7 is a shortest path on S from p to q, then the part of 7 
contained in any surface patch er of S must be the shortest path between any 
two of its points. For if p' and q' are any two points of 7 in (the image of) er, 
and if there were a shorter path in er from p' to q' than 7, we could replace the 
part of 7 between p' and q' by this shorter path, thus giving a shorter path 
from p to q in S. 

We may therefore consider a path 7 entirely contained in a surface patch er. 
To test whether 7 has smaller length than any other path in er passing through 
two fixed points p, q on er; we embed 7 in a smooth family of curves on er 
passing through p and q. By such a family, we mean a curve 7 T on er, for each 
r in an open interval (—6,5), such that 

(i) there is an e > 0 such that 7 T (t) is defined for all t G (—e, e) and all 
r G (—<5, A); 

(ii) for some a, b with — e < a < b < e, we have 

7 T (a) = p and 7 r ( 6 ) = q for all r G (—<5, 5); 

(iii) the map from the rectangle (—6,6) x (— e, e) into R 3 given by 

(r,t.) 1 —>• 7 T (t) 

is smooth; 

(iv) 7° = 7- 



£(t) = f || Y || dt, 

J a 


where a dot denotes d/dt. 
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Theorem 9.4.1 

With the above notation, the unit-speed curve 7 is a geodesic if and only if 

—£(t) = 0 when r = 0 
dr 

for all families of curves i0 y T with 7 0 = 7 . 

Note that although we assumed that 7 = 7 0 is unit-speed, we cannot assume 
that^ T is unit-speed ifr 7 ^ 0 , as this would imply that the length of the segment 
of 7 r corresponding to a < t < b is independent of r. 


Proof 


We use the formula for ‘differentiating under the integral sign’: if f(r,t) is 
smooth, 

Tr / Hr,t)dt = j fdt. 


Thus, 


d rt \ d f b II -r 
T c \ t ) = T 7 
dr dr 


dt 


= 4~ f (Eu 2 + ZFiiv + Gv 2 ) 1 ' 2 dt 
dr J a 

=1 ^(S(r,ty /2 )dt 

-\S. 


(9.15) 


where 


g(r, t ) = Eu 2 + 2 Fuv + Gv 2 
and a dot denotes d/dt. Now, 


dg dE 


dF 


8G 


du 


—— = ——ii + 2——uv + ——v + 2 Eu— —I- 2 F —v + ii— + 2 Gv— 


dr dr 


dr 


dr 


+ 2 Eu 


du dv 

! T, -h E v —— 

dr dr 

d 2 u 


— I F u ——|- E v 77 - ) u + 2 ( F u ——[- F v —— ) uv 

dr dr, 


dr 

du „ dv 


du 


dv 


dr 


dr 


, dv 


dr 


„ du dv\ , 9 

G u ——(- G v — ) v 

dr dr, 


drdt 


2 F 


( d 2 u . . d 2 v \ 

v + u -—— 1 


drdt 


drdt J 


2 Gv 


d 2 v 

drdt 


du du 

— (E u u + 2F u uv + G u v^) — —|- (E v ii + 2F v uv + G v v^) 7 — 

dr or 

d 2 u d^v 

+ 2(Eu + Fv)-^—-+2{Fu + Gv) 


drdt 


drdt 
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The contribution to the integral in Eq. 9.15 coming from the terms involving 
the second partial derivatives is 


l ^‘ /2 { (e " +f<,) 5^ +(F “ + 0 ” ) Jsl}‘* 

= g~ 1/2 ^(Eu + Fv)^ + (Fu + Gv)^j 


(It {a~ 1/2 ^ +™)} % + i {a- 1/2 (Fv + Gv)} 


(9.16) 



dt, 


using integration by parts. Now, since 7 T (a) and 7 T (b) are independent of r 
(being equal to p and q, respectively), we have 



when t = a or b. 


Since 


dj T 

Ih 


du 

+ 

OT 


dv 


we see that 

du dv , 

— = — = 0 when t = a or b. 

or OT 

Hence, the first term on the right-hand side of Eq. 9.16 is zero. Inserting the 
remaining terms in Eq. 9.16 back into Eq. 9.15, we get 


d 

(It 


C(t) 



du di A 

U Tr +V (Tr) 


dt, 


where 

U(r,t) = ^g~ 1/2 (E u u 2 + 2F u uv + G u v 2 ) - [g~ 1/2 (Eu + Fv )} , 
V(r,t ) = ^ g~ 1/2 (E v ii 2 + 2 F v uv + G v i> 2 ) - {g~ 1/2 (Fu + Gi;)| . 


(9.17) 


(9.18) 


Now 7 0 = 7 is unit-speed, so since || j T || 2 = g(r,t), we have g(r,t) = 1 for all 
t when r = 0. Comparing Eq. 9.18 with the geodesic equations in (9.2), we see 
that, if 7 is a geodesic, then U = V = 0 when r = 0, and hence by Eq. 9.17, 


_d 

dr 


£(r) = 0 


when t = 0 . 


For the converse, we have to show that, if 


J dt = 0 when r = 0 (9.19) 
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for all families of curves 7 r , then U = V = 0 when r = 0 (since this will prove 
that 7 satisfies the geodesic equations). Assume, then, that condition (9.f9) 
holds, and suppose, for example, that U ^ 0 when r = 0. We will show that 
this leads to a contradiction. 

Since U / 0 when r = 0, there is some to G (as, b) such that U(0,to) 0, 

say 17(0, to) > 0. Since U is a continuous function, there exists r] > 0 such that 

17(0, t) > 0 if t G (to - V: to + v)- 

Let <j) be a smooth function such that 

> 0 if t G (t 0 — 77 , t 0 + 77 ) and <j>{t) = 0 if t ^ (t 0 — 77 , t 0 + 77 ). (9.20) 

(The construction of such a function (f> is outlined in Exercise 9.4.3.) Sup¬ 
pose that 7 (t) = er(u(t),v(t)), and consider the family of curves 7 T (t) = 
<x(m(t, t), tj(t, t)), where 

u(r,t) = u(t) + T<f>(t), v(r,t)=v(t). 

Then, du/dr = </> and dv/dr = 0 for all r and t, so Eq. 979 gives 
r b ( du dv\ f to+ri 

0 = J (U^ + V^j dt = jf U ( 0 , t)(f>(t) dt. (9.21) 

But 17(0, t) and </>(t) are both > 0 for all t G (to — 77 , t Q + 77 ), so the integral 
on the right-hand side of Eq. 9.21 is > 0. This contradiction proves that we 
must have 17(0, t) = 0 for all t G (a, b). One proves similarly that V(0,t) = 0 
for all f G (a,b). Together, these results prove that 7 satisfies the geodesic 
equations. □ 

It is worth making several comments on Theorem 9.4.1 to be clear about 
what it implies, and also what it does not imply. 

First, if 7 is a shortest path on <r from p to q, then £(r) must have an 
absolute minimum when r = 0. This implies that -j- C(t) = 0 when r = 0, and 
hence by Theorem 9.4.1 that 7 is a geodesic. 

Second, if 7 is a geodesic on <r passing through p and q, then C(t) has 
a stationary point (extremum) when r = 0 , but this need not be an absolute 
minimum, or even a local minimum, so 7 need not be a shortest path from 
p to q. For example, if p and q are two nearby points on a sphere, the short 
great circle arc joining p and q is the shortest path from p to q (this is not 
quite obvious - see below), but the long great circle arc joining p and q is also 
a geodesic - see the diagram preceding Proposition 6.5.1. 

Third, in general, a shortest path joining two points on a surface may not 
exist. For example, consider the surface S consisting of the ccy-plane with the 
origin removed. This is a perfectly good surface, but there is no shortest path 
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on the surface from the point p = (—1,0) to the point q = (1,0). Of course, 
the shortest path should be the straight line segment joining the two points, 
but this does not lie entirely on the surface, since it passes through the origin 
which is not part of the surface. For a ‘real life’ analogy, imagine trying to walk 
from p to q but finding that there is a deep hole in the ground at the origin. 
The solution might be to walk in a straight line as long as possible, and then 
skirt around the hole at the last minute, say taking something like the route 
shown below. This path consists of two straight line segments of length 1 — e, 
together with a semicircle of radius e, so its total length is 

2(1 — e) + 7 re = 2 + (ir — 2)e. 

Of course, this is greater than the straight line distance 2, but it can be made 
as close as we like to 2 by taking e sufficiently small. In the language of real 
analysis, the greatest lower bound of the lengths of curves on the surface joining 
p and q is 2 , but there is no curve from p to q in the surface whose length is 
equal to this lower bound. 



2 e 


Finally, it can be proved that if a surface S is a closed subset of R 3 (i.e., if 
the set of points of R 3 that are not in S is an open subset of R 3 ), and if there is 
some path in S joining any two points of S, then there is always a shortest path 
joining any two points of S. For example, a plane is a closed subset of R 3 , and 
so there is a shortest path joining any two points. This path must be a straight 
line, for by the first remark above it is a geodesic, and we know that the only 
geodesics on a plane are the straight lines. Similarly, a sphere is a closed subset 
of R 3 , and it follows that the short great circle arc joining two points on the 
sphere is the shortest path joining them. But the surface S considered above 
is not a closed subset of R 3 , for (0,0) ^ S, but any open ball containing (0,0) 
must clearly contain points of S, and so the set of points not in S is not open. 

Another property of surfaces that are closed subsets of R 3 (that we shall also 
not prove) is that geodesics on such surfaces can be extended indefinitely, i.e., 
they can be defined on the whole of R. This is clear for straight lines in the plane, 
for example, and for great circles on the sphere (although in the latter case the 
geodesics ‘close up’ after an increment in the unit-speed parameter equal to 
the circumference of the sphere). But, for the straight line 7 (t) = (t — 1, 0) on 
the surface S defined above, which passes through p when t = 0, the largest 
interval containing t = 0 on which it is defined as a curve in the surface is 
(—oo,l). We encountered a less artificial example of this ‘incompleteness’ in 
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Example 9.3.3: the pseudosphere considered there fails to be a closed subset 
of R 3 because the points of its boundary circle in the xy -plane are not in the 
surface. 


EXERCISES 


9.4.1 The geodesics on a circular (half) cone were determined in Exer¬ 
cise 9.2.2. Interpreting ‘line’ as ‘geodesic’, which of the following 
(true) statements in plane Euclidean geometry are true for the cone? 

(i) There is a line passing through any two points. 

(ii) There is a unique line passing through any two distinct points. 

(iii) Any two distinct lines intersect in at most one point. 

(iv) There are lines that do not intersect each other. 

(v) Any line can be continued indefinitely. 

(vi) A line defines the shortest distance between any two of its 
points. 

(vii) A line cannot intersect itself transversely (i.e., with two non¬ 
parallel tangent vectors at the point of intersection). 

9.4.2 Show that the long great circle arc on S 2 joining the points 
p = (1,0,0) and q = (0,1,0) is not even a local minimum of the 
length function C (see the remarks following the proof of Theo¬ 
rem 9.4.1). 

9.4.3 Construct a smooth function with the properties in (9.20) in the 
following steps: 

(i) Show that, for all integers n (positive and negative), t n e ~ 1 / f2 
tends to 0 as t tends to 0. 


(ii) Deduce from (i) that the function 

V 1 /* 2 if i > 0, 


m = 


0 


if t < 0 


is smooth everywhere. 

(iii) Show that the function 

ip(t) = 6(1 + t)9( 1 - t ) 


is smooth everywhere, that ip(t) > 0 if — 1 < t < 1, and that 
%l)(t) = 0 otherwise. 
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(iv) Show that the function 



has the properties we want. 


9.5 Geodesic coordinates 

The existence of geodesics on a surface S allows us to construct a very useful 
atlas for S. For this, let p € S and let 7, with parameter v say, be a unit-speed 
geodesic on S with 7 ( 0 ) = p. For any value of v, let 7", with parameter u, say, 
be a unit-speed geodesic such that 7^(0) = 7(1;) and which is perpendicular 
to 7 at 7(1;) (j v is unique up to the reparametrization u 1 —> —u). We define 
cr(u, v) = J v (u). 

Proposition 9.5.1 

With the above notation, there is an open subset U of R 2 containing ( 0 , 0 ) 
such that a : U —> R 3 is an allowable surface patch of S. Moreover, the first 
fundamental form of er is 


du 2 + G(u, v)dv 2 , 


where G is a smooth function on U such that 


G( 0 , v) = 1 , G„( 0 , v) = 0 , 


whenever ( 0 ,u) G U. 



<t(u, v) 


7 (a) 


7 


P 
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Proof 


The proof that er is (for a suitable open set U) an allowable surface patch makes 
use of the inverse function theorem (see Section 5.6). 

Note first that, for any value of v, 


&u{ 0,u) = ~faft V ( u ) 


u —0 




and that these are perpendicular unit vectors by construction. If 


= {f{u,v),g(u,v),h(u, v)), 


it follows that the Jacobian matrix 

/ fu fv \ 
I 9u III! I 

V hu h v J 


has rank 2 when it = v = 0. Hence, at least one of its three 2x2 submatrices 
is invertible at (0,0), say 

(9.22) 

By the Inverse Function Theorem 5.6.1, there is an open subset U of R 2 such 
that the map given by 



F(u,v) = (f(u,v),g(u,v)) 


is a bijection from U to an open subset F(U) of R 2 , and such that its inverse 
map F(U) —>- C/ is also smooth. The matrix (9.22) is then invertible for all 
(it, v) € U, and so cr u and ar v are linearly independent for (it, v) G U. It follows 
that er :[/—»• R 3 is a surface patch. 

As to the first fundamental form of er, note first that 


E = I 


^-7 » 

au 


= 1 


because is a unit-speed curve. Next, we apply the second of the geodesic 
equations (9.2) to 'y v . The unit-speed parameter is it and v is constant, so 
we get F u = 0. But when u = 0, we have already seen that cr u and <r v are 
perpendicular, so F = 0. It follows that F = 0 everywhere. Hence, the first 
fundamental form of er is 

du 2 + G(u, v)dv 2 . 


G{ 0,v) = || er„(0,v) || 2 = 



= 1 


We have 
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because 7 is unit-speed. Finally, from the first geodesic equation in (9.2) applied 
to the geodesic 7, for which u = 0 and v is the unit-speed parameter, we get 
G. u (0, v) = 0. □ 

A surface patch <x constructed as above is called a geodesic patch , and u 
and v are called geodesic coordinates. 


Example 9.5.2 

If p is a point on the equator of the unit sphere S 2 , take 7 to be the equator 
with parameter the longitude ip, and let 7^ be the meridian parametrized by 
latitude 8 and passing through the point on the equator with longitude ip. The 
corresponding geodesic patch is the usual latitude-longitude patch, for which 
the first fundamental form is 


d9 2 + cos 2 9 dp 2 , 

in accordance with Proposition 9.5.1. 

We give an application of geodesic coordinates in the proof of 
Theorem 10.3.1. 


EXERCISES 


9.5.1 Let P be a point of a surface S and let v be a unit tangent vector to 
S at P. Let 7 e (r) be the unit-speed geodesic on S passing through 

P when r = 0 and such that the oriented angle v = 9. It can be 
shown that cr[r,9 ) = 7 e (r) is smooth for — e < r < e and all values 
of 9, where e is some positive number, and that it is an allowable 
surface patch for S defined for 0 < r < e and for 9 in any open 
interval of length < 2tt. This is called a geodesic polar patch on S. 
Show that, if 0 < R < e, 


r 

d-y 8 

lo 

dr 


dr = R. 


By differentiating both sides with respect to 9 , prove that 


<r r ■ erg = 0 . 
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This is called Gauss ’ Lemma - geometrically, it means that the pa¬ 
rameter curve r = R, called the geodesic circle with centre P and 
radius R, is perpendicular to each of its radii, i.e., the geodesics 
passing through P. Deduce that the first fundamental form of er is 

dr 2 + G{r, 9)d9 2 , 

for some smooth function G(r,d). 

9.5.2 Let P and Q be two points on a surface S , and assume that there is 
a geodesic polar patch with centre P as in Exercise 9.5.1 that also 
contains Q; suppose that Q is the point cr(R,a), where 0 < R < e, 
0 < a < 27r. Show in the following steps that the geodesic 7 “(f) = 
cr(t,a) is (up to reparametrization) the unique shortest curve on S 
joining P and Q. 

(i) Let 7(<) = cr(f(t),g(t)) be any curve in the patch er joining 
P and Q. We assume that 7 passes through P when t = 0 
and through Q when t = R (this can always be achieved by a 
suitable reparametrization). Show that the length of the part 
of 7 between P and Q is > R , and that R is the length of the 
part of 7 “ between P and Q. 

(ii) Show that, if 7 is any curve on S joining P and Q (not neces¬ 
sarily staying inside the patch er), the length of the part of 7 
between P and Q is > R. 

(iii) Show that, if the part of a curve 7 on S joining P to Q has 
length R 1 then 7 is a reparametrization of 7 “. 





10 

Gauss' Theorema Egregium 


One of Gauss’ most important discoveries about surfaces is that the Gaussian 
curvature is unchanged when the surface is bent without stretching. Gauss 
called this result ‘egregium’, and the Latin word for ‘remarkable’ has remained 
attached to his theorem ever since. We shall deduce the Theorema Egregium 
from two results which relate the first and second fundamental forms of a 
surface, and which have other important consequences. 


10.1 The Gauss and Codazzi—Mainardi 
equations 

It is natural to ask if there are any relations between the first and second 
fundamental forms of a surface. Note that, by Examples 6.1.2, 6.1.4, 7.1.1 
and 7.1.2, the plane and the unit cylinder, when suitably parametrized, have 
the same first fundamental form but different second fundamental forms, and 
so the second fundamental form certainly cannot be ‘deduced’ from the first. 
Nevertheless, there are some nontrivial relations between the two forms. 

Proposition 10.1.1 (Codazzi-Mainardi Equations) 

Let 

Edu 2 + 2F dudv + Gdv 2 and Ldu 2 + 2Mdudv + Ndv 2 


Andrew Pressley, Elementary Differential Geometry: Second Edition , 

Springer Undergraduate Mathematics Series, DOI 10.1007/978-1-84882-891-9-10, 
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be the first and second fundamental forms of a surface patch er(u, v), and define 
the Cliristoffel symbols as in Proposition 7.4.4. Then, 

l v - m u = lt \ 2 + M{T \ 2 - rh ) - Nr 2 n , 
m v — n u = ly \ 2 + M(T 2 22 - r\ 2 ) - nt 2 12 . 

Proposition 10.1.2 (Gauss Equations) 

If K is the Gaussian curvature of the surface patch cr(u,v ) in the preceding 
proposition, then 

EK = (r(j)„ - (rf 2 )„ + rhr ? 2 + r^rf, - ri 2 r?i - (r ? 2 ) 2 
fi< = (r( 2 )„ - (rh) B + r? 2 r ) 2 - r ?^ 2 
fk = (r? 2 )„ - (r| 2 )„ + r( 2 r ? 2 - r^r?, 
gk = (r 2 2)u — ( r 12 )« + r 22 r n + r 22 ri 2 — (Pi 2 ) ~ ri 2 r 22 - 


Proof 


We prove both propositions simultaneously. Write down the equation ( cr uu ) v = 
(cruv)u, using Proposition 7.4.4 for cr uu and cr uv : 


(Pucr.u +T 11 cr v + LN)„ — (T 12 cr u + T 12 cr v + M N)„, 

(T.„ + ( L v — M U )N 


9Th 


ar( 2 


dv du 

= r \ 2 (t uu + (r ? 2 - Pn)<r 


9T 2 n 


srf 2 


dv 


du 


- r ^CTyy - LNy + MN 


u 


( 10 . 2 ) 

= r^r^u + r 2 u cr v + LN ) + (r ? 2 - r( 1 )(r( 2 a u + r 2 2 a v + mn) 


-r?r(rj 


+ r 


+ N N) - LN V + MN„, 


using Proposition 7.4.4 again. Now, N,, and N,, are perpendicular to N, and 
so are linear combinations of cr u and cr v . Hence, equating N components on 
both sides of the last equation gives 

L v -M u = LY\ 2 + M{Y\ 2 -Th)- NT 2 !, 

which is the first of the Codazzi-Mainardi equations (10.1). The other equation 
follows in a similar way by equating coefficients of N in the equation (cr uv ) v = 

vv)u- 

Now we use the formulas in the proof of Proposition 8.1.2 to express N„ 
and N„ in terms of cr u and cr v . Equating coefficients of cr u in Eq. 10.2 then 
gives 


(rji)» - (rj 2 )„ = r 2 12 r{ 2 - r 2 ^ + l c - Ma 


(10.3) 
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in the notation of the proof of Proposition 8.1.2, from which we find that 

_ LG- MF _ MG- NF 
a ~ EG -F 2 ' C ~ EG-F 2 


and hence 
Lc — Ma 


L(MG - NF) - M(LG - MF) 
EG-F 2 


F(LN - M 2 ) 
EG-F 2 


= -FK 


by Corollary 8.1.3. Substituting in Eq. 10.3 and rearranging gives the second 
of the Gauss equations. The other three are proved in the same way, equating 
coefficients of cr v in ( cr uu ) v = ( cr uv ) u and those of cr u and u v in (<t uv )v = 
{&vv)w ^i 


The following theorem tells us that there are no other relations between the 
first and second fundamental forms other than those in Propositions 10.1.1 and 


10 . 1 . 2 . 


Theorem 10.1.3 


Let (7 : U —^ R 3 and a : U —> R 3 be surface patches with the same first and 
second fundamental forms. Then, there is a direct isometry M of R 3 such that 
(T = M(cr). 

Moreover, let V be an open subset of R 3 and let E,F,G,L,M and N be 
smooth functions on V. Assume that E > 0, G > 0, EG — F 2 > 0 and that the 
equations in Propositions 10.1.1 and 10.1.2 hold, with K = and the 

Christoffel symbols defined as in Proposition 7.4.4. Then, if (u o,uo) £ V, there 
is an open set U contained in V and containing (uo,vo), and a surface patch 
cr : U —> R 3 , such that Edu 2 + 2 Fdudv + Gdv 2 and Ldu 2 + 2 Mdudv + Ndv 2 
are the first and second fundamental forms of cr, respectively. 


This theorem is an analogue for surfaces of Theorem 2.2.5, which shows 
that unit-speed plane curves are determined up to a direct isometry of R 3 
by their signed curvature. We shall not prove Theorem 10.1.3 here. The first 
part depends on uniqueness theorems for the solution of systems of ordinary 
differential equations, and is not particularly difficult. The second part is more 
sophisticated and depends on existence theorems for the solution of certain 
partial differential equations. The following example illustrates what is involved. 


Example 10.1.4 

Consider the first and second fundamental forms du 2 + dv 2 and — du 2 , respec¬ 
tively. Let us first see whether a surface patch with these first and second 
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fundamental forms exists. Since all the coefficients of these forms are constant, 
all the Christoffel symbols are zero and the Codazzi-Mainardi equations are 
obviously satisfied. The first formula in Proposition 10.1.2 gives K = 0, so 
the only other condition to be checked is LN — M 2 = 0, and this clearly holds 
since M = N = 0. Theorem 10.1.3 therefore tells us that a surface patch with 
the given first and second fundamental forms exists. 

To find it, we note that the Gauss equations give 

^«n N", & uv fb & vv — 0* 


The last two equations tell us that cr v is a constant vector, say a, so 


cr(u, v ) = b(u) + a v, 


(10.4) 


where b is a function of u only. The first equation then gives N = — b" (a dash 
denoting d/du). We now need to use the expressions for N u and N.„ in terms 
of cr u and er v in the proof of Proposition 8.1.2. The matrix of the Weingarten 
map with respect to the basis { cr u ,cr v } of the tangent plane is 




1 0 \ 1 / -1 0 
0 1 j ^ 0 0 


-1 

0 


0 

0 


so Proposition 8.1.2 gives 


N„ = cr u , N„ = 0. 


The second equation tells us nothing new, since we already know that N = — h" 
depends only on u. The first equation gives 

h'" + b' = 0. 


Hence, h" + b is a constant vector, which we can take to be zero by applying 
a translation to <x (see Eq. 10.4). Then, 

h(u) = c cos u + d sin u, 

where c and d are constant vectors, and N = — h" = b. This must be a unit 
vector for all values of u. It is easy to see that this is possible only if c and d 
are perpendicular unit vectors, in which case we can arrange that c = (1, 0, 0) 
and d = (0,1,0) by applying an isometry of K 3 , giving b(u) = (cosu, sinrt, 0). 
Finally, u u x u v = AN for some non-zero scalar A, so b' x a = Ab. This forces 
a = (0, 0, A), and the patch is given by 

cr(u,v) = (cos it, sinu, Xv), 

a parametrization of the unit cylinder (which the reader had probably guessed 
some time ago). 
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EXERCISES 

10.1.1 A surface patch has first and second fundamental forms 

cos 2 v du 2 + dv 2 and — cos 2 v du 2 — dv 2 , 

respectively. Show that the surface is an open subset of a sphere of 
radius one. Write down a parametrization of S 2 with these first and 
second fundamental forms. 

10.1.2 Show that there is no surface patch whose first and second funda¬ 
mental forms are 

du 2 + cos 2 u dv 2 and cos 2 u du 2 + dv 2 , 


respectively. 

10.1.3 Suppose that a surface patch cr(v, w) has first and second fundamen¬ 
tal forms 

dv 2 + dw 2 , o , r i 2 

-r- and Ldv 2 + Ndw 2 , 

w z 

respectively, where w > 0. Prove that L and N do not depend on v, 
that LN = —1/w 4 and that 

Lw 5 ^ = 1-L 2 w 4 . 
dw 

Solve this equation for L and deduce that er cannot be defined in 
the whole of the half-plane w > 0. Compare the discussion of the 
pseudosphere in Example 9.3.3. 

10.1.4 Suppose that the first and second fundamental forms of a surface 
patch are Edu 2 + Gdv 2 and Ldu 2 + Ndv 2 , respectively. Show that 
the Codazzi-Mainardi equations reduce to 


Ev — 2 E‘ v 


L N \ (L N 

E + G ) ’ u ~ 2° u ( E + G 


Deduce that the principal curvatures K\ = L/E and K2 = N/G 
satisfy the equations 

(«t)v = ||( K 2 - Kl), (« 2 )u = ^(«i - «2)- 
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10.2 Gauss’ remarkable theorem 

We noted after Proposition 7.4.4 that the Christoffel symbols depend only on 
the coefficients of the first fundamental form. It follows from the formulas in 
Proposition 10.1.2 that this is also true of the Gaussian curvature K. In view 
of Corollary 6.2.3, we obtain: 


Theorem 10.2.1 (Gauss’ Theorema Egregium) 

The Gaussian curvature of a surface is preserved by local isometries. 

This means, more explicitly, that if <Si and S 2 are two surfaces and / : S\ —1 
1 S 2 is a local isometry, then for any point p € <Si the Gaussian curvature of 
at p is equal to that of S 2 at /( p). The theorem is sometimes expressed by 
saying that the Gaussian curvature is an intrinsic property of a surface, for it 
implies that the Gaussian curvature could be measured by a bug living in the 
surface. 

By substituting into the equations in Proposition 10.1.2 the expressions for 
the Christoffel symbols in Proposition 7.4.4, we can of course find an explicit 
expression for K in terms of E, F and G. (It appears that we could get four 
such formulas, one from each of the equations in Proposition 10.1.2, but these 
turn out to be the same.) Here is the result. 


Corollary 10.2.2 

The Gaussian curvature is given by 


2 E vv T F uv 2 G uu 2 F u 

F — -F, 

x u 2 


0 

-E 

2 v 

1 c 
2 KJu 

F v - \G U E 

F 

- 

-E 

2 v 

E 

F 

\G V F 

G 


1 C 
2 U, “ 

F 

G 


( EG-F 2 ) 2 


We shall not go through the details of this calculation, partly because the 
algebra is tedious, and partly because the following special cases are often all 
that is needed. 

Corollary 10.2.3 

(i) If F = 0, we have 

K = _1 f d ( G u \ d ( E v 

2 VEG{du\^EGj dv \y/~EG ) J 
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(ii) If E = 1 and F = 0, we have 


K = - 


1 d 2 VG 
VG du 2 


Proof 

If F = 0 Proposition 7.4.4 gives 

pi _ E u 2 _ E v ! _ E v 2 _ G u pi _ G u 2 _ G v 

11 _ 2E’ 11 2G’ 12 ~ 2 E’ 12 ~ 2 G’ 22 ~ 2A’ 22 2G' 


Substituting into the first formula in Proposition 10.1.2 gives 


E, 


EK = - 1^1 - I ^ 


i.e., 


- 2KVEG = 


2 G 
Eyy + G 

ui 

{EG ) 1 / 2 
E 


G„ 


+ 


p] n eg 


+ 


E 2 


4EG 4G 2 ' 4EG 

E V {EG V -f- E V G) G U (E U G + EG U ) 


Gi 

4G 2 


2(EG) 3 / 2 


1E V {EG\ 


G u 


2 (EG) 3 / 2 
1 G U (EG)y 


{EG) 1 / 2 2 (.EG) 3 / 2 (EG) 1 ^ 2 (EG) 3 / 2 

= (gbg)^). + ((W^) u ’ 

proving the equation in (i). If, in addition, I? = 1, the second term on the 
right-hand side of the formula in (i) vanishes, so 


A' = - 


1 d (G. 


2\[G Ou \^g 


1 d 2 VG 
VG du 2 


□ 


Example 10.2.4 

For the surface of revolution 

<r(u,v) = {f(u)cosv,f{u)sinv,g{u)), 

where / > 0 and / 2 + g 2 = 1 (a dot denoting d/du), we found in Example 6.1.3 
that E = 1, F = 0, and G = /(it) 2 . Hence, Corollary 10.2.3(h) applies and 
gives 

i d 2 Vc f 
' VG du 2 /’ 


in agreement with Example 8.1.4. 
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The Theorema Egregium provides a necessary condition for the existence of 
a local isometry between surfaces: if such a local isometry exists, the Gaussian 
curvature must be the same at corresponding points of the two surfaces. We 
give two examples of this idea; others can be found in the exercises. 

Our first result shows that it is impossible to draw a ‘perfect’ map of the 
Earth (which is why cartography is an interesting subject). 


Proposition 10.2.5 

Any map of any region of the earth’s surface must distort distances. 

Proof 

A map of a region of the earth’s surface which did not distort distances would be 
a diffeomorphism from this region of a sphere to a region in a plane (the map) 
which multiplied all distances by the same constant factor, say C. We might as 
well assume that the plane passes through the origin. Then, by composing this 
map with the map r i—>• C _1 r from the plane to itself, we would get an isometry 
between this region of the sphere and some region of a plane. This would imply, 
by the Theorema Egregium, that these regions of the sphere and the plane have 
the same Gaussian curvature. But we know that a plane has Gaussian curva¬ 
ture zero everywhere, and a sphere has constant positive Gaussian curvature 
everywhere (if the sphere has radius R , the Gaussian curvature is 1 /R 2 )- So no 
such isometry can exist. □ 

Note, on the other hand, that it is possible to draw a map of the Earth 
that correctly represents angles, and a map that correctly represents areas, for 
we saw in Example 6.3.5 that the stereographic projection is conformal, and 
Archimedes’ Theorem 6.4.6 shows that there is a map that correctly represents 
areas. However, it is not possible to represent both angles and areas correctly 
with the same map (Exercise 6.4.5(h)). 

Our next example shows how the Theorema Egregium can sometimes be 
used to determine all the isometries of a surface. 

Proposition 10.2.6 

The only isometries of a helicoid (Exercise 4.2.6) 

cr(u,v) = (ucosv,usinv,v) 

are S\, R x o S\, R y o S\ and R z o S\ for some value of A, where S\ is the 
screwing motion <x(it, v ) 1-4 cr(u, v + A), and R x , R y and R z are rotations by 7 r 
around the x-, y- and 2 -axes. 
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Proof 

Suppose that an isometry of the helicoid takes cr(u, v) to cr(u, v), where u and 
v are smooth functions of u and v. Since the Gaussian curvature at cr(u,v) is 
— 1/(1 + u 2 ) 2 (see Exercise 8.1.2), the Theorema Egregium tells us that 

-1 _ -1 
(1 + it 2 ) 2 (1 + u 2 ) 2 ' 

so u = ±u. Applying a rotation R z by n around the z-axis changes u to —u 
(and fixes v), so we assume that u = u. Let v = f(u, v). By Corollary 6.2.3, the 
patches cr(u,v) and tr(u,v) = cr(u, f(u,v)) have the same first fundamental 
form. That of <r is du 2 + (1 + u 2 )dv 2 , and that of ef is found to be 

(1 + (1 + u 2 )fl)du 2 + 2(1 + u 2 )f u f v dudv + (1 + u 2 )f 2 dv 2 . 

Equating these, we find that /„ = 0 and f v = ±1. Hence, 

v = f(u, v) = ±v + A, 

where A is a constant. A rotation R x by 7r around the cc-axis changes v to — v 
(and fixes rt), so we take the + sign. This gives the isometry 

S\ : cr(u, v ) i 1 cr(u, v + A). 

This proves the proposition (the isometry R y o S\ arises because R y = 
R x oR z ). □ 

EXERCISES 

10.2.1 Show that if a surface patch has first fundamental form e x (du 2 +dv 2 ), 
where A is a smooth function of u and v, its Gaussian curvature K 
satisfies 

A A + 2Ke x = 0, 

where A denotes the Laplacian d 2 /du 2 + d 2 /dv 2 . 

10.2.2 With the notation of Exercise 9.5.1, define u = r cos 6, v = rsind, 
and let a(u,v) be the corresponding reparametrization of er. It can 
be shown that cr is an allowable surface patch for S defined on the 
open set u 2 + v 2 < e 2 . (Note that this is not quite obvious because 
cr is not allowable when r = 0.) 

(i) Show that the first fundamental form of <r is Edu 2 + 2 Fdudv + 
Gdv 2 , where 

eA + %, <5 = d + ^l 
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(ii) Show that u 2 (E — 1) = v 2 (G — 1), and by considering the Taylor 
expansions of E and G about u = v = 0, deduce that 

G(r, 9) = r 2 + fcr 4 + remainder 

for some constant k, where remainder/r 4 tends to zero as r 
tends to zero. 

(iii) Show that k = —K(P)/3, where K(P) is the value of the Gaus¬ 
sian curvature of S at P. 

10.2.3 With the notation of Exercises 9.5.1 and 10.2.2, show that: 

(i) The circumference of the geodesic circle with centre P and radius 
R is 

Cr = 27rl? ^1 — ^ ft 2 + remainder^ , 

where remainder/1? 2 tends to zero as R tends to zero. 

(ii) The area inside the geodesic circle in (i) is 

An = irR 2 | 1-——- R 2 + remainder 

V 12 

where the remainder satisfies the same condition as in (i). 

Verify that these formulas are consistent with those in spherical ge¬ 
ometry obtained in Exercise 6.5.3. 

10.2.4 Let A , B and C be the vertices of a triangle T on a surface S whose 
sides are arcs of geodesics, and let a, /3 and 7 be its internal angles (so 
that a is the angle at A, etc.). Assume that the triangle is contained 
in a geodesic patch cr as in Exercise 9.5.1 with P = A. Thus, with 
the notation in that exercise, if we take v to be tangent at A to the 
side passing through A and B , then the sides meeting at A are the 
parameter curves 9 = 0 and 9 = a, and the remaining side can be 
parametrized by 7 (9) = cr(f(9) 1 9) for some smooth function / and 
0 < 9 < a. 
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(i) Use the geodesic equations (9.2) to show that 

1 A 2 2 dr ’ 

where a dash denotes d/d9 and A = || -y' ||. 

(ii) Show that, if i[>(8) is the angle between cr r and the tangent 
vector to the side opposite A at 7 (0), then 

(iii) Show that, if K is the Gaussian curvature of S, 

j K dAo- = a + /3 + , y — n. 

This result will be generalized in Corollary 13.2.3. 

10.2.5 Show that the Gaussian curvature of the Mobius band in Exam¬ 
ple 4.5.3 is equal to —1/4 everywhere along its median circle. Deduce 
that this Mobius band cannot be constructed by taking a strip of pa¬ 
per and joining the ends together with a half-twist. (The analytic 
description of the ‘cut and paste’ Mobius band is more complicated 
than the version in Example 4.5.3.) 

10.2.6 Show that the only isometries from the catenoid to itself are products 
of rotations around its axis, reflections in planes containing the axis, 
and reflection in the plane containing the waist of the catenoid. 


10.3 Surfaces of constant Gaussian curvature 

The results of the preceding two sections enable us to gain a good understanding 
of surfaces of constant Gaussian curvature. We begin with the following local 
description. 


Theorem 10.3.1 

Any point of a surface of constant Gaussian curvature is contained in a patch 
that is isometric to an open subset of a plane, a sphere or a pseudosphere. 
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Proof 


Let p be a point on a surface S with constant Gaussian curvature K. By 
applying a dilation of R 3 (see Exercise 8.1.5), we need only consider the cases 
K = 0,1 and —1. 

We take a geodesic patch cr(u,v) with er(0, 0) = p. Writing g = \/G, the 
first fundamental form is 

du 2 + g(u, v) 2 dv 2 . 


By Corollary 10.2.3(h), 

Note that 


d 2 g 

du 2 


+ Kg = 0. 


3 ( 0,10 = 1 , 3 „( 0 ,? 0 = 0 , 


(10.5) 

( 10 . 6 ) 


by Proposition 9.5.1. 

If K = 0, the solution of Eq. 10.5 is g(u,v ) = au + /3, where a and (3 are 
smooth functions of v only. The initial conditions (10.6) give a = 0, f3 = 1, 
so g = 1 and the first fundamental form of er is du 2 + dv 2 . This is the same 
as the first fundamental form of the usual parametrization of the plane (see 
Example 6.1.2), and Corollary 6.2.3 now shows that er is isometric to an open 
subset of the plane. 

If K = 1, the general solution of Eq. 10.5 is g = a cos u + /isinrt, where 
a and (3 only depend on v. The boundary conditions (10.6) give a = 1, (3 = 
0, and the first fundamental form of <r is du 2 + cos 2 u dv 2 . This is the first 
fundamental form of S 2 , with u and v being latitude and longitude, respectively 
(see Example 6.1.3). Hence, er is isometric to an open subset of S 2 . 

Finally, if K = —1, we find in the same way that the first fundamental form 
of er is 

du 2 + cosh 2 u dv 2 . 


We have not encountered this first fundamental form before. However, let us 
reparametrize er by defining 


V = e^tanhu, W = e^sechw. 


We then find, using the formulas in Exercise 6.1.4, that the first fundamental 
form becomes 


dV 2 + dW 2 


W 2 


Comparing with Exercise 8.3.1, we see that this is the first fundamental form 
of a parametrization of the pseudosphere. □ 


The next result gives a much more precise, though still local, description of 
surfaces of constant negative Gaussian curvature. 
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Proposition 10.3.2 

Let S be a surface of constant Gaussian curvature — 1. If p € <S, there is a 
surface patch of S containing p whose first and second fundamental forms are 

du 2 + 2 cos 9 dudv + dv 2 and 2 sin Odudv, (10-7) 

respectively, where 9(u, v) is a smooth function such that 0 < 9 < tt for all it, v. 

Thus, the parameter curves of this parametrization form a Chebyshev net 
(see Exercises 6.1.9 and 7.4.6). 


Proof 


Since K is negative the surface S has no umbilics. Hence, there is a surface 
patch cr(U, V) containing p whose first and second fundamental forms are 

EdU 2 + GdV 2 and LdU 2 + NdV 2 , 


respectively (Proposition 8.4.1). The principal curvatures are 

L N f . 

«1 = K 2 = (10.8) 

Since Kite 2 = —1, there are two cases: 

(i) Ki > 0 and K 2 < 0 for all U, V 

(ii) Ki < 0 and K 2 > 0 for all U, V 

We shall concentrate on case (i), indicating briefly the modifications necessary 
for case (ii). 

In case (i), there is a smooth function ui(U, V) such that 0 < u> < 7r/2 and 
Ki = tanw, K 2 = — cot co. (10.9) 


(In case (ii), we put n\ 
equation is 


— cotw, k -2 = tana;.) The first Codazzi-Mainardi 


Lv = 2 E v 


L N\ 

e + g) 


(cf. Exercise 10.1.4). From Eqs. 10.8 and 10.9, we get 


(E tanw)y = -£V(tanu; — cot a;), 


Ev 

i.e., UJ V = - — cot a;. 


( 10 . 10 ) 
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Then, 

(COS U> \ Uly sin U! Ey COS CO sin LO f Ey \ 

\7e) v = 7 e 2EW~ = ~^/W\ U>V + 2E COtU} ) = ° 

by Eq. 10.10. Hence, there is a positive smooth function e(U ) such that 

E = e(U ) cos 2 lj. 


Similarly, the second Codazzi-Mainardi equation implies that there is a positive 
smooth function g(V) such that 

G = g{V) sin 2 tv. 


(In case (ii), we get E = e{U) sin 2 w, G = g(V ) cos 2 co .) 
Let U{U) and V’(V’) be smooth functions such that 


dU 

dU 


VW), 


dV_ 

dV 


vW), 


and let <r([/, V ) be the corresponding reparametrization of cr(U, V). Then, the 
first fundamental form of <r is 


cos 2 uj dU 2 + sin 2 w dV 2 


and its second fundamental form is 

— dU 2 + —dV 2 = sin w cos co(dU 2 — dV 2 ). 

e g 

Setting u = ( U+V)/2 , v = {U—V)/2 gives a reparametrization of cr whose first 
and second fundamental forms are as stated in the proposition, with 6 = 2 ui. 
(In case (ii) we set u = (U + V) /2, v = (V — U)/2.) □ 


The function 0(it, v) appearing in (10.7) is not arbitrary, as the Gauss equa¬ 
tions (Proposition 10.1.2) must still be satisfied. As we remarked earlier, these 
four equations are equivalent to each other, so we need only consider one of 
them. The Christoffel symbols are found to be 

T\ 1 = Q u cotQ, T} 2 = 0, T 22 = — dyCosecO, 

T 2 ! = — 9 u cosecd, T 2 2 = 0, r 22 = 0„cot0. 

Substituting in the first of the Gauss equations gives 

— 1 = (—6 u cosec9) v — 6 U 6 V cosec 9 cot 9, 

i.e., 0 uv =sm9. (10.11) 

This is called the sine-Gordon equation ; it arises in fluid mechanics and various 
other areas of physics. 

In view of Theorem 10.1.3, we can summarize our discussion as follows. 
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Theorem 10.3.3 

Let 6(u,v) be a smooth solution of the sine-Gordon equation (10.11) such that 
0 < 6 < tt. Then there exists a surface, unique up to a direct isometry of R 3 , 
with constant Gaussian curvature —1 and first and second fundamental forms 
given by (10.7). Conversely, any surface of constant Gaussian curvature —1 has 
a parametrization with first and second fundamental forms (10.7) in which 6 
is a solution of the sine-Gordon equation. 

We conclude this section with a beautiful global result that character¬ 
izes the compact surfaces of constant Gaussian curvature. Note that, by 
Proposition 8.6.1, the value of the constant Gaussian curvature in this case 
must be > 0. 

Theorem 10.3.4 

Every connected compact surface whose Gaussian curvature is constant is a 
sphere. 

The proof of this theorem depends on the following lemma. 

Lemma 10.3.5 

Let u : U —> R 3 be a surface patch containing a point p that is not an umbilic. 
Let «i > «2 be the principal curvatures of er and suppose that has a local 
maximum at p and k 2 has a local minimum there. Then, the Gaussian curvature 
of er at p is < 0. 


Proof 10.3.5 Since p is not an umbilic, K\ > k 2 at p, so by shrinking U if 
necessary, we may assume that K\ > k 2 everywhere. 

By Proposition 8.4.1, we can assume that the first and second fundamental 
forms of cr are 

Edu 2 + Gdv 2 and Ldu 2 + Ndv 2 , 


respectively. By Exercise 10.1.4, 


K i — K 2 


(Kl)i 


Gu = 


2 G 


K\ - K2 


-(« 2 )i 


and by Corollary 10.2.3(i), the Gaussian curvature 


K = - 


1 fd_ / G u \ 
2 VEG \du \ \f~EG) 


d_ 

dv 
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Since p is a stationary point of and « 2 , we have (k±) v = (k 2 ) u = 0, and 
hence E v = G u = 0, at p. Hence, at p, 

1 i / 2G ‘IE \ 

K = ~2Eg(° uu + Evv) = 2EG \^^ {K2)uu ~ 

(again dropping terms involving E v , G u and the first derivatives of K\ and 
K 2 ). Since k± has a local maximum at p, (ni) vv < 0 there, and since K 2 has 
a local minimum at p, (« 2 ) uu > 0 there. Hence, the last equation shows that 
K < 0 at p. □ 

Proof 10.3.4 The proof of Theorem 10.3.4 uses a little point set topology. We 
consider the continuous function on the surface S given by J = — K 2 ) 2 , 

where K\ and K 2 are the principal curvatures. Note that this function is well 
defined even though and K 2 are not, partly because we do not know which 
principal curvature is to be called and which K 2 , and partly because the 
principal curvatures are only well defined up to sign unless S has a definite 
orientation. We shall prove that this function is identically zero on S , so that 
every point of S is an umbilic. Since the Gaussian curvature K > 0, it follows 
from Proposition 8.2.9 that S is an open subset of a sphere, say S. In fact, 
S must be the whole of S. For, since S is compact, it is necessarily a closed 
subset of R 3 , and hence a dosed subset of S. But since S is connected, the only 
non-empty subset of S that is both open and closed is S itself. 

Suppose then, to get a contradiction, that J is not identically zero on S. 
Since S is compact, J must attain its maximum value at some point p G S, and 
this maximum value is > 0. Choose a patch a : U —> R 3 of S containing p, and 
let K\ and K 2 be its principal curvatures. Since K 1 K 2 > 0, by reparametrizing 
if necessary, we can assume that k± and «2 are both > 0 (see Exercise 8.2.8). 
Suppose that n± > «2 at p; since Ki and K 2 are continuous (in fact, smooth) 
functions on U (Exercise 8.2.8 again), by shrinking U if necessary, we can 
assume that > K 2 everywhere on U. Since K is a constant > 0, the function 
(x — yr) increases with x provided that x > K/x > 0. Since «i > K/k 1 = 
K 2 > 0, this function is increasing at x = . so n\ must have a local maximum 

at p, and then «2 = K/k\ must have a local minimum there. By Lemma 10.3.5, 
K < 0 at p. This contradicts the assumption that K > 0. □ 


EXERCISES 


10.3.1 Show that a compact surface with Gaussian curvature > 0 every¬ 
where and constant mean curvature is a sphere. 
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10.3.2 Show that the solution of the sine-Gordon equation corresponding 
to the pseudosphere constructed in Section 8.3 is 

6(u, v) = 2 tan _ 1 (sinh(u — v + c)), 

where c is a constant. 


10.4 Geodesic mappings 

We considered in Chapter 6 local diffeomorphisms between surfaces that pre¬ 
serve lengths, angles or areas. In the same way, it is natural to consider local 
diffeomorphisms that preserve geodesics. In fact, to obtain interesting results 
we have to consider local diffeomorphisms F : S —> S from a surface S to a 
surface S such that, if 7 is a geodesic on S , then F o 7 is a reparametrization 
of a geodesic on S (cf. Exercise 10.4.1). We recall from Exercise 9.1.2 that a 
curve that is a reparametrization of a geodesic is called a pre-geodesic. Thus, 
we are led to 

Definition 10.4.1 

If S and S are surfaces, a local diffeomorphism F : S —> S is said to be geodesic 
if / takes every pre-geodesic on S to a pre-geodesic on S. 

The following result provides some examples of geodesic local diffeomor¬ 
phisms. 


Proposition 10.4.2 

The following are geodesic local diffeomorphisms: 

(i) Every local isometry. 

(ii) Every dilation of R 3 . 

(iii) Every composite of geodesic local diffeomorphisms. 

Proof 

(i) If 7 is a pre-geodesic on a surface patch cr of a surface S , then 7 (t) = 
7 for some geodesic 7 X and some reparametrization map ip (Exercise 
9.1.2). If F : S —> S is an isometry, then 77 = Fo~y 1 is a geodesic on the surface 
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patch <r = / o cr of S by Corollary 9.2.7. Hence, Fo-y = Fo'y 1 oip = ~f 1 o(pis 
a reparametrization of the geodesic 7 1 , and so is a pre-geodesic. 

(ii) The dilation ( x,y,z ) K > a(x,y,z), where a is a non-zero constant, multi¬ 
plies the first fundamental form by a 2 and hence leaves the Christoffel symbols 
unchanged (see Proposition 7.4.4). By Proposition 9.2.3, applying the dilation 
leaves the equations determining the geodesics unchanged. It follows that the 
dilation takes geodesics to geodesics. By the argument in part (i), it also takes 
pre-geodesics to pre-geodesics. 

(iii) This is obvious. □ 

As the preceding proof made clear, local isometries and dilations take 
geodesics to geodesics. The following is an example of a geodesic local diffeomor- 
phism that does not take geodesics to geodesics. By the preceding proposition, 
it cannot be a composite of local isometries and dilations. 

Example 10.4.3 

We consider the map F from the lower hemisphere of the unit sphere S 2 to the 
plane z = —1 given by projection from the centre of the sphere. 



Every pre-geodesic C on S 2 is a great circle formed by the intersection of S 2 
with a plane V passing through the origin. Central projection takes the part 
of C in the lower hemisphere to the straight line l that is the intersection of V 
with the plane z = — 1. Hence, A is a geodesic diffeomorphism. 

As a particular case, let V be the arz-plane, so that C can be parametrized 
by 7 (t) = (cost, 0, sint); note that 7 is unit-speed and so is a geodesic. It is 
easy to show that F(-y(t)) = (— cot t, 0, — 1): this curve is a parametrization 
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of the straight line y = 0 , z = — 1 (hence it is a pre-geodesic), but it is not a 
geodesic as it does not have constant speed (Proposition 9.1.2). 

The inverse of the diffeomorphism F in Example 10.4.3 provides a 
parametrization of (an open subset of) S 2 with the property that geodesics on 
S 2 correspond to straight lines in the parameter plane. Beltrami proved the 
following beautiful theorem which determines exactly which surfaces admit 
parametrizations with this property. It motivated him to carry out a detailed 
investigation of surfaces of constant Gaussian curvature, which in turn led to 
his work on hyperbolic geometry that we describe in Chapter 11. 


Theorem 10.4.4 

Let S be a connected surface. If there is a geodesic local diffeomorphism from 
S to a plane, then S has constant Gaussian curvature. Conversely, if S has 
constant Gaussian curvature, then for any point pg5 there is a surface patch 
(r : U —^ S of S such that p € er(t/) and er~ 1 : cr(U) —> U is a geodesic 
diffeomorphism. 


Proof 

If F is a geodesic local diffeomorphism from S to the plane, <r = F _1 is a 
parametrization of an open subset of S with the property that cr takes every 
straight line in the plane to a pre-geodesic on S. Denoting the parameters by 
u, v , we can take the line to have equation 

v = Xu + /u,, (10.12) 

where A and y are constants. By Exercise 9.1.2, there is a parametrization t K > 
(u(t),v(t)) of this line such that 7 (t) = cr(u(t),v(t)) is a unit-speed geodesic 
on S. By Proposition 9.2.3, we have 

u+(T 1 11 +2XT 1 12 + X 2 T 1 22 )u 2 = 0, 

Xu + (r?! + 2XT 2 12 + X 2 T 2 22 )u 2 = 0 . 

Eliminating u and noting that u cannot be zero (for then we would have v = 0 
too, since v = Xii by Eq. 10.12, contradicting the fact that 7 is unit-speed), we 
get 

A(rh + 2Ar} 2 + A 2 r* 2 ) = r 2 n + 2 Xt 2 12 + A 2 r| 2 . 

Since every straight line in the wu-plane corresponds to a geodesic 7 in this 
way, the preceding equation must hold for all values of the constant A. This 
implies that 

r 2 — r 1 — n r 1 — or 2 r 2 — or 1 

1 11 — 1 22 — u ’ 1 11 — Z1 12) 1 22 — zi 12- 



266 


10. Gauss' Theorema Egregium 


The Gauss equations (Proposition 10.1.2) now become 

ke = ( t 2 12 ) 2 - (r? 2 )„, 

KF = ( r i 2 )« - 2 (r? 2 )« + r i2 r i2» 
kf = (r? 2 )„ - 2(r} 2 )„ + r} 2 r? 2 , 

KG={T\ 2 ) 2 -{T\ 2 ) v . 

Subtracting the middle two equations gives (Pi 2 )u = and using this the 

four equations become 

KE = (T 2 12 ) 2 - (rf 2 )„, (10.13) 

KF=-(T 2 2 ) v +T\ 2 T 2 V2 , (10.14) 

KF = -( r i 2 )« + r i2 r i2» (10.15) 

KG = (Y\ 2 ) 2 -(T 1 12 ) v . (10.16) 

Differentiating Eq. 10.13 with respect to v and Eq. 10.14 with respect to u, 
and then equating the expressions for (T\ 2 ) uv = (T\ 2 ) vu gives 

EK V - FK U = k(f u - E v ) + 2r2 2 (r2 2 ).„ - T 2 12 (r{ 2 ) u - r} 2 (r? 2 ) u 

= K(F U - e v ) + 2r? 2 (r} 2 r? 2 - kf) - r? 2 (r} 2 r? 2 - kf) 

-T\ 2 ((T 2 2 ) 2 ~KE) 

= K{F U - E v ) + K(ET\ 2 - FT 2 12 ), (10.17) 


where we used Eqs. 10.13-10.15 in passing from the first line to the second. 

Using the definition of the Christoffel symbols (Proposition 7.4.4), we find 
that 

(EG + F 2 )E v ~ 2 EFG U 


ET\ 2 - FT 2 12 = 


2 (EG-F 2 ) 


(10.18) 


Now, the equations = 0 and r] 1 = 2T 


12 s ive 


EE V = 2 EF U - FE U , 3 FE V = 2 EG U + 2 FF U - GE U . 


Hence, 

(EG + F 2 )E v - 2 EFG U = 2 (EG - F 2 )E V + (3 F 2 - EG)E V - 2 EFG U 

= 2 (EG - F 2 )E v + F(2EG U + 2 FF U - GE U ) 
- G(2EF U - FE U ) - 2EFG U 
= 2(EG ~ F 2 )(E V - F u ). 

Inserting this result into Eq. 10.18 gives 

ET\ 2 — FT 2 2 = E v — F u , 
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and then Eq. 10.17 gives 

EK V - FK U = 0. 

A similar calculation starting with Eqs. 10.15 and 10.16 leads to 

FK V - GK U = 0. 


Hence, 

(EG - F 2 )K v = GFK U - FGK U = 0, 

so K v = 0 (since EG — F 2 > 0). Similarly K u = 0. Hence, K is constant. 

For the converse, assume that S has constant Gaussian curvature. By 
Theorem 10.3.1, each point of S is contained in a surface patch that is isometric 
to an open subset of a plane, a sphere or a pseudosphere. Since local isometries 
and dilations are geodesic local diffeomorphisms (Proposition 10.4.2), we have 
only to show that there are geodesic local diffeomorphisms from S to the plane 
in three cases: 

(i) S is a plane, when there is nothing to prove. 

(ii) S is the unit sphere, which is Example 10.4.3. 

(iii) S is the pseudosphere in Section 8.3, which is Exercise 9.3.4. 

The proof of Beltrami’s theorem is complete. □ 


EXERCISES 

10.4.1 Show that a local diffeomorphism between surfaces that takes unit- 
speed geodesics to unit-speed geodesics must be a local isometry. 

10.4.2 Show that a local diffeomorphism between surfaces that is the com¬ 
posite of a dilation and a local isometry takes geodesics to geodesics. 
Is the converse of this statement true? 

10.4.3 This exercise shows that a geodesic local diffeomorphism F from a 
surface S to a surface S that is also conformal is the composite of a 
dilation and a local isometry. 

(i) Let p G S and let er be a geodesic patch containing p as in 
Proposition 9.5.1, with first fundamental form du 2 +Gdv 2 . Show 
that cr = F ocr is a patch of er containing F( p) with first funda¬ 
mental form A (du 2 + Gdv 2 ) for some smooth function X(u,v). 

(ii) Show that the parameter curves v = constant are pre-geodesics 
on er and deduce that A is independent of v. 
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(iii) Show that if 7 is a geodesic on <x and 9 is the oriented angle 
between 7 and the parameter curves v = constant, 


d9_ G„_ 

dv + 2 VG 


= 0 . 


(10.19) 


(iv) Show that 


de ] (XG) U 
dv + 2A y/G 


( 10 . 20 ) 


(v) Deduce from Eqs. 10.19 and 10.20 that A is constant. 

(vi) Show that F : cr —> d- is the composite of a dilation and a local 
isometry. 





11 

Hyperbolic geometry 


One of the most remarkable discoveries of nineteenth century mathematics is 
that the pseudosphere discussed in Section 8.3 has a geometry that closely 
resembles Euclidean geometry, with geodesics playing the role of straight lines. 
In fact, the closest correspondence with Euclidean geometry is obtained by 
‘embedding’ the pseudosphere in a larger geometry, which is called hyperbolic 
or non-Euclidean geometry. When this is done, we find that all the axioms of 
Euclidean geometry hold in hyperbolic geometry, except the so-called ‘parallel 
axiom’: this states that if p is a point that is not on a straight line l, there is a 
unique straight line passing through p that does not intersect l (i.e., which is 
‘parallel’ to l in the usual sense). 

Hyperbolic geometry was discovered independently and almost simultane¬ 
ously by the Hungarian mathematician Janos Bolyai and the Russian Nicolai 
Lobachevsky, although the formulations of it that we shall describe in this 
chapter are due to Eugenio Beltrami, Felix Klein and Henri Poincare. David 
Hilbert, one of the greatest mathematicians of the twentieth century, wrote that 
the discovery of non-Euclidean geometry was ‘one of the two most suggestive 
and notable achievements of the last century’. It ended centuries of attempts 
by Greek, Arab and later Western mathematicians to deduce the parallel axiom 
from the other axioms of Euclidean geometry, and it profoundly changed our 
view of what geometry is. 


Andrew Pressley, Elementary Differential Geometry: Second Edition , 

Springer Undergraduate Mathematics Series, DOI 10.1007/978-l-84882-891-9_ll, 
© Springer-Verlag London Limited 2010 
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11. Hyperbolic geometry 


11.1 Upper half-plane model 

We saw in Example 9.3.3 that if the pseudosphere is parametrized as 


/ 1 

1 

1 1 , i \ 

— cosv, 

— smv, i 

J 1-- — cosh w 

\w 

w 

V w 2 I 


where we must have w > 1 for cr to be well defined and smooth, its geodesics 
correspond to arcs of circles and straight lines in the ww-plane that intersect 
the v-axis perpendicularly. The line w = 1 appears to be a rather artificial 
boundary in the tun-plane, since the geodesics are well defined in the entire 
region w > 0. On the other hand, the line w = 0 is a ‘real’ boundary since the 
first fundamental form 

^ 4 a d "' 2 (in) 

w 2 

of the pseudosphere is undefined when w = 0. It is therefore natural to ask 
if there is a surface that corresponds to the whole of the half-plane w > 0 
with this first fundamental form. In fact, there is no such surface for a cele¬ 
brated theorem of Hilbert shows that there is no surface with constant negative 
Gaussian curvature that is ‘geodesically complete’, i.e., a surface for which all 
geodesics can be extended indefinitely in both directions (see Exercise 10.1.3). 

One possible response to Hilbert’s theorem is essentially to ignore it: all 
those properties of surfaces that depend only on the first fundamental form 
(lengths, angles, areas, geodesics, local isometries, ...) can still be studied for 
the half-plane 

T-L = {(u, w) G M 2 | w > 0} 

equipped with the first fundamental form (11.1). They will then be called hyper¬ 
bolic lengths, hyperbolic angles, etc. (We shall see the reason for the adjective 
‘hyperbolic’ later.) 

It will often be convenient to identify R 2 with the set of complex numbers 
C via ( v , ic)f>D + iw , so that 

TL = {z € C | 3m(2) > 0} 

is the set of complex numbers with positive imaginary part. 

The first thing to observe is that H is a ‘conformal model’: 


Proposition 11.1.1 

Hyperbolic angles in H are the same as Euclidean angles. 
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Proof 

This is just because the first fundamental form (11.1) of H is a multiple of 
dv 2 + dw 2 (see Corollary 6.3.4). □ 

The ‘hyperbolic lines’ are the geodesics in "H, which were determined in 
Example 9.3.3. 


Proposition 11.1.2 

The geodesics in T~L are the half-lines parallel to the imaginary axis and the 
semicircles with centres on the real axis. 

Here are some simple properties of hyperbolic lines. 


Proposition 11.1.3 

(i) There is a unique hyperbolic line passing through any two distinct points 
of H. 

(ii) The parallel axiom does not hold in H. 

In the following proof, and later in this chapter, ‘lines’ and ‘circles’ will mean 
Euclidean lines and circles (‘hyperbolic line’ means ‘geodesic’). On the other 
hand, ‘lengths’ and ‘angles’ will always mean hyperbolic lengths and angles, 
unless explicitly stated otherwise. 

Proof 

(i) Let a, b £ "H, a ^ b. If the line passing through a and b is parallel to the 
imaginary axis, the unique hyperbolic line passing through the points a and b 
is the half-line containing them. If the line through a and b is not parallel to the 
imaginary axis, its perpendicular bisector intersects the real axis at some point 
c, say, and the unique hyperbolic line passing through a and b is the semicircle 
with centre c and radius \a — c\ = \b — c\. 

(ii) Take l to be the imaginary axis and let a G T~L be any point not on l. For 
definiteness, assume that the real part $He(a) > 0. Then, the perpendicular 
bisector of the line joining a to the origin intersects the real axis at some point 
b > 0. Let c be a real number greater than b; then the semicircle with centre c 
passing through a is a hyperbolic line in T~L that does not intersect l. Of course, 
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the half-line through a parallel to the imaginary axis is another hyperbolic line 
with the same property (it can be regarded as the limiting case when c —> oo). 

□ 

Since there is a unique hyperbolic line passing through any two points a,b E 
T~L , it makes sense to define the hyperbolic distance d-H{a,b) between a and b 
to be the length of the hyperbolic line segment joining them. It is shown in 
Exercise 11.2.1 that this is actually the hyperbolic length of the shortest curve 
joining a and b. 


Proposition 11.1.4 

The hyperbolic distance between two points a, b G H is 

dn(a, b) = 2 tanh -1 —^j. 

\b-a\ 

In this formula, a denotes the complex conjugate of the complex number 
a. The appearance of the hyperbolic tangent gives an indication of the reason 
why the geometry of H is called ‘hyperbolic geometry’. 

Proof 

There are two cases, depending on whether the hyperbolic line joining a and b 
is a semicircle or a half-line. We shall deal with the semicircle case, leaving the 
simpler case of the half-line to Exercise 11.1.2. 

Suppose then that a and b lie on the semicircle with centre c on the real 
axis and radius r. The semicircle can be parametrized by 

v = c + r cos 9, w = r sin0. 

Writing d for d-u{a, b) and denoting d/d6 by a dot, we have 



where ip = arg(a — c), if) = arg (b — c) (note that d is independent of the radius 
of the semicircle). Hence, 

tan ^ 
tan ' 


d = In 
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Now, 

d e d — 1 tan t — tan ^ sin % cos % — cos % sin £ 

tanh- = -7-- = -f^ f ? 

2 e d + 1 tan ^ + tan ^ sin ^ cos ^ + cos ^ sin <p2 


On the other hand, 

|6 — a\ 2 = r 2 ((cosip — cos ip) 2 + (sini/> — sin</?) 2 ) 

qlj _ 

= 2r 2 (l — cos (ip ~ V 7 )) = 4r 2 sin 2 —— 

and similarly 


2 • 2 + V 


|b — a\ 2 = 4r” sin 

Z, 

Combining the last two equations with Eq. 11.2 gives 

d \b — a\ 

tanh- = -- 

2 \b-d\ 


sin 


b-y 


sm 


d+y ' 


( 11 . 2 ) 


□ 


We conclude this section with another beautiful formula, this time for the 
area of a hyperbolic polygon, i.e., a polygon whose sides are hyperbolic lines. 


Theorem 11.1.5 

Let V be a n-sided hyperbolic polygon in T~L with internal angles a±, < 22 ,..., cx n . 
Then, the hyperbolic area of the polygon is given by 

A(V) = (n — 2)7 r — oq — a-i — ■ ■ ■ — a n . 
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In particular, for a triangle with angles a, /3, 7 , the area is 

7t — a — p — 7 . 

This should be compared with the well-known formula 

a + /3 + 7 = 7 r 

for the sum of the angles of a Euclidean triangle with straight line sides, and 
the formula 

a + /? + 7 — 7 r 

for the area of a triangle on the unit sphere with geodesic (i.e., great circle) 
sides (Theorem 6.4.7). 


Proof 11.1.5 Let a\,a n be the vertices of V and C its boundary, consisting 
of n hyperbolic line segments 0 , 10 , 2 , 020 , 3 ,... ,a n ai (we assume that a\ is the 
internal angle of V at the vertex a\, etc.). Since the first fundamental form is 
(dv 2 + dw 2 )/w 2 , the area of V is 

f dvdw 

J v u ’ 2 

We evaluate this integral by using Green’s theorem (Section 3.2): 


pdv+qdw 



dvdw 

aw J 
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where p and q are smooth functions of (v,w). Taking p = 1/w and q = 0 gives 



(11.3) 


To evaluate this integral we first prove the following lemma. 

Lemma 11.1.6 

Let a and b be the endpoints of a segment l of a hyperbolic line in % that forms 
part of a semicircle with centre p on the real axis, and suppose that the radius 
vectors joining p to a and p to b make angles <p and if, respectively, with the 
positive real axis (see the diagram in the proof of Proposition 11.1.4). Then, 



Note that the integral is independent of the radius of the semicircle, and 
that the formula is correct even if the hyperbolic line is part of a half-line, for 
in that case the integral vanishes since v is constant along the hyperbolic line. 

Proof 11.1.6 We parametrize the hyperbolic line by v = rcosO, w = rsin0, 
where r is the radius of the semicircle. Then, the integral is 



□ 


/ 


/ 




/ 
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Returning to the proof of Theorem 11.1.5, let (fi and ?/>j be the angles 
defined in the lemma corresponding to the side with endpoints a; and a,+i, for 
i = 1,..., n (it is understood that a n +i means a\). By Eq. 11.3 and the lemma, 



dvdw 


n 

- '•Pi)- 

2—1 


(11.4) 


We can simplify this sum by considering the change in direction of the 
outward-pointing normal of V as we traverse its boundary in an anticlockwise 
direction. As we traverse the side with endpoints a,i and cq+i, the outward 
normal rotates anticlockwise through an angle ipi — ipi, while at the vertex at 
it rotates by 7r — a*. Hence, as we traverse the boundary of V, the outward 
normal rotates through an angle 

n 

mr + y - ifii - a*). 

2—1 

But this angle of rotation is 2n (cf. Theorem 3.1.4), so we have the equation 


n 

271 = U7T + ^(^2 - <Pi~ &i). 
2—1 

Rearranging, we get 

n n 

^(•Pi - V>i) = {n - 2)tt - ^ a*. 
2—1 2=1 


By Eq. 11.4, this is the desired area. □ 

Note that the area of a hyperbolic triangle, i.e., a triangle whose sides are 
hyperbolic lines, depends only on its angles. We found in Proposition 6.5.8 
that the same result holds in spherical geometry, but as we noted there this 
is completely different to the Euclidean situation, where we can change the 
size of a triangle (and hence its area) without changing its angles. In fact, we 
shall show in the next section that, as in spherical geometry (Exercise 6.5.2), 
two hyperbolic triangles with the same angles are congruent. But first we must 
discuss what congruence means in hyperbolic geometry. 


EXERCISES 

11.1.1 Show that, if l is a half-line geodesic in H and a is a point not on Z, 
there are infinitely many hyperbolic lines passing through a that do 
not intersect l. 
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11.1.2 Complete the proof of Proposition 11.1.4 by dealing with the case 
in which the hyperbolic line passing through a and 6 is a half-line. 

11.1.3 Show that for any a & T-L there is a unique hyperbolic line passing 
through a that intersects the hyperbolic line l given by v = 0 per¬ 
pendicularly. If b is the point of intersection, one calls du(a,b) the 
hyperbolic distance of a from l. 

11.1.4 The hyperbolic circle C a ,R with centre a £ R and radius R > 0 is the 
set of points of R which are a hyperbolic distance R from a: 

C a ,R = {z &R | d-u(z, a) = R}. 

Show that C a ^n is a Euclidean circle. 

Show that the Euclidean centre of C^r, where c > 0, is ib and that 
its Euclidean radius is r, where 

c = \Jb 2 — r 2 , R = - In f r . 

2 b — r 

Deduce that the hyperbolic length of the circumference of Ci Ct R is 
27rsinhi? and that the hyperbolic area inside it is 27r(coshi? — 1). 
Note that these do not depend on c; in fact, it follows from the results 
of the next section that the circumference and area of C a ,R depend 
only on R and not on a (see the remarks preceding Theorem 11.2.4). 

Compare these formulas with the case of a spherical circle in Exercise 
6.5.3, and verify that they are consistent with Exercise 10.2.3. 


11.2 Isometries of 'H 

In Euclidean plane geometry, two triangles are said to be congruent if one 
triangle can be moved until it coincides with the other. The types of motion 
that are allowed are combinations of rotations, translations, and reflections, i.e., 
the isometries of the plane (see Appendix 1). Similarly, to discuss congruence in 
spherical geometry, it was necessary in Section 6.5 to determine the isometries 
of the sphere. 

It is easy to identify some isometries of R: 

(i) Translations parallel to the real axis , given by 


T a {z ) = z + a, 


a £ R. 
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(ii) Reflections in lines parallel to the imaginary axis , given by 

R a (z) =2 a — z, a € R. 

R a {z) is the ‘reflection’ of 3 in the line SKe(z) = a, thought of as a mirror; 
each point of this line is fixed by R a . 

(iii) Dilations by a factor a > 0, given by 

D a (z) = az. 


In terms of the parameters (v,w), these maps are given by ( v,w ) K > 
(v + a,w), (v,w) i ^ (2 a — v,w) and (v,w) H > ( av,aw ), respectively, each 
of which obviously takes R to R and preserves the first fundamental form 
(11.1). But there is also a fourth type of isometry that is not quite as obvious: 

(iv) Inversions in circles with centres on the real axis. The inversion in the 
circle with centre agl and radius r > 0 is 

r 2 

X ar (z) = a + - - 

z — a 


(see Appendix 2). 

To see that X ar is an isometry of R , we consider first the case a = 0, r = 1, 
and denote Xq\ by I. Then, 


X(y + iw) = 


v + iw 


which makes it clear that X takes any point in R to another point of R and 
any point on the real axis to another point on the real axis. To see that I is 


indeed an isometry of R , we use the result of Exercise 6.1.4: if v = 


v 2 -\-w 2 5 


then 


V 2 -\-W 2 


and 


dv = 

and hence 


( w 2 — v 2 )dv — 2 vwdw 
( v 2 + w 2 ) 2 


dw = 


—2 vwdv + ( v 2 — w 2 )dw 
( v 2 + w 2 ) 2 


dv 2 + dw 2 


j((w 2 — v 2 )dv — 2 vwdw)‘ 


w 2 (v 2 + w 2 ) 2 
+ (— 2vwdv+(v 2 — w 2 )dw) 2 ^ 


(w 2 — v 2 ) 2 + 4u 2 


-(dv 2 +dw 2 ) = 


dv 2 + dw 2 


w 2 (v 2 + w 2 ) 2 
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Returning to the general case, we note that 

la,r(z) =T a ( = T a D r 2 f \ 

\z — a ) \z — a ) 

= T a D r 2 l(z - a) = T a D r 2 lT- a (z ), 

so I 0j7 , is a composite T a o D r 2 o I o T_ a of maps that are already known to 
be isometries of T-L. Since any composite of isometries is an isometry, it follows 
that T a ^ r is an isometry of T-L. 

We summarize our observations as follows: 


Proposition 11.2.1 

Any composite of a finite number of maps of the types (i)-(iv) defined above 
is an isometry of T~L. 

We shall call an isometry of one of the types (i)-(iv) an elementary isometry 
of H. In fact, every isometry of "H is a composite of a finite number of elementary 
isometries, but since we shall not make use of this result we leave its proof to 
the exercises. 

Since isometries take geodesics to geodesics (Corollary 9.2.7), we know that 
the elementary isometries take half-lines and semicircles perpendicular to the 
real axis to other half-lines and semicircles perpendicular to the real axis. In 
fact, it is clear that translations, dilations and reflections take half-lines to half¬ 
lines and semicircles to semicircles, but the situation for inversions is a little 
more complicated: 


Proposition 11.2.2 

The inversion I a r in the circle with centre a £ R. and radius r > 0 takes 
hyperbolic lines that intersect the real axis perpendicularly at a to half-lines, 
and all other hyperbolic lines to semicircles. 

See Appendix 2 for the proof. The result is intuitively clear, since if a point 
of H “tends to” a point a its image under I 0j7 . “tends to infinity” (both limits 
in the Euclidean sense) and so cannot lie on a semicircle geodesic. 

Isometries can be used to simplify the solution of many problems in hyper¬ 
bolic geometry, by reducing the problem to a ‘standard’ situation. The basic 
result needed for this is 





280 


11. Hyperbolic geometry 


Proposition 11.2.3 

Let k and h be hyperbolic lines in 'H 1 and let z\ and z-i be points on l\ and h, 
respectively. Then, there is an isometry of R that takes h to h and z\ to Z 2 - 


Proof 

We observe first that it is enough to prove this result in the special case in 
which I2 is the half-line l passing through the origin and z% = i. For if the 
proposition has been proved in this case, there is an isometry F\ that takes 
1 1 to l and Z\ to i, and an isometry F2 that takes I2 to l and Z2 to i. Then, 
F^ 1 o F\ is an isometry that takes l\ to I 2 and z 1 to Z 2 - 

There are now two cases depending on whether 1 1 is a half-line or a semi¬ 
circle. If l\ is the half-line v = a, say, the translation T_ a takes l\ to l and z\ to 
some point ib, say, on l , where b > 0. Then, the dilation D b -i takes l to itself 
and ib to i, and so the isometry we want is D b - 1 o T_ a . 

Finally, suppose that 1 1 is a semicircle, and let a be one of the two points in 
which it intersects the real axis. By Proposition 11.2.2, the inversion I a i takes 
l to a half-line geodesic l', say, and z\ to some point z’ on V. By the preceding 
case, there is an isometry F that takes l 1 to l and z' to i, so the isometry we 
want is F oI a l . □ 

As a simple application, we can now complete Exercise 11.1.4. If a, b £ H, 
there is an isometry F of H that takes a to b. Then, F will clearly take the 
hyperbolic circle C a ^n to C b ,R for all R > 0. It follows that these hyperbolic 
circles have the same circumference and area. 

Here is a more important application. 


Theorem 11.2.4 

In hyperbolic geometry, similar triangles are congruent. 


Proof 

We have to prove that if we have two triangles T and T' with vertices a, b , c and 
a',b',c r , and if the angle a of T at a is equal to that of T' at a', and similarly 
for the angles /? at b and V and for the angles 7 at c and d, then there is an 
isometry F of H such that F(a) = a', F(b) = b' and F(c) = d. 

Let l, m, n and n! be the sides of T and T' (so that l is the side opposite 
the vertex a, etc.). It is enough to prove the theorem in the special case in which 
a = a' = i and m = m! is the imaginary axis. For by Proposition 11.2.3, there 
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is an isometry G that takes a to * and m to the imaginary axis, and an isometry 
G' that takes a' to i and m! to the imaginary axis. If F is the desired isometry 
in the special case, then (G") _1 o F o G is the desired isometry in the general 
case. 

Assume then that a = a' = i and to = m' is the imaginary axis. By applying 
the reflection in the imaginary axis if necessary, we can further assume that b 
and b' are on the same side of the imaginary axis. Then either the hyperbolic 
lines n and n! coincide, or one is obtained from the other by applying the 
inversion Io,i (which fixes m and the vertex i). Hence, we can assume that 
n = n!. 

If now b = b' and c = d the theorem is proved. If not, then we must be in 
one of the three situations shown below. By making use of Theorem 11.1.5, we 
shall prove that each of these situations is impossible. 





In the first case, the angle sum of the quadrilateral with vertices 6, c, c', b' is 

(7T - /?) + (7T - 7 ) + 7 + /? = 2n, 

whereas by Theorem 11.1.5 the angle sum must be < 27r. 

In the second case, the angle sum of the triangle with vertices d,b' ,b is 

6 + (tt - ft) + P, 

where <5 is the angle between l and l’ at their intersection point d. This is > 7r, 
again contradicting Theorem 11.1.5. 

Finally, in the third case the triangle with vertices b, c, c' has angle sum 

5 + (n — 7 ) + 7 > 7T, 


where 6 is as in the preceding case (if c and c! are interchanged the argument 
is the same). □ 
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It follows from this theorem that there must be a formula for the lengths 
of the sides of a triangle in T~L in terms of its angles. Although we could prove 
such a formula now, it is slightly easier to establish it in a different model of 
hyperbolic geometry, and this is what we consider next. 


EXERCISES 

11.2.1 Show that if a, b G 'H 1 the hyperbolic distance du{a, b) is the length 
of the shortest curve in T~L joining a and b. 

11.2.2 Show that, if l is any hyperbolic line in T~L and a is a point not on l, 
there are infinitely many hyperbolic lines passing through a that do 
not intersect l. 

11.2.3 Let a be a point of H that is not on a hyperbolic line L Show that 
there is a unique hyperbolic line m passing through a that intersects 
l perpendicularly. If b is the point of intersection of l and m, and c 
is any other point of l , prove that 

dn{a,b) < d H {a,c). 

Thus, b is the unique point of l that is closest to a. 

11.2.4 This exercise and the next determine all the isometries of H. 

(i) Let F be an isometry of H that fixes each point of the imaginary 
axis l and each point of the semicircle geodesic m at the centre 
of the origin and radius 1. Show that F is the identity map. 

(ii) Let F be an isometry of 7~L such that F(l) = l and F(m) = m, 
where l and m are as in (i). Prove that F is the identity map, 
the reflection Rg, the inversion Xo,i or the composite Io,i ° Ro 
(in the notation at the beginning of this section). 

(iii) Show that every isometry of R is a composite of elementary 
isometries. 

(iv) Show that every isometry of Ti. is a composite of reflections and 
inversions in lines and circles perpendicular to the real axis. 

11.2.5 A Mobius transformation (see Appendix 2) is said to be real if it is 
of the form 
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where a, b,c,d € R. Show that: 

(i) Any composite of real Mobius transformations is a real Mobius 
transformation, and the inverse of any real Mobius transforma¬ 
tion is a real Mobius transformation. 

(ii) The Mobius transformations that take H to itself are exactly 
the real Mobius transformations such that ad — be > 0. 

(iii) Every real Mobius transformation is a composite of elementary 
isometries of T~L, and hence is an isometry of H. 

(iv) If J{z) = —z and M is a real Mobius transformation, M o J is 
an isometry of 'H. 

(v) If we call an isometry of type (iii) or (iv) a Mobius isometry , 
any composite of Mobius isometries is a Mobius isometry; 

(vi) Every isometry of Ji is a Mobius isometry. 


11.3 Poincare disc model 


We now consider a model of hyperbolic geometry based on the unit disc in the 
complex plane. Poincare used this model to bring hyperbolic geometry into the 
mainstream of mathematics by establishing its connections with other areas, 
notably complex analysis and number theory. 

We consider the transformation 


V{z) = 


z — i 
z + i 


It defines a bijection between the complex plane with the point —i removed 
and the complex plane with the point 1 removed, its inverse being 


V~\z) 


z+ 1 

i{z-iy 


In particular, V is well defined at all points of TL and its boundary the real 
axis. 

Let us determine the image of H under V. We have, 

v + i(w — 1) 
v T i{w + 1) ’ 


V(v + iw) 
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SO 


\P{v + iw) | = 



Hence, [P(v + iw)\ is < 1 if w > 0, is = 1 if w = 0 and is > 1 if w < 0. Thus, 
V takes H to the unit disc 


U = {z € <C\\z\ < 1}, 


and the real axis to the boundary of D, i.e., the unit circle C given by \z\ = 1. 

Definition 11.3.1 

The Poincare disc model Up of hyperbolic geometry is the disc U equipped 
with the first fundamental form for which V : Ji —> Up is an isometry. 

Proposition 11.3.2 

The first fundamental form of Up is 


4(du 2 + dw 2 ) 
(1 — v 2 — w 2 ) 2 


In particular, Up is a conformal model of hyperbolic geometry. 


Proof 


If v + iw = V 1 (u + iw), we find that 


(v — l) 2 + w 2 1 


—2w 


1 — v 2 — w 2 
(v — l) 2 + w 2 ’ 


which gives 


dv = 


A(v — 1 )wdv — 2({v — l) 2 — w 2 )dw 


dw = 


((v — l) 2 + w 2 ) 2 

2((v — l) 2 — w 2 )dv + 4(u — 1 )wdw 
((v — l) 2 + w 2 ) 2 


Hence, 


dv 2 + dw 2 
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and so 

dv 2 + du> 2 _ 4(dv 2 + dw 2 ) 
w 2 (1 — v 2 — w 2 ) 2 

Since the first fundamental form of Vp is a multiple of du 2 + dv 2 , Vp is a 
conformal model. □ 

Since V : T~L —> Vp is an isometry, it follows that the isometries of Vp are 
exactly the maps 

VoFoV” 1 , 

where F is any isometry of Ji. Indeed, since any composite of isometries is an 
isometry, Po F of^ 1 is an isometry of Vp if F is an isometry of T~L; conversely, 
if G is any isometry of Vp, then F = P _1 o G o P is an isometry of TL, and 
G = V o F o P _1 . 

Here is a simple application of this observation: 


Proposition 11.3.3 

(i) Let r be a circle that intersects C perpendicularly. Then, inversion in T is 
an isometry of Vp. 

(ii) Let l be a line passing through the origin (and so perpendicular to C). 
Then, (Euclidean) reflection in l is an isometry of Vp. 


Proof 


For (i), let T have centre a € C and radius r > 0; then, the inversion in T is 
given by 

t i 7-2 

-Va,r a T 3 3 - 

z — a 

By Proposition A.2.8, I a>r takes Vp to itself. We have to show that V~ 1 oI a ,r°'P 
is an isometry of H. We find that 


2a,r(^(z)) 


(a — \a\ 2 + r 2 )z + i(a + \a\ 2 — r 2 ) 
(1 — a)z + i( 1 + a) 


Now, since T intersects C at right angles, \a\ 2 = r 2 + 1, so 

(a — 1 )z + i(a + 1) 


laA'P(z)) = 


(1 — a)z + i( 1 + a) 
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This leads to 


V~\l a , r {V{z))) 


i(a — a)z — (2 + a + a) 
(2 — a — d)z — i(a — a) 


This is a real Mobius transformation (Exercise 11.2.5) and so is an isometry 
of n. 

For (ii), let l make an angle 9 with the real axis, so that reflection in l is 
the map 7 Z{z) = e 2l9 z. We find that 


v-\n(v(z))) 


z cos 9 + sin 8 
—zsin0 + cos 9' 


which is again a real Mobius transformation. 


□ 


Note that simple isometries in one model may not correspond to simple 
isometries in the other. For example, it is clear from Proposition 11.3.2 that 
any rotation about the origin is an isometry of Vp (because such a rotation 
is an isometry of the Euclidean plane, and hence preserves dv 2 + dw 2 and 
v 2 + w 2 ), but the corresponding isometry of H is quite complicated (it is not 
an elementary isometry, for example). 

Since V is an isometry, the geodesics (i.e., the hyperbolic lines) in Vp are the 
images under V of the geodesics in H. Hence, the properties of the hyperbolic 
lines in T~L can be transferred to Vp. For example, if a and b are two distinct 
points of Vp, then by Proposition 11.1.3, there is a unique hyperbolic line l in 
H passing through the distinct points V~ 1 (a) and so V(l) is the unique 

hyperbolic line in Vp passing through a and b. Similarly, Proposition 11.2.3 
holds as stated with H replaced by Vp. 

The distance between two points of Vp is given by 

d Vp (a,b) = d- H {V~ 1 {a),V~ l (b)), a,b£ V P . 

Using the formula in Proposition 11.1.4, it is straightforward (see Exercise 
11.3.1) to prove 


dp p (a, b) = 2 tanh 1 


11 — a6| 


Proposition 11.3.4 

For a, b G Vp, we have 
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The explicit form of the hyperbolic lines in Dp can, of course, be determined 
from the first fundamental form in Proposition 11.3.2. But it is easier to make 
use of some simple properties of the map V. 

Proposition 11.3.5 

The hyperbolic lines in Dp are the lines and circles that intersect C perpendic¬ 
ularly (see the diagram below). 



Proof 

This follows from Proposition 11.1.2 and the fact that V takes the boundary 
of H to that of D P and, being a Mobius transformation, preserves (Euclidean) 
angles and takes lines and circles to lines and circles (see Appendix 2). □ 

Note that Proposition 11.3.3 tells us that ‘reflection’ in any hyperbolic line 
in Dp is an isometry of Dp - ‘reflection’ in a circle being interpreted as inversion 
(and Exercise 11.3.5 shows that every isometry of Dp is a composite of such 
reflections). 

We shall now establish some new properties of hyperbolic geometry to which 
the Poincare model is particularly well suited, starting with the basic result in 
hyperbolic trigonometry. 


Theorem 11.3.6 

Consider a hyperbolic triangle with angles a,/l ,7 and sides of length A,B,C 
(so that A is the length of the side opposite a, etc.). Then, 

cosh C = cosh A cosh B — sinh A sinh B cos 7 , 
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and two analogous formulas can be obtained by applying the cyclic permuta¬ 
tions a —> /3 — > 7 — > a and A —>• B —> C —> A. 

This formula is called the ‘hyperbolic cosine rule’ because it becomes 
the usual cosine rule when A, B, and C are small: using the approximations 
cosh A = 1 + \ A 2 and sinh A = A, etc. we get 

C 2 = A 2 + B 2 - 2ABcos-/ 

(compare the spherical case treated in Proposition 6.5.3(i)). 


Proof 


Let a, b, and c be the vertices of the triangle, so that a is the angle at a, 
etc. By applying an isometry of T>p that takes c to the origin followed by a 
suitable rotation about the origin (i.e. another isometry), we can assume that 
c = OS Vp and that a > 0. By Proposition 11.3.4, 

a = tanh-B, b = e' 7 tanh-A 
2 2 


Now 


cosh A = cosh 2 


1 

2 


A + sinh 2 



1 + tanh 2 ^A 
sech 2 \A 


1 + tanh 2 ^A 
1 — tanh 2 |j4 


i + H 2 

i-M 2 


and by Proposition 11.3.4 again 


so 


tanh-C 


\ b ~a\ 

|1 — ab\ ’ 


cosh C = 


1 + tanh 2 |C 
1 — tanh 2 ^C 


|1 — ab\ 2 + |6 — a | 2 
|1 — ab\ 2 — | b — a\ 2 
(1 — ab){ 1 — ab) + (b — a)(b — a) 

(1 — a6)(l — ab) — (b — a)(b — a) 

1 + |a | 2 + \b\ 2 + |a| 2 | 6| 2 — 2 (ab + ab) 
l-\a\ 2 -\b\ 2 + \a\ 2 \b\ 2 
(1 + |a| 2 )(l + |6| 2 ) - 2 (ab + ab) 
(l-|a| 2 )(l-|6| 2 ) 


= cosh A cosh B — 4 cos 7 


tanh -5 A tanh 


(1 — tanh 2 |^4)(l — tanh 2 \B) 


= cosh A cosh B — sinh A sinh B cos 7 , 


using sinh A = 2 sinh | A cosh | A. 


□ 
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In particular, we have the hyperbolic analogue of Pythagoras’ theorem: 

Corollary 11.3.7 

Suppose that a hyperbolic triangle has sides of lengths A , B, and C and that 
the angle opposite the side of length C is a right angle. Then, 

cosh C = cosh A cosh B. 

Further results in hyperbolic trigonometry can be found in the exercises. 


EXERCISES 


11.3.1 Prove Proposition 11.3.4. 

11.3.2 Let l and to be hyperbolic lines in Vp that intersect at right angles. 
Prove that there is an isometry of Vp that takes l to the real axis 
and to to the imaginary axis. How many such isometries are there? 


11.3.3 Show that the Mobius transformations that take Vp to itself are 
those of the form 


2 H> 


az ■ 


bz 


— 1 
a 


|a| > |6|. 


Recall (Exercise 6.5.4) that these are unitary Mobius transforma¬ 
tions. 


11.3.4 Show that the isometries of Vp are the transformations of the fol¬ 
lowing two types: 


2 H> 


az + b 
bz + a ’ 


2 


az + b 
bz + a’ 


where a and b are complex numbers such that |a| > | 6 |. Note that 
this and the preceding exercise show that the isometries of Vp are 
exactly the Mobius and conjugate-Mobius transformations that take 
Vp to itself. 


11.3.5 Prove that every isometry of Vp is the composite of finitely many 
isometries of the two types in Proposition 11.3.3. 

11.3.6 Consider a hyperbolic triangle with vertices a, b, and c, sides of length 

A,B, and C and angles a,/3, and 7 (so that A is the length of the 

side opposite a and a is the angle at a, etc.). Prove the hyperbolic 

sine rule . . 

sin a sm p sin 7 

sinh A sinh B sinh C 
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11.3.7 With the notation in the preceding exercise, suppose that 7 = 7 t/ 2 . 
Prove that: 

(i) cos a = sinh s ^°S hA . 

W coshA=fff. 

(iii) sinhA=^. 

11.3.8 With the notation in Exercise 11.3.6, prove that 

cos a + cos /3 cos 7 


cosh A = 


sin [3 sin 7 


This is the formula we promised at the end of Section 11.2 for the 
lengths of the sides of a hyperbolic triangle in terms of its angles. 

11.3.9 Show that if M 2 is provided with the first fundamental form 


4 (du 2 + dv 2 ) 

(1 + u 2 + v 2 ) 2 ’ 


the stereographic projection map II : S 2 \{north pole} —> M 2 defined 
in Example 6.3.5 is an isometry. Note the similarity between this 
formula and that in Proposition 11.3.2: the plane with this first fun¬ 
damental form provides a ‘model’ for the sphere in the same way as 
the half-plane with the first fundamental form in Proposition 11.3.2 
is a ‘model’ for the pseudosphere. 


11.4 Hyperbolic parallels 

In Euclidean plane geometry, there are many equivalent criteria for two lines l 
and in to be parallel. For example: 

(i) l and m do not intersect. 

(ii) l and m have a common perpendicular line. 

(iii) l and m are a constant distance apart. 

(A fourth criterion is considered in Exercise 11.4.3.) In hyperbolic geometry, 
these conditions are not equivalent. In fact, two distinct hyperbolic lines are 
never a constant distance apart (see Exercise 11.4.2), so (iii) is not relevant to 
the discussion of parallels in hyperbolic geometry. Further, it is clear that in 
hyperbolic geometry (i) does not imply (ii) (consider two half-line geodesics in 
"H, for example), so we must distinguish two cases: 
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Definition 11.4.1 

Let l and m be hyperbolic lines in Dp that do not intersect at any point of 
Dp. If l and m. intersect at a point of the boundary of Dp they are said to be 
parallel; otherwise they are said to be ultra-parallel. 

In the diagram below, l and m are parallel, and l and n are ultra-parallel. 



We have already noted (Proposition 11.1.3(h)) that the parallel axiom does 
not hold in hyperbolic geometry. In fact, if a is a point that is not on a 
hyperbolic line l , there are infinitely many hyperbolic lines through a that 
do not intersect l (see Exercise 11.1.1). The following result shows that exactly 
two of these hyperbolic lines are parallel to 1. 

Proposition 11.4.2 

Suppose that a € Dp is a point not on a hyperbolic line l. Then, there are 
exactly two hyperbolic lines, say m and m', passing through a that are parallel 
to l The angle between m and m! at a is 211, where 

sin II = sech d , 

and d is the hyperbolic distance of a from l (Exercise 11.1.3). Moreover, a 
hyperbolic line through a intersects l if and only if it lies between m and m' 
on the same side of a as l , and the hyperbolic line through a perpendicular to 
l bisects the angle between m and m!. 
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The angle II is called the angle of parallelism. 



Proof 

We first show that there is an isometry of T>p that takes l to the real axis and 
a to a point on the imaginary axis. In that case, all the assertions made in the 
proposition are clear, except for the formula for II. 



Let a = V~ 1 (a), l = V~ 1 ( l ). There is an isometry F of H that takes l to 
the imaginary axis; let b = F(a). The isometry D j/m takes & to a point on the 
unit circle v 2 + w 2 = 1 and fixes the imaginary axis. Now note that V takes 
the imaginary axis in H to the real axis in T>p and the unit circle in 'H. to the 
imaginary axis in T>p. 
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We can therefore assume that l is the real axis and that a = ir where 
r = tanli^d by Proposition 11.3.4. The circle m through a that touches the 
real axis at 1 has centre c = 1 + iR and radius R for some R > 0, and so has 
equation 

\z — 1 — iR\ =R. 

Since m passes through ir, we have | — 1 + i{r — i?.)| = R, which gives 


In the right-angled (Euclidean) triangle with vertices a, iR and c, the hy¬ 
potenuse is perpendicular to m, so the angle of the triangle at a is 7r/2 — II (see 
the diagram above). Hence, by Euclidean trigonometry, 

R sin n = R — r 


and we get 


sin n = 1- 

R 


1 


2 r 2 
1 + r 2 


1 — r 2 
1 + r 2 


1 —tanh 2 irf 1 
l+tanh 2 id cosh d' 


□ 


As we mentioned above, one characterization of parallel lines in Euclidean 
plane geometry is that such lines have a common perpendicular. In hyperbolic 
geometry, this property characterizes ultra-parallels: 


Proposition 11.4.3 

Two hyperbolic lines in T>p are ultra-parallel if and only if they have a common 
perpendicular (i.e., a hyperbolic line that intersects them both at right-angles). 
In that case the common perpendicular is unique. 
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In Euclidean plane geometry, of course, two parallel lines have infinitely 
many common perpendiculars. 


Proof 

Suppose first that l and m are hyperbolic lines in T>p that have a common 
perpendicular n which intersects them at the points a and b. We can assume 
that l and n are the real and imaginary axes, respectively, and that a is the 
origin (see Exercise 11.3.2). Then m is part of a circle with centre at some point 
iR on the imaginary axis, where \R\ > 1. Since m intersects C at right angles, 
the radius r of C satisfies 

R 2 =r 2 + 1. 

In particular, |i?| > r, so m does not intersect the real axis. Hence, l and m are 
ultra-parallel. 

Conversely, suppose that l and m are ultra-parallel. As before, we can as¬ 


sume that l is the real axis. Suppose that m is the circle with centre a and 
radius r; then, as above, 



|a| 2 = r 2 + l. 

(11.5) 

We claim that 


- 1 < Dte(a) < 1. 

(11.6) 


Indeed, m intersects the real axis at a point v if and only if 


|u — a| = r. 

In view of (11.5), this gives 

v 2 - 2uDfc(a) + 1 = 0. (11.7) 

If |Dfc(a)| > 1, Eq. 11.7 has two distinct real roots whose product is equal to 
1, hence one root v satisfies — 1 < v < 1. This means that l and m intersect in 
T>p, contrary to assumption. Similarly, if |5Hc(a)| = 1, Eq. 11.10 has ±1 as a 
repeated root, so l touches mat 1 or —1 on the boundary of T>p, again contrary 
to assumption. Hence, (11.6) must hold. 

We now consider a circle with centre b on the real axis and radius s. This 
intersects both m and C at right angles if and only if 

b 2 = s 2 + 1 and \b - a\ 2 = r 2 + s 2 . 

If Die (a) ^ 0, these equations have the unique solution 
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and the corresponding circle n is the unique common perpendicular to l and 
m. If 91e(a) = 0, it is clear that the imaginary axis is the unique common 
perpendicular. □ 


EXERCISES 

11.4.1 Which pairs of hyperbolic lines in R are parallel? Ultra-parallel? 

11.4.2 Let l be the imaginary axis in R. Show that, for any R > 0, the set 
of points that are a distance R from l is the union of two half-lines 
passing through the origin, but that these half-lines are not hyper¬ 
bolic lines. This contrasts with the situation in Euclidean geometry, 
in which the set of points at a fixed distance from a line is a pair of 
lines. 

11.4.3 Let a and b be two distinct points in T>p , and let 0 < A < n. Show 
that the set of points c £ Vp such that the hyperbolic triangle with 
vertices a, b and c has area A is the union of two segments of lines 
or circles, but that these are not hyperbolic lines. Note that this 
equal-area property could be used to characterize lines in Euclidean 
geometry. 


11.5 Beltrami—Klein model 

The final model of non-Euclidean geometry that we shall discuss was actually 
the first to be introduced by Beltrami, but it was Klein who realised that this 
model could be used to unify non-Euclidean geometry with projective geometry , 
a subject that has been studied since antiquity. (We do not assume that the 
reader is familiar with projective geometry.) 

The model is constructed by using two projections of the unit sphere S 2 . 
We recall the stereographic projection map II (Example 6.3.5) from S 2 to the 
xy- plane. This map defines a diffeomorphism from the ‘southern hemisphere’ 

S^_ = {{x,y, z) £ S 2 | z < 0} 


to the unit disc 

E> = {{x, y , 0) £R 3 \x 2 +y 2 < 1}. 

We shall also need the ‘vertical’ projection of M 3 onto the xy- plane: 


pr (x,y,z) = {x,y, 0). 
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This also defines a diffeomorphism from S' 2 . to T>. Hence, the composite map 

/C = pr o n -1 : V — > V 

is a diffeomorphism. It is easy to see (Exercise 11.5.1) that, if we identify the 
sy-plane with C by ( x , y, 0) i —> x + iy as usual, then 

£(z) = i ^ z ^ v - (H-8) 


Definition 11.5.1 

The Beltrami-Klein model T>k of non-Euclidean geometry is the disc V 
equipped with the first fundamental form for which the diffeomorphism 

1C : Dp —> Dr 


is an isometry. 

We shall not need to know the first fundamental form of T>k explicitly (it 
was actually computed in Exercise 8.3.1 (iii))- 

The Beltrami-Klein model has the following remarkable property. 

Proposition 11.5.2 

The hyperbolic lines in the Beltrami-Klein model are the (Euclidean) straight 
fine segments contained in the disc T>k- 
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Proof 11.5.2 Let l be the line segment joining points a and b on C. The curve on 
S_ that corresponds to i under the projection pr is the intersection of S 2 with 
the plane perpendicular to the xy-plane that contains t. This is a semicircle m, 
say, that intersects C at right angles at a and b. 



Since II is a conformal map that takes circles on S 2 to lines and circles 
in the au/-plane (see Example 6.3.5 and Exercise 6.3.7), II (m) is an arc of a 
circle in T> that intersects the boundary of T> at right angles, in other words a 
hyperbolic line in T>p. It follows that every line segment in T>k is a hyperbolic 
line. Since there is a line segment passing through any given point of T>k 
in any given direction, these must be all of the hyperbolic lines in T>k (see 
Proposition 9.2.4). □ 

Corollary 11.5.3 

T>k is not a conformal model of hyperbolic geometry. 


Proof 

Consider a hyperbolic triangle in T>k- By Proposition 11.5.2 this is also a 
Euclidean triangle, so the sum of its internal Euclidean angles is 7r. But, by 
Theorem 11.1.5, the sum of its internal hyperbolic angles is < tt. □ 

The isometries of T>k can, of course, be deduced from those of Vp by using 
the isometry /C. For example, any rotation about the origin is an isometry of 
T>k■ For, if pg is such a rotation by an angle 9, so that pg(z) = e l6 z, it is clear 
from Eq. 11.8 that K, o p s o /C -1 = pg and we know that pg is an isometry of 
Vp (see the remarks following the proof of Proposition 11.3.3). But to proceed 
further, it is more instructive to take a different, and more geometric, approach. 
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If a £ C and |a| > 1, define the perspectivity 

n a : Dr — > Dr 

with centre a as follows. Let £ £ T>r and let l be any hyperbolic line in Dr 
passing through 2 . Thus, l is a (Euclidean) line segment that intersects C at 
two points, say p and q. Let the lines through a and p and through a and q 
intersect C again at r and s, respectively (if the line through a and p happens 
to be tangent to C at p , then r = p; and similarly for the line through a and 
q). Then, II a ( 2 ) is defined to be the point of intersection of the line through a 
and 2 with the line through r and s (see the diagram above). 

Of course, it is not obvious that this definition makes sense, i.e., that n o ( 2 ) 
depends only on 2 (and a) and not on the choice of the line l , but this follows 
from 


Proposition 11.5.4 

With the above notation, 

n a = /Coi or o/C” 1 , 

where r = -\/|a| 2 — 1. In particular, II a is an isometry of Dr. 


To prove this we need 
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Lemma 11.5.5 

Let l and m be hyperbolic lines in Dk and suppose that these lines intersect 
C at the points &, c and d, e, respectively. Suppose that the tangents to C at b 
and c intersect at a, and that the extension of m passes through a. Then, l and 
m intersect at right angles in the hyperbolic sense. 



Proof 11.5.5 The hyperbolic lines K~ 1 (J) and in T>p corresponding to l 

and m are circular arcs that intersect C at right angles at the points b , c and d , e, 
respectively. Let X be the inversion in the circle of which is an arc, so that 

I is an isometry of T>p (see Appendix 2, especially Proposition A.2.8). Now I 
takes /C _1 (m) to a circular arc that intersects C at right angles (Corollary A.2.7), 
and it obviously interchanges the points d and e. It follows that X pre¬ 
serves 1C~ 1 (m). This implies that and /C _1 (m) are perpendicular in the 

Euclidean sense (Proposition A.2.8), and hence in the hyperbolic sense since 
T>p is a conformal model. Since K. : Dp Dk is an isometry, l and m are per¬ 
pendicular in the hyperbolic sense. □ 

Proof 11.5.4 Let the tangents from a to C touch it at b and c, let m be the line 
segment with endpoints &, c and let the line through a and z intersect C at t 
and u. Let l be any line passing through z and let l intersect C at p, q. Let r, s 
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be the points of C such that the lines through p and r and through q and s 
pass through a, let n be the line segment with endpoints r, s and let u be the 
point of intersection of C with the line o passing through a and z. Since 2 is 
the intersection of l and 0 , IC~ 1 (z) is the intersection of 1C~ l (l) and /C _1 (o); 
similarly, /C _1 (II a (z)) is the intersection of K~ l {n) and /C -1 (o). 



By Lemma 11.5.5, m and o are perpendicular in T>k , so and /C _1 (o) 

are perpendicular in T>p. It follows that X a r fixes /C^ 1 (o). Since l a , r takes ptor 
and q to s, it takes to K,~ l {n). Hence, I a , r takes K.~ 1 (z) to /C _1 (n a (z)): 

l a A^~ 1 (z))=IC- 1 (U a (z)). 

This is what we wanted to prove. □ 

Now that we have the isometries n o at our disposal, we can prove a beautiful 
formula for the distance between two points of T>k■ For this, we shall need the 
following concept from projective geometry. 


Definition 11.5.6 


If a , b , c, and d are distinct complex numbers, their cross-ratio is 


(a, 6; c, d) 


(a — c)(b — d) 
(a — d){b — c ) 


Proposition 11.5.7 

Suppose that the points a , 6, c, and d lie on a line and that a and b are between 
c and d. Then, (a, b; c, d) > 0. Moreover, if p is a point distinct from a, b , c, 
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and d and if the lines through p and each of the points a , b, c, and d intersect 
another line at a', b',c', and d ', then 

(a, &; c, d) = {a',b r ',c',d'). 

This result is expressed by saying that the cross-ratio is a ‘projective 
invariant’: the cross-ratio of four points on a line is unchanged when they are 
‘projected’ from some point p onto another line. 


Proof 


Let l be the line containing a, b, c, and d. Since a and b are on the ‘same side’ 
of l relative to c, arg(a — c) = arg(& — c), so 


a — c \a — c| 
b — c \b — c\' 


Similarly, 

Hence, 


b-d \b — d\ 


a — d 

(a, b ; c, d) = 


\a — d\ ’ 

|a — c| 16 — d\ 


|a — d\\b — c| 

In particular, this cross-ratio is a positive number. 
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Let Zapb be the angle between the lines through p and a and through p 
and b , etc. By the Euclidean sine rule, 


sin Zapc 

\ b -c\ 

sin Zbpc 


\p-c\ 

sin Zpac ’ 
I P~c\ 
sin Zpbc ’ 


| a — d\ 
sin Zapd 
\b-d\ 
sin Zbpd 


\p~d\ 
sin Zpad ’ 

\P~ d \ 

sin Zpbd 


Hence, 

. . sin Zapc sin Zbpd 

(a, b; c, d) = . . 

sin Zapd sm Zbpc 

But obviously Za'p'd = Zapc , etc., hence the result. □ 


In particular, the cross-ratio ( a,b;c,d ), with a,b,c,d £ T>k, is unchanged 
if a, 5, c, and d are subjected to any perspectivity. Note that the cross-ratio is 
also unchanged if a, 5, c, and d are subjected to any rotation about the origin, 
since this amounts to multiplying each of a, b, c, and d by a non-zero complex 
number. 


Theorem 11.5.8 

Let a,b £ T>k and let c, d be the points of intersection of the line through a, b 
with C. Then, the Beltrami-Klein distance between a and b is 

d VK (a,b) = ^ | ln(a, 6; c,d)\. 


Proof 

We use a suitable isometry of T>k to reduce to the case in which a and b are 
real. Let l be the line through c and 1, and m the line through d and —1. We 
consider two cases, according to whether l and m are parallel (in the Euclidean 
sense) or not. 

If l and m are parallel, the line joining c and d passes through the origin, and 
a suitable rotation about the origin will take c to 1 , d to —1 and a, b to points 
a', b' on the real axis. Such a rotation is an isometry of T>k by the remarks 
following Corollary 11.5.3. 

Suppose, on the other hand, that l and m intersect at a point p , say. If 
\p\ > 1, the perspectivity n p takes c to 1, d to — 1 and a, b to points a', b' on 
the line joining —1 and 1, i.e., the real axis. If \p\ < 1, the lines V joining c 
and —1 and m' joining d and 1 intersect at a point p' with \p'\ > 1 and the 
perspectivity n p / takes c to — 1 , d to 1 and a, b to points a', b' on the real axis. 
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We compute the distance dx> K (a,b) = dx> K (a',b') by transferring to Vp 
using the isometry 1C : Vp —> Vk, so that dx> K {a’,b') = dx> P (IC~ 1 (a'),IC~ 1 {b')). 
Using Proposition 11.3.2, this gives 


K-\b') 


rx- (.<= 

dp K {a,b') = / 


2 dv 
1 — v 2 


= In 


(l + zc-^xi-zc-y)) 

(1 + /C _1 (a , ))(l — /C _1 (0 )' 


(11.9) 


Using the formula (11.8) for /C, we find that 


/C- 1 (A) = ^(1- y/f-A 2 ), AeV, 


which implies that 


Using this, (11.9) becomes 


1 + /C -1 (A) /1 + A 

1 — /C~ 1 (A) “ V 1- A' 


d (o' W\ - I In ( 1 + 6 ')( 1 - a ') 
dv K (a,b) - 2 ln (1 _ 6 , )(1 + a ,y 


( 11 . 10 ) 


On the other hand, we have seen that there is a perspectivity or a rotation about 
the origin that takes (a, b , c, d) to (a', b', 1, —1) or (a', b', —1,1) with a', b’ £ R, 
and that these transformations of T>k leave the cross-ratio unchanged (see the 
remarks following the proof of Proposition 11.5.7). In the first case, 

( 1 - 0(1 + 6 ') 


{a,b\c,d) = (. a',b 1,-1) = 
and in the second case, 

(a, 6; c, d) = (a',b';~ 1,1) = 

so in both cases 


(1 + 0(1-O’ 

(1 + 0 ( 1-0 
(1 — 0(1 + 6 ') ’ 


dv K (a, b) = dv K (a', b’) = ^ | ln(a, 6; c, d) |. 


□ 


EXERCISES 

11.5.1 Prove Eq. 11.8. 

11.5.2 Extend the definition of cross-ratio in the obvious way to include the 
possibility that one of the points is equal to oo, e.g., (oo,6;c, d) = 
(6 — d)/(b — c). Show that, if M : Coo -+ C^ is a Mobius transfor¬ 
mation, then 

(. M(a),M(b);M(c),M(d )) = (a,b;c,d) for all distinct points 
a,b,c,d£ Coo- (11.11) 
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Show, conversely, that if M : Coo —> C M is a bijection satisfying this 
condition, then M is a Mobius transformation. 

11.5.3 Use the preceding exercise to show that, if (a, b, c) and ( a',b',c') 
are two triples of distinct points of Coo, there is a unique Mobius 
transformation M such that M(a) = a 1 , M(b) = b' and M(c) = d . 

11.5.4 Let a, b £ Coo and let d be the spherical distance between the points 
of S 2 that correspond to a, b under the stereographic projection map 
II (Example 6.3.5). Show that 



11.5.5 Show that, if 1Z is the reflection in a line passing through the origin, 
then K.1Z = 7 ZK,. Deduce that 1Z is an isometry of T>k- 

11.5.6 Show that the isometries of T>k are precisely the composites 
of (finitely many) perspectivities and reflections in lines passing 
through the origin. 



12 

Minimal surfaces 


In Section 9.4 we considered the problem of finding the shortest paths between 
two points on a surface. We now consider the analogous problem in one higher 
dimension, that of finding a surface of minimal area with a fixed curve as its 
boundary. This is called Plateau’s Problem. The solutions to Plateau’s problem 
turn out to be surfaces whose mean curvature vanishes everywhere. The study 
of these so-called minimal surfaces was initiated by Euler and Lagrange in the 
mid-eighteenth century, but new examples of minimal surfaces are still being 
discovered. 

12.1 Plateau’s problem 

In Section 9.4, we found the condition for a curve on a surface to minimize 
distance between its endpoints by embedding the given curve in a family of 
curves passing through the same two points, and studying how the length of 
the curve varies as the curve varies through the family. Accordingly, we shall 
now study a family of surface patches cr T : U R 3 , where U is an open subset 
of R 2 independent of r, and r lies in some open interval (—6,6), for some 6 > 0. 
Let (j — cr °. The family is required to be smooth, in the sense that the map 
(■ u,v,t ) i ^ cr T (u,v) from the open subset {(u,v,t) \ (u,v) G U, r G (—<5, 5)} 
of R 3 to R 3 is smooth. The surface variation of the family is the function 
ip : U — > R 3 given by 

<P= &T \t=0’ 

where here and elsewhere in this section, a dot denotes d/dr. 
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Let 7r be a simple closed curve that is contained, along with its interior 
int(7r), in U (see Section 3.1). Then 7r corresponds to a closed curve 7 r = er T o7r 
in the surface patch er T , and we define the area function A (r) to be the area 
of the part of er T inside 7 r : 


A(t) 



dAv t. 


Note that, if we are considering a family of surfaces with a fixed boundary 
curve 7, then 7 r = 7 for all r, and hence tp T (u,v) = 0 when (u,v) is a point 
on the curve tv. 


Theorem 12.1.1 


With the above notation, assume that the surface variation tp T vanishes along 
the boundary curve tv. Then, 



H(EG — F 2 ) 1 / 2 a dudv. 


( 12 . 1 ) 


where H is the mean curvature of er, E, F and G are the coefficients of its first 
fundamental form, and a = y? ■ N where N is the standard unit normal of er. 


We defer the proof of this theorem to the end of this section. 

If er has the smallest area among all surfaces with the given boundary 
curve 7, then A must have an absolute minimum at r = 0, so .4(0) = 0 for all 
smooth families of surfaces as above. This means that the integral in (12.1) must 
vanish for all smooth functions a : U —> M. As in the proof of Theorem 9.4.1, 
this can happen only if the term that multiplies a in the integrand vanishes, 
in other words only if H = 0. This suggests the following definition. 


Definition 12.1.2 

A minimal surface is a surface whose mean curvature is zero everywhere. 
Theorem 12.1.1 and the preceding discussion then give 


Corollary 12.1.3 

If a surface S has least area among all surfaces with the same boundary curve, 
then S is a minimal surface. 

Minimal surfaces have an interesting physical interpretation as the shapes 
taken up by soap films. A soap film has energy by virtue of surface tension, 
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and this energy is proportional to its area. A soap film spanning a wire in the 
shape of a curve C should therefore adopt the shape of a surface of least area 
with boundary C. By Corollary 12.1.3, this will be a minimal surface. 

More generally, if the soap film separates two regions of different pressure, 
the film will adopt the shape of a surface of constant mean curvature. This is 
the case for a soap bubble, for example, for which the air pressure inside the 
bubble is greater than the pressure outside. To see this, we apply the principle 
of ‘virtual work’. This tells us that, if the soap film is in equilibrium, and 
we imagine a (‘virtual’) change in the surface, the change in the energy of the 
film must be the same as the work done by the film against the air pressure. 
If p is the pressure difference, the force exerted by the air on a small piece of 
the surface of area A A is pAA, and so the work done when it moves a small 
distance a perpendicular to itself is apAA. On the other hand, the formula in 
Theorem 12.1.1 shows that the change in area of the surface is proportional to 
aHAA (note that a is the component of the variation <p perpendicular to the 
surface). So p is proportional to H. Since the pressure difference must be the 
same across the whole surface, so must the mean curvature H. Surfaces of 
constant non-zero mean curvature were discussed in Section 8.5. 

For the moment, we give only one example of a minimal surface; others will 
be given in the next section. This example already shows, however, that the 
converse of Corollary 12.1.3 is false. 

Example 12.1.4 

The surface obtained by revolving the curve x = cosh z in the xz -plane 
around the z-axis is called a catenoid (a picture of a catenoid can be found 
in Exercise 5.3.1). The catenoid can be parametrized by 

cr(u,v) = (coshucosu,coshusint!,it). 


Then, 

<t u = (sinh u cosu, sinh tt sin t>, 1), cr v = (— cosh u sin v, cosh u cos v, 0), 
cr u x cr v = (— cosh u cost), — cosh u sin v, sinh u cosh u), 

N = (— sechtt cost),—sechtt sin t),tanhu), 

= (cosh u cost;, cosh tt sin t;, 0), 

<r uv = (— sinh tt sin v, sinh tt cos v, 0), 
cr vv = (—coshucost), — coshusint), 0). 

This gives the coefficients of the first and second fundamental forms of cr as 

E = G = cosh 2 u, F = 0, L = -1, M = 0, N = 1. 
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The first three of these equations show that the parametrization er is conformal, 
and Corollary 8.1.3 gives 

u LG — 2MF + NE — cosh 2 u + cosh 2 u n 
H = 2 (EG-F 2 ) = 2 cosh 4 u = °’ 

showing that the catenoid is a minimal surface. 



Fix a > 0, and let b = cosh a. The surface S consisting of the part of the 
catenoid with \z\ < a has the two circles C ± of radius b in the planes z = ±a 
with centres on the 0 -axis as boundary. Another surface spanning the same two 
circles is, of course, the surface So consisting of the two discs x 2 + y 2 < b 2 in 
the planes z = ±a. The area of S is, by Proposition6.4.2, 

/* 27 t pa pa 

/ / (EG — F 2 ) 1 / 2 dudv = / / cosh 2 ududv = 27r(a + sinhacosha). 

J 0 J—a J 0 J—a 

The area of So is, of course, xb 2 = 2i r cosh 2 a. So the minimal surface S will 
not minimize the area among all surfaces with boundary the two circles if 
cosh 2 a < a + sinhacosha, i.e., if 
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1 + e~ 2a < 2a. 


( 12 . 2 ) 



2 a 


1+e 


-2a 


a 


The graphs of 1 + e~ 2a and 2a as functions of a clearly intersect in exactly one 
point a = ao, say, and the inequality (12.2) holds if a > ao. If this condition is 
satisfied, the catenoid is not area minimizing. 

It can be shown that if a < ao the catenoid does have least area among all 
surfaces spanning the circles C + and C~. 

It is time to prove Theorem 12.1.1. 


Proof 

Let cp T = <x r , so that ip a = <p, and let N T be the standard unit normal of cr T . 
There are smooth functions a T ,/3 T and 7 1 " of ( u,v,t ) such that 



so that a = a 0 . To simplify the notation, we drop the superscript r for the rest 
of the proof; at the end of the proof we put r = 0. 


We have 


At) = [ 

J 


int(7r) 


|| <j u x cr v || dudv 


1 


int(7r) 


N • (cr u x (7 V ) dudv , 


so 



(12.3) 



Since N is a unit vector, 


N • (cr u x ct v ) = N • N || cr u x cr v || = 0. 





310 


12. Minimal surfaces 


On the other hand, 

N • (<r u x er v ) = 


(<t„ x cr v ) ■ (& u X (T v ) 

II cr u x cr v || 

(o 'u * • <77,) (o" u • CT V ){(T V • (T u ) 

|| O u X <T„ || 

G(<x u • <T U ) - E(er. u • <r„) 


using Proposition 6.4.2. Similarly, 
N • (cr u x <r„) = 


{EG- F 2 ) 1 / 2 


E{cr v ■ & v ) - F(cr u ■ & v ) 


(EG-F 2 ) 1 / 2 

Substituting these results into Eq. 12.4, we get 

0 , xx ^(o - v ■ <r v ) — F{& u ■ cr v cr u ■ & v ) + G{cr u ■ & u ) 

— (N- (er u x a v )) = - (^-^ 2 ) 1/2 -' ( 12 ' 5 ) 

Now 

cr u = V u =a u N + /3 u cr u + "f u (Tv+a'N u + (3cr uu + j(T uv , 
u u ■ ct u = E/3 U + F"fu + ( cr u • N u )a + (cr u ■ er uu )j3 + ( cr u ■ cr uv ) 7 . 

Since cr u ■ N M = -cr uu • N = -L, cr u ■ cr uu = \E U and cr u ■ u uv = \E V , we get 
cr u - & u = E/3 U + F'ju - La+ ^E u fi + ^E v 7 . 

Similarly, 

cr v ■ & u = F(3 U + G"f u - Ma + {F u - ^E V )P + ^G„ 7 , 

<y u ■ & v =E/3 V + F^ v - Mot + ^E v /3 + {F v - ^G u )"f, 

<7 V ■ & v = Fp v + Gy,, — Na + —G u /3 + —G v 7 . 

Substituting these last four equations into the right-hand side of Eq. 12.5, 
simplifying, and using the formula for FI in Corollary 8.1.3, we find that 

5 -(N • (<r„ x ct v )) = (p{EG - F 2 ) 1/2 ) u + (l{EG - F 2 ) 1/2 )^ 


dr 


-2 aH{EG - F 2 ) 1/2 . 


( 12 . 6 ) 


Comparing with Eq. 12.3, and reinstating the superscripts, we see that we must 
prove that 

J {(/3°(EG-E 2 ) 1/2 ) +(^/°{EG-F 2 ) 1/2 ) } dudv = 0. (12.7) 








12.1 Plateau's problem 


311 


But by Green’s theorem (see Section 3.2), this integral is equal to 

f (^G-F 2 ) 1/2 (/?°du-7°dw), 

J 7T 

and this obviously vanishes because /3° = 7 0 = 0 along the boundary curve n. 
This completes the proof of Theorem 12.1.1. □ 

Note that we did not quite use the full force of the assumptions in 
Theorem 12.1.1, since they imply that a 0 (= a) vanishes along the bound¬ 
ary curve, and this was not used in the proof. So Eq. 12.1 holds provided the 
surface variation p is normal to the surface along the boundary curve. 

Note also that Theorem 12.1.1 is intuitively obvious for variations ip that 
are parallel to the surface, i.e., those for which a = 0 everywhere on the surface, 
since such a parallel variation causes the surface to slide along itself and will not 
change the shape, and in particular the area, of the surface. Thus, the main 
point is to prove Theorem 12.1.1 for normal variations, i.e., those for which 
P = 7 = 0 everywhere on the surface. Making this restriction simplifies the 
above proof considerably. 


EXERCISES 

12.1.1 Show that the Gaussian curvature of a minimal surface is < 0 every¬ 
where, and that it is zero everywhere if and only if the surface is an 
open subset of a plane. We shall obtain a much more precise result 
in Corollary 12.5.6. 

12.1.2 Let cr : U -> l 3 be a minimal surface patch, and assume that 
Acr(U) < 00 (see Definition 6.4.1). Let A ^ 0 and assume that the 
principal curvatures k of cr satisfy |Ak| < 1 everywhere, so that the 
parallel surface cr x of cr (Definition 8.5.1) is a regular surface patch. 
Prove that 

A a x(U) < AM 

and that equality holds for some A ^ 0 if and only if er( U) is an open 
subset of a plane. (Thus, any minimal surface is area-minimizing 
among its family of parallel surfaces.) 

12.1.3 Show that there is no compact minimal surface. 

12.1.4 Show that applying a dilation or an isometry of R 3 to a minimal 
surface gives another minimal surface. Can there be a local isometry 
between a minimal surface and a non-minimal surface? 
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12.2 Examples of minimal surfaces 

The simplest minimal surface is, of course, the plane, for which both principal 
curvatures are zero everywhere. Apart from this, the first minimal surfaces to 
be discovered were those in the following two examples. 


Example 12.2.1 


If a is a non-zero constant, the surface S a obtained by rotating the curve 
x = ^ cosh az in the xz -plane around the 2-axis is called a catenoid. More 
generally, a catenoid is a surface obtained by applying an isometry of R 3 to 
a surface S a ■ Any catenoid S is a minimal surface, since S can be obtained 
from the special catenoid <Si in Example 12.1.4 by applying an isometry and a 
dilation (Exercise 12.1.4). A picture of a catenoid can be found in Exercise 5.3.1. 

Catenoids are surfaces of revolution. In fact, apart from the plane, they are 
the only minimal surfaces of revolution: 

Proposition 12.2.2 

Any minimal surface of revolution S is an open subset of a plane or a catenoid. 


Proof 


By applying an isometry of R 3 , we can assume that the axis of the surface S is 
the z-axis and the profile curve lies in the X2-plane. We parametrize S in the 
usual way (see Example 5.3.2): 

<r(u,v) = (f(u)cosv,f(u)smv,g(u)), 

where the profile curve u K > (f(u),0,g(u)) is assumed to be unit-speed and 
/ > 0. From Examples 6.1.3 and 7.1.2, the first and second fundamental forms 


are 


du 2 + f(u) 2 dv 2 and (fg - fg)du 2 + fgdv 2 , 


respectively, a dot denoting d/du. By Corollary 8.1.3, the mean curvature is 



We suppose now that, for some value of u, say u = uo, we have g(uo) ^ 0. 
Since g is continuous (because g is smooth), we shall then have g{u) ^ 0 for u 
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in some open interval containing uq- Let (a,/3) be the largest such interval. 
Supposing now that u £ (a,/3), the unit-speed condition f 2 + g 2 = 1 gives 
(as in Example 8.1.4) 


and so we get 


fg- fg = -w, 

g 




2 \f g r 

Since g 2 = 1 — / , S is minimal if and only if 

// = 1 - / 2 - 

To solve the differential equation (12.8), put h = f , and note that 


( 12 . 8 ) 


Hence, Eq. 12.8 becomes 


dh dh df dh 

dt df dt df 


,, dh 2 

fh- 7 = 1 -h 2 . 
df 


Note that, since g ^ 0, we have hf ^ 1, and so we can integrate this equation 
as follows: 


hdh 


df_ 

/’ 


1 -h 2 

\]a 2 f 2 - 1 


h = 


af 


where a is a non-zero constant. (We have omitted a ±, but the sign can be 
changed by replacing u by — u if necessary.) Writing h = df /du and integrating 
again, 

f a fdf , 

= / du, 


J \Ja 2 f 2 - 1 

.-. / = ^\/l + a 2 (u + b) 2 , 

where 6 is a constant. By a change of parameter u i —> u + b, we can assume that 
6 = 0. So, 

/ = - \J\ + a 2 u 2 . 
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To compute g, we have 



9 


±— sinh 1 (au) + c (where c is a constant), 


a 


au 


± sinh(a(g — c)), 


/ 


- cosh (a(g — c)). 


a 


Thus, the profile curve of S is 


1 


cosh(a(0 — c)). 


x = 


a 


This surface is obtained by applying to the catenoid S a a translation along the 
0-axis. 

We are not quite finished, however. So far, we have only shown that the 
open subset of S corresponding to u € ( a , /?) is part of the catenoid, for in the 
proof we used in an essential way that <? yf 0. This is why the proof has so far 
excluded the possibility that S is a plane. To complete the proof, we argue as 
follows. Suppose that (3 < oo. Then, if the profile curve is defined for values of 
u > (3, we must have g{f3) = 0, for otherwise g would be non-zero on an open 
interval containing j3, which would contradict our assumption that (a, (3) is the 
largest open interval containing uq on which g yf 0. But the formulas above 
show that 



and so, since g is a continuous function of u, g{/3) = ±(1 + a 2 j3 2 ) 1 / 2 yf 0. This 


contradiction shows that the profile curve is not defined for values of u > (3. Of 
course, this also holds trivially if f3 = oo. A similar argument applies to a, and 
shows that (a, f3) is the entire domain of definition of the profile curve. Hence, 
the whole of S is an open subset of a catenoid. 

The only remaining case to consider is that in which g(u ) = 0 for all values 
of u for which the profile curve is defined. But then g{u) is a constant, say d , 
and S is an open subset of the plane z = d. □ 


Example 12.2.3 


A helicoid is a ruled surface swept out by a straight line that rotates at constant 
speed about an axis perpendicular to the line while simultaneously moving at 
constant speed along the axis. By applying an isometry of R 3 we can take the 
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axis to be the z-axis. Let to be the angular velocity of the rotating line and 
a its speed along the z-axis. If the line starts along the x-axis, at time v the 
centre of the line is at (0,0, av ) and it has rotated by an angle uiv. Hence, the 
point of the line initially at ( u , 0, 0) is now at the point 

cr(u,v) = (it cos ujv, itsinwu, av). 

We leave it to Exercise 12.2.1 to check that this is a minimal surface. (A picture 
of a helicoid can be found in Exercise 4.2.6.) 

We have the following analogue of Proposition 12.2.2. 

Proposition 12.2.4 

Any ruled minimal surface is an open subset of a plane or a helicoid. 


Proof 

We take the usual parametrization 

<x(it, v) = 7 ( 11 ) + v8(u) 

(see Example 5.3.3), where 7 is a curve that meets each of the rulings and <5(it) 
is a vector parallel to the ruling through 7 ( 11 ). We begin the proof by making 
some simplifications to the parametrization. 

First, we can certainly assume that || 8(u) || = 1 for all values of it. We assume 
also that 8 is never zero , where the dot denotes d/du. (We shall consider later 
what happens if 8{u) = 0 for some values of it.) We can then assume that 
7 ■ d = 0 (see Exercise 5.3.4). 

We have <r u = 7 + vS, cr v = 8, so 

E = || 7 + v8 || 2 , F = (7 + v'S) ■ 8 = 7 • 8, G = 1. 

Let A = \/EG - F 2 . Then, 

N = A- 1 ^ + v8) x 8. 

Next, we have cr uu = 7 + vS, a uv = 8, cr vv = 0, so 

L = A " 1 (7 + v8) ■ ((7 + v8) x 8), 

M = • ((7 + v8) x 8) = AT 1 < 5.(7 x 8), 

N = 0. 
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Hence, the minimal surface condition 


H = 


LG - 2 MF + NE 
2A 2 


gives 

(7 + v5 ) • ((7 + v5) x 5) = 2(5 • 7)(<5 • (7 x 5)). 

This equation must hold for all values of (it, v). Equating coefficients of powers 
of v gives 

7 • (7 x i) = 2(5 ■ j)(5 ■ (7 x (5)), (12.9) 

7- (5 x 5) +d • (7 x 5) = 0, (12.10) 

5-(5x5) = 0 . ( 12 . 11 ) 

Equation 12.11 shows that 5, 5 and 5 are linearly dependent. Since 5 and <5 
are perpendicular unit vectors, there are smooth functions a(it) and (3(u) such 
that 

5 = a5 + f35. 

But, since 5 is unit-speed, 5-5 = 0. Also, differentiating 5 ■ 5 = 0 gives 
5 ■ 5 = — 5 ■ 5 = —1. Hence, a = —1 and /3 = 0, so 


'5 = -5. 


( 12 . 12 ) 


Equation 12.12 shows that the curvature of the curve 5 is 1, and that its 
principal normal is —5. Hence, its binormal is 5 x (— 5 ), and since 

-j-(S xd) = 5xd + Sx5 = -dxd = 0 , 
du 

it follows that the torsion of 5 is zero. Hence, 5 parametrizes a circle of radius 
1 (see Proposition2.3.5). By applying an isometry of R 3 , we can assume that 
5 is the circle with radius 1 and centre the origin in the ccy-plane, so that 


5(u) = (cos u, sin it, 0). 

From Eq. 12.12, we get 5 ■ (7 x 5) = — 5 ■ (7 x 5) = 0, so by Eq. 12.10, 

7 • (5 x 5) = 0. 


It follows that 7 is parallel to the sy-plane, and hence that 

l(u) = ( f(u),g(u),au + b ), 


where / and g are smooth functions and a and b are constants. If a = 0, the 
surface is an open subset of the plane z = b. Otherwise, Eq. 12.9 gives 

gcosu — / sin it = 2 (/cosw + g sin it). 


(12.13) 
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We finally make use of the condition 7 ■ <5 = 0, which gives 

/ sin u — g cos u. (12.14) 

Differentiating this gives 

/sin it + /cos it = geos it — <7 sin it. (12.15) 

Equations 12.13 and 12.15 together give 

/ cos u + g sin u = 0 

and using Eq. 12.14 we get f = g = 0. Thus, / and g are constants. By a 
translation of the surface, we can assume that the constants /, g and b are 
zero, so that 7 (zt) = ( 0 , 0 , au) and 

cr(u,v) = (v cosu,v sinu, au), 

which is a helicoid. 

We assumed at the beginning that S is never zero. If S is always zero, then 
6 is a constant vector and the surface is a generalized cylinder. But in fact a 
generalized cylinder is a minimal surface only if the cylinder is an open subset 
of a plane (Exercise 12.2.3). The proof is now completed by an argument similar 
to that used at the end of the proof of Proposition 12.2.2, which shows that 
the whole surface is an open subset of a plane or a helicoid. □ 

After the catenoid and helicoid, the next minimal surfaces to be discovered 
were the following two. 


Example 12.2.5 

Enneper’s surface is 


er(it , v) = ( u - — + uv 2 , v -— + u 2 v, u 2 — v‘ 

o o 


It was shown in Exercise8.5.1 that this is a minimal surface. 
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Strictly speaking, this is not a surface patch as it is not injective. The 
self-intersections are clearly visible in the picture above. However, if we restrict 
(it, v) to lie in sufficiently small open sets, u will be injective (see Exercise 
5.6.3). 

Example 12.2.6 

Scherk’s surface is the surface with Cartesian equation 



It was shown in Exercise 8.5.2 that this is a minimal surface. Note that the 
surface exists only when cos a; and cosy are both > 0 or both < 0, in other 
words in the interiors of the white squares of the following chess board pattern, 
in which the squares have vertices at the points (n/2 + mn, Tr/2 + mr), where m 
and n are integers, no two squares with a common edge have the same colour, 
and the square containing the origin is white: 



The white squares have centres of the form (rmr,mr), where m and n are 
integers with m + n even. Since, for such m, n , 

cos (y + mr) cos y 
cos (a; + m7r) cos x ’ 

it follows that the part of the surface over the square with centre (rmr, mr) is 
obtained from the part over the square with centre (0, 0) by the translation 
(x, y, z) i—>■ (x + rmr, y + mr, z). So it suffices to exhibit the part of the surface 
over a single square (see below). 
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EXERCISES 

12.2.1 Show that every helicoid is a minimal surface. 

12.2.2 Show that the surfaces er* in the isometric deformation of a helicoid 
into a catenoid given in Exercise 6.2.2 are minimal surfaces. (This is 
‘explained’ in Exercise 12.5.4.) 

12.2.3 Show that a generalized cylinder is a minimal surface only when the 
cylinder is an open subset of a plane. 

12.2.4 Verify that Catalan’s surface 

( u v\ 
u — sin it coshv, 1 — cos it cosh?;, —4sin — sinh —J 

is a conformally parametrized minimal surface. (As in the case of 
Enneper’s surface, Catalan’s surface has self-intersections, so it is 
only a surface if we restrict (u,v) to sufficiently small open sets.) 
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Show that: 

(i) The parameter curve on the surface given by u = 0 is a straight 
line. 

(ii) The parameter curve u = tt is a parabola. 

(iii) The parameter curve v = 0 is a cycloid (see Exercise 1.1.7). 

Show also that each of these curves, when suitably parametrized, 
is a geodesic on Catalan’s surface. (There is a sense in which 
Catalan’s surface is ‘designed’ to have a cycloidal geodesic - see 
Exercise 12.5.5.) 


12.3 Gauss map of a minimal surface 

Recall from Section 7.2 that the Gauss map Q of an oriented surface S associates 
to each point p £ S the unit normal N p of S at p regarded as a point of the 
unit sphere S 2 . We begin with the following ‘local’ result: 

Proposition 12.3.1 

With the above notation, suppose that the Gaussian curvature of S is non-zero 
at the point p. Then, there is an open subset V of S containing p such that 
the restriction of Q to V is injective. 

This result (and its proof) implies that, if the Gaussian curvature of S is 
nowhere zero, the Gauss map of S is a local diffeomorphism. 


Proof 

Let u : U — > M 3 be a surface patch of S containing p, say p = cr(uo,v o), and 
let N : U —> R 3 be the standard unit normal of u. By Eq. 8.2, 

N u x N v = K a u x cr , ,, 

where K is the Gaussian curvature of S, so by Exercise 5.6.3 there is an open 
subset W of U containing (uo, vq) such that the restriction of the map N to W 
is injective. Then, cr(W) is an open subset of S containing p and the restriction 
of G to cr(W) is injective. □ 
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Theorem 12.3.2 

Let S be a minimal surface with nowhere vanishing Gaussian curvature. Then, 
the Gauss map is a conformal map from S to S 2 . 

Proof 

By Theorem 6.3.3, we have to show that the bilinear forms ( , ) and Q*{ , ) 
are proportional. Now, if p G S and v, w e T p S , 

£*(v,w) = (V p g{-v),V p g{w)) = (-W(v),-W(w)} = (W 2 (v),w), 

where W is the Weingarten map; the last equation follows from the fact that 
W is self-adjoint (Corollary 7.2.4). But, by Exercise 8.1.6 and the fact that the 
mean curvature H is zero, we have 

W 2 = — A", 


the Gaussian curvature of S. It follows that 

g *(, ) = -k( , ), 


as we want. □ 

We saw in Exercise 6.3.4 that a conformal parametrization of the plane is 
necessarily holomorphic or anti-holomorphic, so this proposition strongly sug¬ 
gests a connection between minimal surfaces and holomorphic functions. This 
connection turns out to be very extensive, and we shall give an introduction to 
it in Section 12.5. 


EXERCISES 

12.3.1 Let S be a connected surface whose Gauss map is conformal. 

(i) Show that, if p £ S and if the mean curvature H of S at p is 
non-zero, there is an open subset of S containing p that is part 
of a sphere. 

(ii) Deduce that, if H is non-zero at p, there is an open subset of 
S containing p on which H is constant. 

(iii) Deduce that S is either a minimal surface or an open subset of 
a sphere. 
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12.3.2 Show that: 

(i) The Gauss map of a catenoid is injective and its image is the 
whole of S 2 except for the north and south poles. 

(ii) The image of the Gauss map of a helicoid is the same as that of 
a catenoid, but that infinitely many points on the helicoid are 
sent by the Gauss map to any given point in its image. 

(The fact that the Gauss maps of a catenoid and a helicoid have the 

same image is ‘explained’ in Exercise 12.5.3 (ii).) 


12.4 Conformal parametrization of minimal 
surfaces 

Our goal in this section is to prove the following theorem. 

Theorem 12.4.1 

Let S be a minimal surface and let p £ 5. Then, there is a surface patch <r of 
S containing p that is conformal. 

Recall from Section 6.3 that this means that the first fundamental form of 
cr(u, v) is of the form E(du 2 + dv 2 ) for some smooth function E(u, v ). 


Proof 

Let p = (xo,yo)2o)- By Exercise 5.6.4, if the tangent plane of S at p does 
not contain the 2-axis, there is an open set U in R 2 containing (xo,yo) an< i 
a smooth function / : V —> R such that an open subset of S consisting of 
the points ( x,y,z ) with (x,y) £ V coincides with the graph of the function /. 
(If the tangent plane at p does contain the 2-axis, then S will be a graph of 
the form x = f(y , z) or y = f(x, z ) near p.) We can also assume that V is an 
open disc 

D = {(x,y) \(x- x 0 ) 2 + (y- y 0 ) 2 < r 2 }, 

for some r > 0, since any open set in R 2 containing (xo>Z/o) contains such a 
disc. We must therefore show that the surface patch 

cr(x, y) = (x, y, f(x, y)), (x, y) £ D, 


has a conformal reparametrization. 
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The coefficients of the first fundamental form of <x are 

f 2 77 _ f f _ 1 I f 2 


E = l + ff, F = fxfv, G = 1 + fy. 


We show first that 


(12.16) 


where A = \JEG — F 2 . Indeed, 

i 1 + fx+ fv)(fxxfy + fxfxy) ~ fxfyifxfxx + fyfxy ) 


a +/ 2 +/ 2 ) 3/2 


2(1 + fl + tf)fxfxy - (1 + fDUxfxy + fyfyy) 

(1 + /* + fy) 3/2 

fy(( 1 + ff)fxx ~ 2 fxfyfxy + (1 + fx)fyy ) 


(1 + / 2 + / 2 ) 3/2 


= 0 , 


by Exercise 8.1.1. The second equation in (12.16) is proved similarly. 

From advanced calculus, we know that Eqs. 12.16 imply the existence of 
smooth functions (p, ip : D —> M such that 


E 


F 


F 


G 


Vx = -J, <Py= J, Ipx = -£, 1py = -J- 


In fact, we can just define 


p(x,y) = 

Jo 


cE(( 1 - t)r 0 + tr) + yF(( 1 - t)r 0 + tr) 


A{{1 - t)r 0 + tr) 

where r = (x,y), ro = (a^o,S/o)j and similarly for ip. 
The reparametrization map we want is 


dt. 


u(x,y) =x + ip(x,y), v(x,y) =y + ip(x,y). 


Note that 


so 


f U x 

Uy 

)_/ 

V V X 

v v y 

l~\ 


1 + <fix <Py 
4>x l + i’y 


! + f 

F 

A 


■Ax Uj y 


E 


A 


G 


= l + -r U + ^r -^r=2 


F 2 


F 

A 


E + G 


(12.17) 


A 2 


A 


> 0. 


By the Inverse Function Theorem 5.6.1, the function F : D —> R 2 given by 
F(x , y) = (u(x, y), v(x , y)) has a smooth inverse function F (we may have to 
replace D by a smaller open disc with centre (xo,yo))- Let 


F (u,v) = (x(u,v),y(u,v)). 
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We shall show that the reparametrization 

<r(u,v) = (x(u,v),y(u,v),f(x{u,v),y(u,v))) 


of ef is conformal. 

By the chain rule, 


so 


f %U %V 
V y u Vv 




= I, 


u x u y \ _ 1 f G + A —F \ 

v x v y ) E + G + 2A \ —F E + A ) 


by Eq. 12.17. Letting z(u, v) = f{x(u, v), y(u , v)), we get (again using the chain 
rule) 


z u 

z v 


fxXu fyV 


u 


fx%v H” fyV 


v 


fx{G + A) — f y F 
E + G + 2A 
f v (E + A) — f x F 
E + G + 2A 


Hence, 


(Tu-(Tu = xl + yl + zl 

{G + A) 2 + F 2 + ( f x (G + A)- f y F) 2 
(E + G + 2 A) 2 

(G + A) 2 + F 2 + (E~ 1)(G + A) 2 + (G - 1)F 2 - 2(G + A)F 2 
{E + G + 2A) 2 

E(G + A) 2 + GF 2 — 2(G + A)F 2 
(E + G + 2 A) 2 

EA 2 + 2 A{EG - F 2 ) + G(EG - F 2 ) 

(E + G + 2 A) 2 


E + G + 2A’ 


using ff = E — 1, f 2 = G — 1 to pass from the second line to the third and 
A 2 = EG - F 2 to pass from the fifth line to the sixth. Similar calculations 
show that 


(T v . cr v 


A 2 

E+G + 2A ’ ,T “' <T "- 0 


□ 
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EXERCISES 


12.4.1 Use Proposition 12.3.2 to give another proof of Theorem 12.4.1 for 
surfaces S with nowhere-vanishing Gaussian curvature. 


12.5 Minimal surfaces and holomorphic 
functions 

In this section, we shall make use of certain elementary properties of holomor¬ 
phic functions. Readers without the necessary background in complex analysis 
may safely omit this section, the results of which are not used anywhere else 
in the book. 

Let er : U — > R 3 be a conformal surface patch. We introduce complex 
coordinates in the plane of which U is an open subset by setting 

( = u + iv, (it, v) £ U, 

and we define 

<p(0 = cr u - icr v . (12.18) 

Thus, ip = (p i, f2, fz) has three components, each of which is a complex-valued 
function of (it, n), i.e., of (. The basic result which establishes the connection be¬ 
tween minimal surfaces and holomorphic functions is the following proposition. 


Proposition 12.5.1 

Let cr : U — > R 3 be a conformal surface patch. Then er is minimal if and only 
if the function f defined in Eq. 12.18 is holomorphic on U. 

To say that f is holomorphic means that each of its components f \, f 2 and 
fs is holomorphic. 


Proof 

Let f(u, v ) be a complex-valued smooth function, and let a and /3 be its real 
and imaginary parts, so that f = a + ip. The Cauchy- Riemann equations 

oc u — Pv and ol v — p u 

are the necessary and sufficient conditions for f to be holomorphic. Applying 
this to each of the components of f, we see that ip is holomorphic if and only if 
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(^u)u — ( CTv)v and (^u)v ( O r v')u- (12.19) 

The second equation imposes no condition on <r, and the first is equivalent to 
cr uu + o’w = 0- But it was shown in Exercise 8.5.1 that a conformal surface 
patch er is minimal if and only if cr uu + cr vv is zero. □ 

The holomorphic function tp associated to a minimal surface er is not 
arbitrary: 


Theorem 12.5.2 

If er : U — > R 3 is a conformally parametrized minimal surface, the vector¬ 
valued holomorphic function tp = (<p\, p 2 , Ps) defined in Eq. 12.18 satisfies the 
following conditions: 

(i) p\ + p\ + p\ = 0- 

(ii) ip is nowhere zero. 

Conversely, if U is simply-connected, and if tpi, P2 and ip$ are holomorphic 
functions on U satisfying conditions (i) and (ii) above, there is a conformally 
parametrized minimal surface er : U — > R 3 such that <p = (pi,p 2 ,P 3 ) satis¬ 
fies Eq. 12.18. Moreover, er is uniquely determined by pi,p 2 and p% up to a 
translation. 


An open subset U of K 2 is said to be simply-connected if every simple closed 
curve in U can be shrunk to a point staying inside U. Intuitively, this means 
that U has no ‘holes’. 




Simply-connected 


Not simply-connected 


In the course of the following proof, and in the proof of Proposition 12.5.5 
below, we shall need to recall that, if F is a holomorphic function of C = u + iv, 
then 

F U =F\ F v =iF\ C F) U =F 7 , (F) v = —iF 7 , 

where F' = dF/dC, is the complex derivative of F, and the bar denotes complex- 
conjugate. 



12.5 Minimal surfaces and holomorphic functions 


327 


Proof 


Suppose first that <x = (a 1 , cr 2 , a 3 ) is minimal, where cr k : U —> R for k = 1, 2, 3. 
We have to show that p = {pi,p 2 ,P 3 ) satisfies conditions (i) and (ii). Since 
ip k = <?u - ia v for ^ = 1,2, 3, 

= (( CT «) 2 “ ( a vf - 2ia t a v) = II “u II 2 - II (Tv II 2 -2i<r u • <T V , 

fc =1 fc =1 

( 12 . 20 ) 

which vanishes since cr is conformal. Finally, p = 0 if and only if er u = cr v = 0, 
and this is impossible since er is regular. 

For the converse, take <p satisfying conditions (i) and (ii). We must show 
that p arises from a minimal surface as above, and that this minimal surface 
is unique up to a translation of R 3 . Fix (uo,vo) £ U and define er as the real 
part of a complex line integral: 


er(u, v) = £He / p{£)d£, 

J 7r 

where 7t is any curve in U from (uq,vo) to (u,v) € U. The fact that U is 
simply-connected implies, by virtue of Cauchy’s Theorem, that f i s i n_ 

dependent of the path tv chosen, and hence so is er(u, v). Now, <£(£) = J n <p(t;)dt; 
is a holomorphic function of C = u + iv, and ^(C) = p{()- Hence, by the facts 
stated just before the beginning of the proof, 

= £He(* u ) = 9fc($') = Kefc), 
a v = JHe(^„) = 91 e(*$') = —3m(<^), 


so <p = <y u — icr v . 

To complete the proof, we have to show that er is a conformal surface 
patch. But, condition (ii) and Eqs. 12.21 show that cr u and cr v are not both 
zero. By condition (i) and Eq. 12.20, || cr u || = || cr v || and cr u ■ cr v = 0. Since 
cr u and <r v are not both zero, this proves that cr u and cr v are both non-zero 
and perpendicular, hence linearly independent, so that cr is a regular surface 
patch; it also proves that cr is conformal. 

If another conformal minimal surface cr corresponds to the same holomor¬ 
phic function ip as cr, then ef u = cr u and cr v = cr v everywhere on 17, which 
implies that cr — cr is a constant, say a, so that cr is obtained from cr by 
translating by the vector a. □ 


Before giving some examples, we observe that, if a holomorphic function p 
satisfies the conditions in Theorem 12.5.2, so does ip. If p is the holomorphic 
function corresponding to a minimal surface S, the minimal surface to which 
ip corresponds is called the conjugate of S. It is well defined by S up to a 
translation. 
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Example 12.5.3 

The parametrization 

cr(u,v) = (cosh u cos u, cosh u sin u, u) 

of the catenoid is conformal (see the solution of Exercise 6.2.3). The associated 
holomorphic function is 

<p( C) = <r u ~ i<7v 

= (sinh it cosu + i cosh u sin v, sinh it sin u — i cosh u cos v, 1) 

= (sinh(u + iv), —i cosh(u + iv), 1) 

= (sinhC, — icoshC, 1). 

Note that conditions (i) and (ii) in Theorem 12.5.2 are satisfied, since <p is 
clearly never zero and the sum of the squares of its components is 

sinh 2 C — cosh 2 £ + 1 = 0. 

Let us determine the conjugate minimal surface <r of the catenoid. From 
the proof of Theorem 12.5.2, 

(i sinh£, cosh£, i) d£ 

= 93e(f cosh sinh C,*C) 

= (— sinh u sin v, sinh u cos v, —v), 

up to a translation. If we reparametrize by defining u = sinh it, v = v + 7r/2, we 
get the surface 

(u,v) i f (u cosu, it sin u, — ii), 

after translating by (0, 0, —7 t/ 2), which is obtained from the helicoid in Exercise 
4.2.6 by reflecting in the 3-axis. Note that the parametrization of the helicoid 
given in Exercise 4.2.6 is not conformal, so the constructions in this section 
cannot be applied to it. 

It is actually possible to ‘solve’ the conditions on ip in Theorem 12.5.2. 

Proposition 12.5.4 

Let /(C) be a holomorphic function on an open set U in the complex plane, 
not identically zero, and let g( C) be a meromorphic function on U such that, if 
Co £ U is a pole of g of order rn > 1, say, then Co is also a zero of / of order 
> 2m. Then, 

v = 0/(i - g 2 ),\f{ 1 + S 2 ), /ff) (12-22) 


>j) = me I 

J 7T 
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satisfies conditions (i) and (ii) in Theorem 12.5.2, and conversely every 
holomorphic function p satisfying these conditions arises in this way. 

The correspondence given by Theorem 12.5.2 and Proposition 12.5.4 be¬ 
tween pairs of functions / and g and minimal surfaces is called Weierstrass ’ 
representation. 


Proof 

Suppose that / and g are as in the statement of the proposition. If g has a pole 
of order m > 1 at Co € U, and / has a zero of order n > 2 m at Co, then the 
Laurent expansions of / and g about Co are of the form 

/(C) =a(C-Co) n + --' and 9(0 = ^ _^ Q )m + ~ • • > 

where a and b are non-zero complex numbers and the • • • indicates terms in¬ 
volving higher powers of C — Co ■ Then, 

/(I ± g 2 ) = ±ab 2 (C - Co) n_2m + ' • • and fg = ab(( - ( 0 ) n ~ m + ■ ■ ■ 

involve only non-negative powers of C — Co, so tp is holomorphic near Co- Since 
it is clear that tp is holomorphic wherever g is holomorphic, it follows that the 
function tp defined by Eq. 12.22 is holomorphic everywhere on U. It is clear 
that tp is identically zero only if / is identically zero, and simple algebra shows 
that p satisfies condition (i) in Theorem 12.5.2. 

Conversely, suppose that tp = {pi, p 2 , P 3 ) is a holomorphic function satis¬ 
fying conditions (i) and (ii) in Theorem 12.5.2. If p\ — ipi is not identically 
zero, define 

f = 9= ——■ (12.23) 

Pi - ip-i 

Since p is holomorphic, / is holomorphic and g is meromorphic. Condition (i) 
implies that {tp\ + ipOipi — ip 2 ) = — p% , and hence that 

Pi+ip 2 = ~fg 2 - (12.24) 

Simple algebra shows that Eqs. 12.23 and 12.24 imply Eq. 12.22. Equation 12.24 
implies that fg 2 is holomorphic, and the argument with Laurent expansions 
in the first part of the proof now gives the condition on the zeros and poles 
of / and g. Finally, if pi — ip 2 = 0, we repeat the above argument replacing 
pi ± ip 2 by p\ =F ip 2 (note that pi — ip 2 and pi + ip 2 cannot both be zero, for 
if they were we would have pi = pi = 0, hence ps = 0 by condition (i), and 
this would violate condition (ii)). □ 


We give only one application of Weierstrass’ representation. 
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Proposition 12.5.5 

The Gaussian curvature of the minimal surface corresponding to the functions 
/ and g in Weierstrass’ representation is 

= —16|dff/ dC\ 2 

I/I 2 (l + I<?| 2 ) 4 ' 


Proof 

This is a straightforward, if tedious, computation, and we shall omit many of 
the details. Define Tp by taking the complex-conjugate of each component of p. 
Then, cr u = \(p + Tp), <j v = ^(p — p). Since p ■ p = Tp ■ Tp = 0, the first 
fundamental form is \p ■ Tp(du 2 + dv 2 ). Substituting the formula for p from 
Eq. 12.22 and simplifying, we find that the first fundamental form is 

^I/I 2 (l + \g\ 2 f{du 2 + dv 2 ). (12.25) 

Next, 

<t u x <t„ = i (tp + Tp) x (Tp - tp) = i tp x Tp, 

41 2i 

• || cr u X <r„ || 2 = -j(ipxTp)-((pxTp) = -j((ip-ip)(Tp-Tp)-(ip-Tp) 2 ) = j(ip-Tp) 2 , 

Tp X tp 

N = t _ . 

tp ■ tp 

In terms of / and g , this becomes 

N= l + \ g \2 (9 + g,-i(g-g),\g \ 2 -1) ■ (12.26) 

Using the remarks preceding the proof of Theorem 12.5.2 and the formulas 

L = u u ■ N„, M = cr u ■ N„, N = -a v ■ N„ 

(which follow by differentiating cr u ■ N = er„ • N = 0), we find that the second 
fundamental form is 

- \ ( (fg ' + fg')(du 2 + dv 2 ) + 2 i(fg' - fg')dudv) . (12.27) 


Combining Eqs. 12.25-12.27, and using the formula for the Gaussian curvature 
K in Corollary 8.1.3, we finally obtain the formula in the statement of the 
proposition. □ 
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Corollary 12.5.6 

Let S be a minimal surface that is not part of a plane. Then, the zeros of the 
Gaussian curvature of S are isolated. 

This means that, if the Gaussian curvature K vanishes at a point p £ 
S , then K does not vanish at any other point of S sufficiently near to p. 
More precisely, if p lies in a surface patch <x of <S, say p = cr(u o,Uo), there 
is a number e > 0 such that K does not vanish at the point cr(u,v) £ S if 
0 < (u — uo) 2 + (v — v 0 ) 2 < e 2 . 

Proof 

From the formula for K in Proposition 12.5.5, K vanishes exactly where the 
meromorphic function g' vanishes. If g’ is zero everywhere, so is K and S is 
an open subset of a plane (this was shown in Proposition 8.2.9, but follows 
immediately from Eq. 12.26 which shows that N is constant if g is constant). 
But it is a standard result of complex analysis that the zeros of a non-zero 
meromorphic function are isolated, so if K is not identically zero its zeros must 
be isolated. □ 

EXERCISES 

12.5.1 Find the holomorphic function ip corresponding to Enneper’s mini¬ 
mal surface given in Example 12.2.5. Show that its conjugate mini¬ 
mal surface coincides with a reparametrization of the same surface 
rotated by 7r/4 around the 0 -axis. 

12.5.2 Find a parametrization of Henneberg’s surface , the minimal sur¬ 
face corresponding to the functions /(£) = 1 — g(Q = f 
in Weierstrass’ representation. The following are a ‘close up’ view 
and a ‘large scale’ view of this surface. 



Henneberg: close up 
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Henneberg: Large scale 


12.5.3 Show that, if tp satisfies the conditions in Theorem 12.5.2, so does 
cup for any non-zero constant afC; let cr a be the minimal surface 
patch corresponding to cup , and let er 1 = er be that corresponding 
to ip. Show that: 

(i) If a € R, then er° is obtained from er by applying a dilation and 
a translation. 

(ii) If |a| = 1, the map cr(u,v) K > cr a (u,v ) is an isometry, and the 
tangent planes of er and er at corresponding points are parallel 
(in particular, the images of the Gauss maps of er and er a are 
the same). 

12.5.4 Show that if the function ip in the preceding exercise is that cor¬ 
responding to the catenoid (see Example 12.5.3), the surface cr e 
coincides with the surface denoted by er 4 in Exercise 6.2.3. 

12.5.5 Let 7 : (a, 0) — > K 3 be a (regular) curve in the ccy-plane, say 

7(u) = (f(u),g(u),0), 

and assume that there are holomorphic functions F and G defined 
on a rectangle 

U = {u + iv £ C | a < u < f3, — e < v < e}, 

for some e > 0, and such that F(u) = f(u) and G(u) = g{u) if u is 
real and a < u < j3. Note that (with a dash denoting d/dz as usual), 

F'(z) 2 + G\z) 2 ^0 if 3m{z) = 0, 
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so by shrinking e if necessary we can assume that F' (z ) 2 +G' (z ) 2 ^ 0 
for all zGli. Show that: 

(i) The vector-valued holomorphic function 

¥> = (F’,G',i(F' 2 + G ,2 ) 1/2 ) 

satisfies the conditions of Theorem 12.5.2 and therefore defines 
a minimal surface cr(u,v). 

(ii) Up to a translation, cr(u, 0) = 7 (u) for a < u < /3. 

(iii) 7 is a pre-geodesic on er (see Exercise 9.1.2). 

(iv) If we start with the cycloid 

7 (u) = (u — sinw, 1 — cosu, 0 ), 

the resulting surface er is, up to a translation, Catalan’s surface and 
we have ‘explained’ why Catalan’s surface has a cycloidal geodesic - 
see Exercise 12.2.4. 



13 

The Gauss-Bonnet theorem 


The Gauss-Bonnet theorem is the most beautiful and profound result in 
the theory of surfaces. Its most important version relates the average of the 
Gaussian curvature to a property of the surface called its ‘Euler number’ which 
is ‘topological’, i.e., it is unchanged by any diffeomorphism of the surface. Such 
diffeomorphisms will in general change the value of the Gaussian curvature, 
but the theorem says that its average over the surface does not change. The 
real importance of the Gauss-Bonnet theorem is as a prototype of analogous 
results which apply in higher dimensional situations, and which relate geomet¬ 
rical properties to topological ones. The study of such relations was one of the 
most important themes of twentieth century mathematics, and continues to be 
actively studied today. 


13.1 Gauss—Bonnet for simple closed curves 

The simplest version of the Gauss- Bonnet Theorem involves simple closed 
curves on a surface. In the special case when the surface is a plane, these 
curves have been discussed in Section 3.1. For a general surface, we make the 
following definition. 


Andrew Pressley, Elementary Differential Geometry: Second Edition , 

Springer Undergraduate Mathematics Series, DOI 10.1007/978-1-84882-891-9-13, 
© Springer-Verlag London Limited 2010 
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allowed 


not allowed 


Definition 13.1.1 

A curve 7 (t) = cr(u(t),v(t )) on a surface patch er :[/—)> R 3 is called a simple 


closed curve with period T if 7r (t) = (u(t),v(t)) is a simple closed curve in 
R 2 with period T such that the region int( 7 r) of R 2 enclosed by 7 t is entirely 
contained in U (see the diagrams above). The curve 7 is said to be positively- 
oriented if 7r is positively-oriented. Finally, the image of int( 7 r) under the map 
er is defined to be the interior int( 7 ) of 7 . 

We can now state the first version of the Gauss-Bonnet Theorem. 

Theorem 13.1.2 

Let 7 (s) be a unit-speed simple closed curve on a surface patch er of length 
£( 7 ), and assume that 7 is positively-oriented. Then, 



where K g is the geodesic curvature of 7 , K is the Gaussian curvature of er and 
dArr is the area element of er (see Section 6.4). 

We use s to denote the parameter of 7 to emphasize that 7 is unit-speed. 
The double integral on the right-hand side of the equation in Theorem 13.1.2 
is called the total curvature of the region int( 7 ). 


Proof 


We start by computing the geodesic curvature of 7 . For this, we shall make use 


of a smooth orthonormal basis |e', e"} of the tangent plane at each point of the 


surface patch, where ‘smooth’ means that e' and e" are smooth functions of 



13.1 Gauss-Bonnet for simple closed curves 


337 


the surface parameters (u,v). Then, {e',e",N} is an orthonormal basis of R 3 
(N being the standard unit normal of er), and we shall assume that it is right- 
handed, i.e., that N = e' x e". This can always be achieved by interchanging 
e! and e" if necessary. Note that the dashes on e! and e" have nothing to do 
with derivatives. 

Let 0(s) be the oriented angle e'j between the unit tangent vector 7 (s) of 
7 at 7 (s) and the unit vector e! at the same point. Thus, 

7 = cos Oe' + sin 9e". (13-1) 


Then, 

N x 7 = — sin Be! + cos Oe". 

N 



Now, by Eq. 13.1, 

7 = cos Oe' + sin + 0(— sinde' + cos 0 e"), 


(13.2) 


(13.3) 


so by Eqs. 13.2 and 13.3 the geodesic curvature of 7 is 

K g = (N x 7 ) • 7 (see Section 7.3) 

= 0(— sin Oe' + cosde") • (— sin^e' + cos Oe") 

+ (— sinde' + cos Oe") • (cos Oe' + sin Oe") 

= 0 + cos 2 0{e! ■ e") — sin 2 0(e" ■ e') 

+ sindcos0(e ,/ • e" — e! ■ e') (by Eqs. 13.1 and 13.2). 


Since e! and e" are perpendicular unit vectors, 


e = e 


K 


g 


Hence, 


(13.4) 
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Thus, to compute the left-hand side of the equation in Theorem 13.1.2, we 
must compute the integrals of 9 and of e! ■ e" around the curve 7 . We begin 
with the latter, for which we shall need the following lemma. 


Lemma 13.1.3 


Let 


Edu 2 + 2Fdudv + Gdv 2 and Ldu 2 + 2M dudv + Ndv 2 


be the first and second fundamental forms of er, respectively. Then, with the 
above notation, we have 


LN - M 2 
(EG - F 2 ) 1 / 2 ' 


(13.5) 


Assuming this for a moment, we compute 


r e hO 


e! • e"ds = 


r(.(n) r- 

/ e! ■ (ue" + ve")ds = (e 1 ■ e")du + (e ' ■ e")dv. 

JO J 7T 


By Green’s theorem (see Section 3.2), this can be rewritten as a double integral: 


j 


e' ■ e as = 


[ {(e'- e 'X-(e'-e'') v }dudv 

J int(7r) 

[ {( e u ' e ") — (e' v ■ e'u)}dudv 

J int(7r) 


LN~M 2 


at W (EG-F*y / 2 
LN-M 2 


dudv (by Lemma 13.1.3) 


int(7r) 


EG -F 2 


(EG - F 2 ) 1 / 2 dudv 


/ KdAa- (see Section 6.4). 

int(7r) 


(13.6) 


If we combine Eqs. 13.4 and 13.6 and compare with the statement of the 
theorem, we see that what remains is to prove that 


9 ds = 27t. 

This is a version of Hopf’s Umlaufsatz (cf. Theorem 3.1.4). We cannot give a 
fully satisfactory proof of it here but we offer the following heuristic argument. 

The main observation is that, if 7 is any other simple closed curve contained 
in the interior of 7 , there is a smooth family of simple closed curves 7 r , defined 
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for 0 < t < 1, say, with 7 0 = 7 and 7 1 = 7 (see Section 9.4 for the notion of 
a smooth family of curves). The existence of such a family is supposed to be 
‘intuitively obvious’. 



Note, however, that it is crucial that the interior of 7 r is entirely contained in 
XJ, otherwise such a family will not exist, in general (see the diagram below). 

Observe next that the integral J Q 9 ds should depend continuously on r. 
Further, since 7 r and e! return to their original values as one goes once round 
7 t , the integral is always an integer multiple of 2tt. These two facts imply that 
the integral must be independent of r for by the intermediate value theorem 
a continuous variable cannot change from one integer to a different integer 



y) • 

without passing through some non-integer value. To compute J 0 9 ds, we can 
therefore replace 7 by any other simple closed curve 7 in the interior of 7 , since 
this will not change the value of the integral. We take 7 to be the image under 
cr of a small circle in the interior of 7r. It is ‘intuitively clear’ that 

9 ds = 2n, 
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because 

(i) e! is essentially constant at all points of 7 (because the circle is very small), 
and 

(ii) the tangent vector to 7 rotates by 27t on going once round 7 because the 
interior of 7 can be considered to be essentially part of a plane, and it is 
‘intuitively clear’ that the tangent vector of a simple closed curve in the 
plane rotates by 27 t on going once round the curve (indeed, this is the 
content of Theorem 3.1.4). 

This completes the ‘proof’ of Hopf’s Umlaufsatz. To complete the proof of 
Theorem 13.1.2, all that remains is to prove Lemma 13.1.3. 


Proof 13.1.3 We can express the partial derivatives of e! and e" with respect 
to u and v in terms of the orthonormal basis {e',e",N}. Since both partial 
derivatives of e! are perpendicular to e', the e! components of e' u and e' v are 
zero (and similarly for e"). Thus, 

ae" + A'N, 
fie!' + // N, 
a' e' + A"N, 

P'e' + /z"N, 

for some scalars a, (3, a', /3', A', //, A", fj," (which may depend on u and v). 
Moreover, by differentiating the equation e! ■ e" =0 with respect to u , we 
see that e' u ■ e" = —e' • e". i.e., a' = a (and similarly = /3). Thus, 

ae" + A'N, 

/3e" + fj N, 

ae' + A"N, (13.7) 

fie' + //' N. 

It follows that 

e u ■ e v - e u ■ e v = A n - A ^ . (13.8) 

On the other hand, combining the formula 

N u x N^; = Pl (T u X (J v 
(see Eq. 8.2) with the formulas 

(T u X (7 v 

II cr u x cr„ || ’ 




N = 


|| a u x tr v || = (EG — F 2 ) 1/2 
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(see Proposition 6.4.2), we get 


LN - M 2 


( EG-F 2 ) 1 / 2 


and hence 


(N u x N,)-N 


LN - M 2 


(13.9) 


(EG-F 2 ) 1 / 2 ' 


Since N = e! x e", 


(N u x N,) • N = (N„ x N„) • (e! x e"), 


= (N„ • e , )(N„ • e") - (N u • e")(N„ • e') 

= (N • e'J(N • e") - (N • e")(N • e' v ) (13.10) 

= Xfj" - A"// by Eq. 13.7, 


where in passing from the second line to the third we used the equations 



which follow by differentiating N • e' = 0 = N • e" with respect to u and 
v. Putting Eqs. 13.9 and 13.10 together shows that the right-hand sides of 
Eqs. 13.5 and 13.8 are equal. Since Eq. 13.8 has already been established, this 


proves Eq.13.5. 


□ 


EXERCISES 


13.1.1 Suppose that a surface patch er has Gaussian curvature < 0 every¬ 
where. Prove that there are no simple closed geodesics on cr. How 
do you reconcile this with the fact that the parallels of a circular 
cylinder are geodesics? 

13.1.2 Let 7 be a unit-speed curve in R 3 with nowhere vanishing curvature. 
Let n be the principal normal of 7 , viewed as a curve on S' 2 , and let 
s be the arc-length of n. Show that the geodesic curvature of n is, 
up to a sign, 



where k and r are the curvature and torsion of 7 . Show also that, if 
n is a simple closed curve on S 2 , the interior and exterior of n are 
regions of equal area ( Jacobi’s Theorem). 
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13.2 Gauss—Bonnet for curvilinear polygons 

For the next version of Gauss-Bonnet, we shall have to generalize our notion 
of a curve by allowing the possibility of ‘ corners’. More precisely, we make the 
following definition. 


Definition 13.2.1 


A curvilinear polygon in R 2 is a continuous map 7 r : R — > R 2 such that, for 
some real number T and some points 0 = to < t\ < ■ ■ ■ < t n = T: 

(i) 7 r (t) = Tv(t') if and only if t' — t is an integer multiple of T. 


(ii) 7 r is smooth on each of the open intervals (to, t±), (ti, < 2 ), ■ • •, {t n -i,t n ). 


(iii) The one-sided derivatives 

7r(t) - 7r(tj) 


’( U) = lim 

tft, 


'(ti) = lim 


r (t) - 7T (ti) 


exist for i = 1, 


1 1 I'i 

n and are non-zero and not parallel. 


(13.11) 


The points 7 (ti) for i = 1 ,,n are called the vertices of the curvilinear poly¬ 
gon 7T, and the segments of it corresponding to the open intervals (t,;_i,f,;) are 
called its edges. 


It makes sense to say that a curvilinear polygon tv is positively-oriented: 
for all t such that tv (t) is not a vertex, the vector n s obtained by rotating 
tv anticlockwise by 7 r /2 should point into int( 7 r). (The region int( 7 r) enclosed 
by tv makes sense because the Jordan Curve Theorem applies to curvilinear 
polygons in the plane.) 



Now let <t : U — > R 3 be a surface patch and let tv : R — > U be a curvilinear 
polygon in U, as in Definition 13.2.1. Then, 7 = <r o tv is called a curvilin¬ 
ear polygon on the surface patch <r, int( 7 ) is the image under cr of int(7r), 
the vertices of 7 are the points 7 (ti) for i = 1 ,n, and the edges of 7 are 
the segments of it corresponding to the open intervals (tj_i,ij). Since cr is 
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allowable, the one-sided derivatives 

7 (t) - 7 (U) 


7 (U) = lim ■ 

t~\ti 


t - ti 


7 + (t,)=lim 


l(t) ~ 7 (U) 


t — ti 


exist and are not parallel. 

Let Of be the angles between 7 ± (tj) and e', defined as in Eq. 13.1, let 
Si = Of — 0~ be the external angle at the vertex 7 (ti), and let a* = n — Si be 
the internal angle. Since the tangent vectors 7 + (ti) and 7 ~{U) are not parallel, 
the angle Si is not a multiple of n. Note that all of these angles are well defined 
only up to multiples of 27r. We assume from now on that 0 < aq < 2 - 7 T for 
i = 1 

A curvilinear polygon 7 is said to be unit-speed if || 7 || = 1 whenever 7 
is defined, i.e., for all t such that 7 (t) is not a vertex of 7 . We denote the 
parameter of 7 by s if 7 is unit-speed. The period of 7 is then equal to its 
length £( 7 ), which is the sum of the lengths of the edges of 7 . 


Theorem 13.2.2 

Let 7 be a positively-oriented unit-speed curvilinear polygon with n edges on 
a surface er, and let aq, <* 2 , ■.., a n be the interior angles at its vertices. Then, 

rt(' r) n ' r 

/ Kgds = at — (n — 2)-7t — / KdAcr- 
Jo i=1 J int(-Y) 


Proof 

Exactly the same argument as in the proof of Theorem 13.1.2 shows that 
Ah) Ah) r 


KgdS = 


Ods — 


KdA a 


int('v) 


We shall prove that 



Assuming this, we get 



Kgds = 27r — 


i =1 




KdA 0 


nt(-y) 


(13.12) 


to 

q 

1 

1 

s 

l 

[ KdAa- 

2—1 ° 

' int(”7) 

TI 

ati- (n- 2)n - 

[ KdAa 







344 


13. The Gauss-Bonnet theorem 


To establish Eq. 13.12, we imagine ‘smoothing’ each vertex of 7 as shown 
in the following diagram. 



If the ‘smoothed’ curve 7 is smooth (!), then, in an obvious notation, 


dds = 2n. 


(13.13) 


Since 7 and 7 are the same except near the vertices of 7 , the difference 

rd-r) . 


rdd) i 

dds — 


dds 


(13.14) 


is a sum of n contributions, one from near each vertex. Near 7 (s*), the picture is 



7 


i.e., 7 and 7 agree except when s belongs to a small interval (.s', s''), say, 
containing s. t , so the contribution from the *th vertex is 
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The first integral is the angle between 7 (s") and 7 (s'), which as s' and s" 
tend to Si becomes the angle between 7 + (s*) and 7 ~(si), i.e., Si . On the other 
hand, since 7 (s) is smooth on each of the intervals (s', Si) and (s^, s"), the last 
two integrals go to zero as s' and s" tend to s*. Thus, the contribution to the 
expression (13.14) from the ith vertex tends to <5* as s' and s" tend to Si . 
Summing over all the vertices, we get 

/■f(7) i ri(n) . 11 

/ dds — / 6ds = Y Sj. 

Jo Jo i=1 

Equation 13.12 now follows from this and Eq. 13.13. □ 


Corollary 13.2.3 

If 7 is a curvilinear polygon with n edges each of which is an arc of a geodesic, 
then the internal angles ai,ot2,.. • ,a n of the polygon satisfy the equation 

n r. 

y OLi = (n — 2)7r + / KdAcr- 
i -1 J int (T) 


Proof 

This is immediate from Theorem 13.2.2, since K g = 0 along a geodesic. □ 

As a special case of Corollary 13.2.3, consider an n-gon in the plane with 
straight edges. Since K = 0 for the plane, Corollary 13.2.3 gives 

n 

= (n - 2 ) 7 r, 

2—1 

a well-known result of elementary geometry. 

For a curvilinear n-gon on S 2 whose sides are arcs of great circles, we have 
K = 1 so a i exceeds the plane value (n — 2 ) 7 r by the area / A4 CT of the 
polygon. Taking n = 3, we get for the area of a spherical triangle with angles 
a, /3 ,7 whose edges are arcs of great circles, 

A = a + /3 + 'y — n. 

This is just Theorem 6.4.7, which is therefore a special case of Gauss-Bonnet. 

Finally, for a geodesic n-gon on the pseudosphere (see Section 8.3), for which 
K = —1, we see that ]T) Oj is less than (n — 2)7r by the area of the polygon: 

A = (n — 2)7 t — ai — «2 — • • • — a n , 


which is Theorem 11.1.5. 
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EXERCISES 


13.2.1 Consider the surface of revolution 

<r(u,v) = (f(u)cosv, f(u)smv,g(u)), 

where 7 (u) = (f(u),0,g(u)) is a unit-speed curve in the rrz-plane. 
Let Mi < U 2 be constants, let 'y 1 and j 2 be the two parallels u = u± 
and m = u -2 on er, and let R be the region of the Mu-plane given by 


Ml < U < U 2 , 0 < v < 2n. 


Compute 



and explain your result on the basis of the Gauss-Bonnet theorem. 


13.3 Integration on compact surfaces 

The most important version of the Gauss-Bonnet theorem applies to compact 
surfaces. Before we prove it (in the next section), we must first discuss the 
integration of functions on such surfaces. Our approach is a little non-standard, 
and we shall not attempt to give complete proofs. This section can be omitted 
by readers willing to accept the existence of an integral on S that has reasonable 
properties. 

Suppose that / : S —> K is a smooth function on a compact surface S. If / 
vanishes outside some set that is contained in a single surface patch er : U —> R 3 , 
we can define the integral of / by using the formulas from Section 6.4: 



(13.15) 


However, if / does not have this property, another method of defining the 
integral of / must be found. 

The idea is to ‘thicken’ the surface S to obtain an open subset V of R 3 
that contains S. The function / is extended to a function on V by defining the 
extension to be constant in directions perpendicular to the surface. Then, the 
volume integral 



f(x,y , x) dxdydz 
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should be approximately the ‘thickness’ of V multiplied by the integral of / 
over the surface S. 

Recall first that S is orientable (Corollary 5.4.5), so there is a smooth choice 
of unit normal N p at every point p G S. Let e > 0 and define to be the 

set of points of R 3 of the form 

p + tNp, p G S, 4 6 (— e,e), 

so that iS( _e,c ) has ‘thickness’ 2e. (Thus, S l '~ e,e ' ) is the region of R 3 contained 
between two parallel surfaces of S - see Definition 8.5.1.) It can be shown that: 

(i) is an open subset of R 3 . 

(ii) If e is sufficiently small, the map <T^ e,e ^ : (p,4) i— > p + tN p is injective 
(p G S, t G (— e, e)). 

By (ii), we can define a function : S ( '~ e,e ' > —> R by 

/(- e ’ £ )(p + 4N p ) = /(p). 

Note that agrees with / at points of S, and is constant along 

each line perpendicular to S. Then, we define the integral of / over the surface 
S to be 

[ fdA = lim—[ f ( '~ e,e \x,y, z) dxdydz. (13.16) 

J s e ^° 2e J 5(-«.«) 

We must now do two things: show that this definition agrees with the ex¬ 
pected formula (13.15) when / vanishes outside some surface patch, and show 
that the limit in the definition (13.16) exists for any /. 

Suppose first that / vanishes outside some set that is contained in a surface 
patch er : U —> R 3 of S. Then, by the change of variable formula for triple 
integrals, 


/ ( e ’ e \x,y,z) dxdydz 

cr(U )(- e ’ e ) 

[ /( _e,e - ) (er(M, v) + tN(u, v)) \D(u, v, f)| dudvdt, (13.17) 

J Ux(~e,e) 


where D is the determinant of the Jacobian matrix J of cr < ' e,e \ The rows of 
J are the components of the vectors cr u + 4N U , cr v + 4N t , and N, so 


D = N • ((er„ + 4N U ) x (er„ + 4N„)) 

(see Exercise 13.3.1). Hence, 

D = N • (<r u x cr v ) + tg(u, v) + t 2 h(u, v ) = || cr u x cr v || + tg(u, v ) + t 2 h(u, v), 
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where g and h are smooth functions. If e (and hence t) are very small, the 
integrand on the right-hand side of Eq. 13.17 is very nearly equal to 


/ ( e ’ e) (cr(u, u)) || cr u x cr„ || = f(cr(u, v)) || er u x cr v || . 


Thus, the right-hand side of Eq. 13.17 becomes 


2e / f(cr(u,v )) || cr u x ar v || dudv. 

J u 


Dividing by 2e and letting e tend to zero (which makes the approximations we 
have made into equalities), we obtain the expression in Eq. 13.15. 

This argument makes plausible that the limit in Eq. 13.16 exists, and has 
the expected value, when the function / vanishes outside some surface patch. 
To deal with the case of an arbitrary smooth function / : S —> R, one makes use 
of a ‘partition of unity’. This is a finite set of smooth functions ipi, ip %,..., ipN 
on S such that: 

(i) Each ipk is > 0 everywhere and vanishes outside some surface patch. 

(ii) tfii + ip 2-1-1- <Pn = 1- 

We shall not describe how to construct such functions here, but the idea is 
indicated in Exercise 13.3.2 which treats a one-dimensional analogue. Assuming 
that we have a partition of unity, we can write / as a finite sum 

/ = f<Pi + f<P2 H-1- fVN 

of smooth functions, each of which vanishes outside some surface patch. Then, 



Since each of the limits in the sum on the right-hand side is already known to 
exist, so does the limit on the left-hand side. 


EXERCISES 


13.3.1 Show that, if a 3 x 3 matrix A has the vectors a, b, and c as rows, 


then 


det(A) = a ■ (b x c). 
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13.3.2 Let n be a positive integer. Show that there are smooth functions 
, ifn-i such that 

(i) <pk{t) > 0 for <t< and ipk{t) = 0 otherwise; 

(ii) <pi(t) + tp 2 (t) H-h ip n -i(t) = 1 for all 0 < t < 1. 

13.4 Gauss—Bonnet for compact surfaces 

The most important version of the Gauss-Bonnet theorem applies to a compact 
surface S. It is obtained by covering a compact surface S with curvilinear 
polygons that fit together properly, applying Theorem 13.2.2 to each one, and 
adding up the results. We begin to make this more precise with the following 
definition. 



Definition 13.4.1 

Let S be a surface, with atlas consisting of the patches <x t : Ui — > R 3 . A trian¬ 
gulation of S is a collection of curvilinear polygons, each of which is contained, 
together with its interior, in one of the cr, ([/;), such that: 

(i) Every point of S is in at least one of the curvilinear polygons. 

(ii) Two curvilinear polygons are either disjoint, or their intersection is a com¬ 
mon edge or a common vertex. 

(iii) Each edge is an edge of exactly two polygons. 


Thus, situations like that shown above are not allowed. 
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Example 13.4.2 

A triangulation of S 2 with eight polygons is obtained by intersecting it with 
the three coordinate planes: 


2 



We state without proof: 

Theorem 13.4.3 

Every compact surface has a triangulation with finitely many polygons. 
We introduce the following number associated to any triangulation: 


Definition 13.4.4 

The Euler number \ of a triangulation of a compact surface S with finitely 
many polygons is 

X = V - E + F, 

where 

V = the total number of vertices of the triangulation, 

E = the total number of edges of the triangulation, 

F = the total number of polygons of the triangulation. 

For the triangulation of the sphere given above, V = 6, E = 12 and F = 8, 
and so x = 6 — 12 + 8 = 2. 

The importance of the Euler number is that, although different triangu¬ 
lations of a given surface will in general have different numbers of vertices, 
edges and polygons, x is actually independent of the triangulation and depends 
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only on the surface. For example, we can get another triangulation of S 2 by 


‘inflating’ a regular tetrahedron: 



This time, V = 4, E = 6 and F = 4, and so % = 4 — 6 + 4 = 2, the same as 
before. This property of \ is a consequence of the following theorem. 

Theorem 13.4.5 

Let S be a compact surface. Then, for any triangulation of S , 



where \ is the Euler number of the triangulation. 

Since f s KdA is independent of the triangulation, Theorem 13.4.5 implies 

Corollary 13.4.6 

The Euler number y of a triangulation of a compact surface S depends only 
on S and not on the choice of triangulation. 

We now give the proof of Theorem 13.4.5. 


Proof 


By Corollary 5.4.5, there is a smooth choice of unit normal N at every point of 
S. As above, we fix a triangulation of S with polygons Pi, say, each of which 
is contained in the image of some patch er, : Ui —> R 3 in the atlas of S, say 
Pi = Ci(Ri), where Rt C we can assume that N is the standard unit normal 
of each <Tj. By Theorem 13.2.2, 



(13.18) 
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where rij is the number of vertices of P,, 7 , is the curvilinear polygon that 
forms the boundary of Pi, £( 7 J is its length, and Z.; is the sum of its interior 
angles. We must therefore sum the contributions of each of the three terms on 
the right-hand side of Eq. 13.18 over all the polygons Pi in the triangulation. 

First, A is the sum of all the internal angles of all the polygons. At 
each vertex, several polygons meet, but the sum of the angles at the vertex is 
obviously 27r, so 

^Z i = 2 7 rE, (13.19) 

i 

where V is the total number of vertices. 



Next, 

Y ] (rij — 2 ) 7 r = rii'j 7 r — 2nF = 2nE — 2nF, (13.20) 

where F is the total number of polygons and E the total number of edges, since 
in the sum )Tb rii each edge is counted twice (as each edge is an edge of exactly 
two polygons). 



We now claim that 


E 


Phi) 


a ds = 0. 


(13.21) 


Indeed, note that in the sum in Eq. 13.21, we integrate twice along each 
edge, once in each direction (see the diagram above). By Proposition 7.3.2, 
the geodesic curvature n g = 7 • (N x 7 ) of a curve 7 changes sign when we tra¬ 
verse 7 in the opposite direction (for this amounts to changing the sign of the 
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curve parameter which changes the sign of 7 but leaves 7 unchanged). Hence, 
the two integrals in (13.21) along any given edge cancel out. The various con¬ 
tributions to the sum in Eq. 13.21 therefore cancel out in pairs, thus proving 
Eq. 13.21. 

Finally, the integral of the Gaussian curvature K over the whole surface is 
the sum of its integrals over each polygon. This is because the polygons overlap, 
if at all, in an edge or a vertex, so that the overlap has zero area and thus does 
not contribute to the integral. Hence, putting Eqs. 13.18-13.21 together gives 


KdA = V / KdA<r 

> t J Ri 

= J2 Z i- ~ 2 ) ?r + 


rtfri 


Kg dS 


= 2ttV - (27 tE - 2t tF) + 0 
= 2ttx, 


proving Theorem 13.4.5. 


□ 


To see why Theorem 13.4.5 is so remarkable, let us apply it to the unit 
sphere S 2 . Then, y = 2 and so we get 


/ KdA = 4t r. (13.22) 

J S 2 

Of course, this result is not remarkable at all because K = 1 so the left-hand 
side of Eq. 13.22 is just the area of S 2 . But now suppose that we deform S 2 , 
i.e., we think of S 2 as being a rubber sheet and we pull and stretch it in any 
way we like, but without tearing, producing a new surface S: 



The Gaussian curvature K of S will not be constant and the direct computa¬ 
tion of the integral J s KdA will be difficult. But if we start with a triangulation 
of S 2 , then after deformation we shall have a triangulation of S with the same 
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number of vertices, edges and polygons as the original triangulation. It follows 
that the Euler number of S is the same as that of S 2 , i.e., 2, so by Theo¬ 
rem 13.4.5, J s KdA = 4-7T. (More generally, this discussion shows that any two 
diffeomorphic compact surfaces have the same Euler number.) 

We complete the picture by determining the Euler numbers of all the com¬ 
pact surfaces, which were described in Section 5.4. 

Theorem 13.4.7 

The Euler number of the compact surface T g of genus g is 2 — 2 g. 

Proof 

The formula is correct when g = 0, since we know that y = 2 for a sphere. We 
now prove it for the torus Tf. To find a triangulation of the torus, we use the 
fact that it can be obtained from a square in the plane by gluing opposite edges: 



4 
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We subdivide the square into triangles as shown: 



This leads to a triangulation of T\ with V = 9, E = 27 and F = 18. One must 
count carefully: for example, the four circled vertices of the square correspond 
to a single vertex on the torus. Note also that not just any subdivision of the 
square into triangles is acceptable. For example, the subdivision 



is not acceptable, since after gluing, the two shaded triangles intersect in two 
vertices, which is not allowed: 
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But the finer subdivision above does work, and gives 

X = 9 —27 + 18 = 0 = 2 —2x1, 
proving the theorem when g = 1. 

We now complete the proof by induction on g , using the fact that T g+ 1 can 
be obtained from T g by ‘gluing on’ a copy of Xf: 



Suppose we carry out the gluing by removing a curvilinear rz-gon from T g and 
Ti and gluing corresponding edges (having fixed suitable triangulations of T g 
and T\). If V', E' and F' are the numbers of vertices, edges and polygons in 
the triangulation of T gi and V”. E" and F" are those for T\, the numbers V, 
E and F for T g+ 1 are given by 

V = V' - n + V" - n + n = V' + V" - n, 

E =E' -n + E” -n + n = E' + E" - n, 

F = F' - 1 + F" - 1 = F' + F" - 2. 

Indeed, V is the number V' of vertices in T g plus the number V" in Ti, except 
that the n vertices of the polygon along which T\ and T g are glued have been 

counted twice, so V = V' + V" — n; a similar argument applies to the edges; 

and F is as stated because the polygon along which T\ and T g are glued is not 
part of the triangulation of T g+ 1 . Hence, 

X (T g+1 ) =V - E + F 

= (V + V" - n) - (E' + E" -n) + (F' + F" - 2) 

= V'-E' + F' + V" - E" + F" - 2 
= x(T g )+x(Ti)-2 

= 2 — 2^ + 0 — 2 (by the induction hypothesis) 

= 2-2( 5 +l), 


proving the result for genus g + 1. 


□ 
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Corollary 13.4.8 

We have 



KdA = 47t(1 — g). 


Proof 

Just combine Theorems 13.4.5 and 13.4.7. □ 


EXERCISES 


13.4.1 Show that, if a compact surface S is diffeomorphic to the torus Tj, 
then 

f KdA = 0 


(cf. Exercise 8.1.8). Can such a surface S have K = 0 everywhere? 


13.4.2 Suppose that S is a compact surface whose Gaussian curvature K is 
> 0 everywhere. Show that S is diffeomorphic to a sphere. Is the 
converse of this statement true? 


13.5 Map colouring 

In the remainder of this book we shall give some applications of the Gauss- 
Bonnet theorem. The first is actually an application of Euler’s formula 


V-E + F = X = 2-2g 


relating the number of vertices V, edges E and polygons F in any triangulation 
of a compact surface of Euler number \ an< i genus g. This is, of course, an 
immediate consequence of Corollary 13.4.6 and Theorem 13.4.7. 

The application we have in mind is the problem of map colouring. In this 
context, a triangulation of S is called a ‘map’ (in the usual geographical sense) 
and the polygons are called ‘countries’. Two countries are ‘neighbours’ if they 
have a common edge (not just a common vertex). If n is a positive integer, an 
n-colouring of such a map is an assignment of one of n different colours to each 
country in such a way that neighbouring countries never have the same colour. 
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Map Colouring Problem For a given compact surface S, what is the smallest 
positive integer n such that every map on S can be n-coloured? 

This smallest integer n is called the chromatic number of S. (It is not obvious 
that this number even exists - why should we not be able to draw maps on a 
given surface requiring an arbitrarily large number of colours? - but it does, as 
we shall show later in this section.) It is clear that diffeomorphic surfaces have 
the same chromatic number. 

The problem originated in a letter sent by the English mathematician 
Augustus de Morgan to the Irish mathematician Sir William Rowan Hamilton 
(the inventor of quaternions) on 23 October 1852. As De Morgan wrote, “A stu¬ 
dent of mine asked me today to give him a reason for a fact which I did not 
know was a fact - and do not yet. He says that if a figure be anyhow divided 
and the compartments differently coloured so that figures with any portion of 
common boundary line are differently coloured - four colours may be wanted, 
but not more ...” 

The problem formulated by De Morgan, or his student (Peter Guthrie), was 
actually in the plane - the map was supposed to have finitely many countries 
and to occupy a certain bounded region. Of course, the plane is not a com¬ 
pact surface, but the problem described by De Morgan is equivalent to the 
map colouring problem for a sphere. This is easily seen using the stereographic 
projection in Example 6.3.5 (we need only consider S 2 as any two spheres are 
diffeomorphic). Suppose that we have a map on S' 2 , and assume that the north 
pole is not on an edge - this can always be achieved by a suitable rotation of 
S 2 . Then stereographic projection takes the map on S 2 to one on the plane 
and vice versa; note that the country on S 2 containing the north pole goes to 
the (unbounded) exterior region of the map on the plane, which therefore has 
one fewer country than that on S 2 . 
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Thus, De Morgan (or Guthrie) had made 

The Four Colour Conjecture The chromatic number of a sphere is 4. 

For surfaces other than a sphere, the corresponding result was conjectured 
by Percy Heawood in 1890. For a compact surface of Euler number y, let 

N( X ) = \(7 + ^/ 49- 24*). 

Note that, since the possible values of x are 2,0, —2, —4,..., N(x) is a positive 
real number. Let h(x) be the largest integer < 7V(x). 

Heawood’s Conjecture The chromatic number of a compact surface of Euler 
number x < 0 h(x)- 

Since h( 2) = 4 the formula also gives the conjectured answer for a sphere. 
The proofs of these conjectures turned out to be very difficult and, rather 
surprisingly, the problem for the ‘simplest’ surface, the sphere, is more diffi¬ 
cult than that for higher genus surfaces: Heawood’s conjecture was proved in 
1967 and the four colour conjecture 10 years later (the latter proof requires 
substantial computer assistance). 

Euler’s formula leads to a proof of ‘half’ of Heawood’s conjecture: 

Theorem 13.5.1 

Any compact surface of Euler number x < 0 can be /i(x)-coloured. 


Proof 

We can assume that at least three edges meet at each vertex, since a vertex 
at which only two edges meet can be removed without affecting the colouring. 
We can also assume that the number of countries F is greater than N(x)> for 
if F < N(x) then F < h(x) and then h(x) colours obviously suffice. 
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original map remove edge 



To prove the theorem, it is enough to prove that at least one country C 
has < h(x ) — 1 edges. Indeed, if we assume this we can prove the theorem by 
induction on F. Let us remove an edge from C, thus merging C with one of 
its neighbours. This creates a new map with F — 1 countries. By the induc¬ 
tive assumption, this map can be /i(y)-coloured. Choose such a colouring and 
then reinstate C by replacing the removed edge. Since C has at most h(x) — 1 
neighbours, we can colour C with a colour different from any of those used for 
its neighbours. This gives an ft.(y)-colouring of our original map and completes 
the induction. 

We prove the assertion by contradiction. Suppose then that every country 
has > h(x) edges. Since every edge is an edge of exactly two countries, we have 

E > l -h{ X )F , (13.23) 

and since at least three edges meet at each vertex, 

2 E > 3V. 

From this last inequality, 

E < 3(E —V) = 3(F — x). (13.24) 

From (13.23) and (13.24), 


MX) < 6 (l - y) 
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Since F > N(x) and % < 0, we get 

£ 6 (‘ - iv®) ■ (13 ' 25) 

But N (x) is a root of the quadratic equation 

N 2 -7N + 6x = 0, 

from which we deduce that 



Thus, the inequality (13.25) is impossible. 

This contradiction completes the proof of Theorem 13.5.1. □ 

To complete the proof of Heawood’s conjecture, we would have to exhibit, 
for every \ < 0, a map on a surface of Euler number \ that cannot be coloured 
with fewer than h(\) colours. Heawood apparently thought that this would be 
straightforward, but in fact it is the most difficult part of the proof. He did, 
however, give such a map on the torus, and so proved 


Theorem 13.5.2 

The chromatic number of a torus is 7. 


Proof 

Consider the map on the torus shown below, in which we use the description 
of the torus as a rectangle with opposite edges glued together (see the proof of 
Theorem 13.4.7): 



Each of the seven countries of this map has all the others as neighbours, so it 
obviously requires seven colours. □ 
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The proof of Theorem 13.5.1 breaks down if \ = 2, and so does not help 
with the proof of the four colour conjecture. However, the same method can be 
used to prove 

Proposition 13.5.3 (Five Neighbours Theorem) 

Every map on a sphere has at least one country with five or fewer neighbours. 

See Exercise 13.5.1. If we take a map on a sphere, we can remove and 
then reinstate a country C which has no more than five neighbours, as in the 
proof of Theorem 13.4.1, but then we need at least six colours to be available 
to be sure of being able to colour C differently from its neighbours. Thus, 
Proposition 13.5.3 implies the following theorem. 


Corollary 13.5.4 (Six Colour Theorem) 

Every map on a sphere can be six-coloured. 


EXERCISES 

13.5.1 Prove Proposition 13.5.3. 

13.5.2 Show that every triangulation of a compact surface of Euler number 
X by curvilinear triangles has at least N (y) vertices. 


13.6 Holonomy and Gaussian curvature 

Theorem 13.1.2 allows us to establish a connection between parallel transport 
along curves on a surface (see Section 7.4) and the Gaussian curvature of the 
surface. For this, we need 


Proposition 13.6.1 

Let 7 be a unit-speed curve on a surface patch er and let v be a non-zero 
parallel vector field along 7. Let p be the oriented angle 7V from 7 to v. Then, 
the geodesic curvature of 7 is 

clip 
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Note that, if v were replaced by another non-zero parallel vector field w, 
then since the angle between v and w is constant by Proposition 7.4.9(h), p 
would change by the addition of a constant and dp/ds would be unchanged. 


Proof 


By Proposition 7.4.9(h), the length of v is constant so by multiplying by a 
non-zero constant we can assume that || v || = 1. Then, 

v = cos p t + sin >p ti, 

where t = 7 and tj = N x t, N being the unit normal of er. Since v is parallel 
along 7 , v is parallel to N (Proposition 7.4.3). Hence, 

0 = t • v = t • ((cosyjt + sm^ty) + p{— sin^t + cosy?ti)) = sinc/?(t • ty — ip), 

(13.26) 


since t • t = t • ty = 0. Similarly, ti • v = 0 leads to 

0 = cos</?(ti • t + p). (13.27) 


Now, 

K g = 7 • (N x 7 ) = t • (N x t) = t • ti, 

and since t • ti = 0 , 

t ■ t]_ — t ■ ty — 

Hence, Eqs. 13.26 and 13.27 become 

(ip + K g ) sinyj = 0 = (ip + K g ) cos ip , 

and hence the result. Note that we really need both of these equations, since 
we could have cos p = 0 or sin p = 0 (but not both, of course). □ 


Suppose now that 7 is a (unit-speed) closed curve. On going once around 
7 , p increases by 


/ 0 


dp 

—ds = — 
ds 


rU-y) 


Kg dS, 


where £( 7 ) is the length of 7 . If 7 is actually a simple closed curve, the tan¬ 
gent vector 7 also rotates by 27 t on going once around 7 by the Umlaufsatz 
(Section 13.1). Hence, we obtain 
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Proposition 13.6.2 

Let 7 be a positively-oriented unit-speed simple closed curve on a surface cr, 
let Kg be the geodesic curvature of 7 , and let v be a non-zero parallel vector 
field along 7 . Then, on going once around 7 , v rotates through an angle 



(13.28) 


Definition 13.6.3 

If 7 is a unit-speed closed curve on a surface S, the angle in Proposition 13.6.2 
is called the holonomy around 7 , and is denoted by h 

The result we have been working towards is 

Theorem 13.6.4 

Let 7 be a positively-oriented simple closed curve on a surface patch cr, let 
be the holonomy around 7 , and let K be the Gaussian curvature of cr. Then, 


f KdA, 

J int(~y) 


h-j = 


Proof 

Just combine Theorem 13.1.2, Proposition 13.6.2 and Definition 13.6.3. □ 

We can turn this theorem into a way of finding the Gaussian curvature at 
a point p of a surface S: if 7 is a small positively-oriented simple closed curve 
on the surface containing p in its interior, the Gaussian curvature of S at p 
will be approximately 


Area(int( 7 )) 


Using this idea, we can prove 

Proposition 13.6.5 

Suppose that a surface S has the property that, for any two points p,q £ S, 
the parallel transport IIP q is independent of the curve 7 joining p and q. Then, 
S is flat. 




13.7 Singularities of vector fields 


365 


Proof 

Suppose that parallel transport is independent of the curve joining any two 
given points. Then the holonomy around any closed curve on S must be zero. 
Indeed, if 7 is such a curve, and if p is any point on 7 , then the parallel 
transport n pp from p to p along 7 must be the same as that from p to p 
along the constant curve at p; but the latter is obviously the identity map. 
By Theorem 13.6.4, the integral of the Gaussian curvature K over the interior 
of any simple closed curve 7 on S must be zero. This implies that K = 0 
everywhere: if K 7 ^ 0 at some point p 6 S, say K( p) > 0, then K > 0 at all 
points in some open subset O of S containing p; but then the integral of K over 
the interior of a simple closed curve 7 in O would be > 0 , a contradiction. □ 

The converse of this proposition is not true without further assumptions (see 
Exercise 13.6.2). However, it is true if we assume that the surface S is simply- 
connected: this means that, for any two points p,q £ S, and any two curves 
7 and 7 joining p and q, there is a family of curves 7 T joining p and q such 
that 7 ° = 7 and 7 1 = 7 (see Section 9.4). For example, spheres are simply- 
connected but circular cylinders are not. We shall not prove these assertions 
as a proper discussion of simple-connectedness would take us too far into the 
realm of topology. 


EXERCISES 

13.6.1 Let <r(0,(p) be the parametrization of the torus in Exercise 4.2.5. 
Show that the holonomy around a circle 0 = 9q is 27r(l — sin^o). 
Why is it obvious that the holonomy around a circle <p = constant is 
27 t? Note that these circles are not simple closed curves on the torus. 

13.6.2 Calculate the holonomy around the parameter circle v = 1 on the 
cone cr(u,v ) = (v cosu,vsmu,v), and conclude that the converse of 
Proposition 13.6.5 is false. 


13.7 Singularities of vector fields 

Suppose that S is a surface and that V is a smooth tangent vector field on S. 
This means that, if er : U —► R 3 is a patch of S and (u,v) are coordinates on 
U, then 

VI 


V = a(u, v)cr u + f)(u, v)cr 
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where a and /3 are smooth functions on U. It is easy to see that this smoothness 
condition is independent of the choice of patch <x (see Exercise 13.7.2). 

Definition 13.7.1 

If V is a smooth tangent vector field on a surface a point p 6 5 at which 
V = 0 is called a stationary point of V. 

The reason for this terminology is as follows. We saw in the proof of Propo¬ 
sition 8.4.3 that, if p £ S, there is a unique curve 7 (t) on S such that 7 = V 
and 7 ( 0 ) = p; 7 is called an integral curve of V. We can think of 7 as the path 
followed by a particle of some fluid that is flowing over the surface. If V = 0 
at p, the velocity 7 of the flow is zero at p, so the fluid is stationary there. 

We are going to prove a theorem which says that the number of stationary 
points of any smooth tangent vector field on a compact surface S, counted 
with the appropriate multiplicity, is equal to the Euler number of S. To define 
this multiplicity, let p be a stationary point of V contained in a surface patch 
er : U —> K 3 of S, say, with er(uo, r>o) = p. Assume that p is the only stationary 
point of V in the region cr(U) of S. Let £ be a nowhere-vanishing smooth 
tangent vector field on cr{U) (e.g. we may choose £ = cr u or cr v ). 

Definition 13.7.2 

With the above notation and assumption, the multiplicity of the stationary 
point p of the tangent vector field V is 



where 7 (s) is any positively-oriented unit-speed simple closed curve of length 
7 ( 7 ) in cr(U) with p in its interior, and i(>(s) is the oriented angle £V between 
£ and V at the point 7 (s). 

It is clear that /.<(p) is an integer, and an argument similar to our heuristic 
proof of Hopf’s Umlaufsatz in Section 13.1 shows that p(p) does not depend on 
the choice of simple closed curve 7 . It is also easy to see that it is independent of 
the choice of ‘reference’ vector field £ (see Exercise 13.7.3). Finally, an argument 
similar to that used to prove Proposition 2.2.1 shows that the angle which 
is only determined up to adding an integer multiple of 27r, can be chosen to be 
a smooth function of s. 
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Example 13.7.3 

The following smooth tangent vector fields in the plane have stationary points 
of the indicated multiplicity at the origin (we have shown the integral curves 
of the vector fields for the sake of clarity): 

(i) V(x,y) = {x,y); y = +1. 



(ii) V(x,y) = (-x, -y); y = +1 



(iii) V(x,y) = (y,-x); y =+1 
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(iv) V(x,y) = (x,-y); n = ~ 1 



The stationary point in examples (i), (ii), (iii) and (iv) is called a source, sink, 
vortex and bifurcation, respectively. 

Let us verify the multiplicity in case (iv), for example. Take the ‘reference’ 
tangent vector field to be the constant vector field £ = (1,0). Then, the angle 
if is given by 


(cos ip, simp) 


V 

W\\ 


x 

\Jx 2 + y 2 



Taking 7 ( 5 ) = (cos s, sins) to be the unit circle, at 7 (s) the angle ip satisfies 


(cos ip, sin ip) = (cos s, — sins), 


so ip = 2 tt — s. Hence, 


M(0,0) 


1 d 

- / -(27T 

27T J o ds 


s ) ds = — 1 . 


Theorem 13.7.4 

Let V be a smooth tangent vector field on a compact surface S which has only 
finitely many stationary points, say p l5 p 2 ,..., p n . Then, 

n 

Mp i) = x. 

2=1 


the Euler number of S. 
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Proof 


Let 7 , be a positively-oriented unit-speed simple closed curve contained in a 
patch <Ji of S with p i in the interior of ■~f l . Assume that the / y i are chosen so 
small that their interiors are disjoint. Choose a triangulation of the part S' of S 
outside 7 i, 7 2) . . . , 7 „ by curvilinear polygons T 3 . Note that the edges of some 
of these curvilinear polygons will be segments of the curves 'y,. 



Note also that, when these polygons are positively-oriented, the induced 
orientation of the 7 , ; is opposite to their positive orientation (see the diagram 
above, in which the arrows indicate the sense of positive orientation). 

We can regard the curvilinear polygons in S' , together with the simple closed 
curves 7 , and their interiors, as a triangulation of S , so by Theorem 13.4.5, 





(13.29) 


where \ is the Euler number of S. On S' , we choose an orthonormal basis 


{e', e"} of the tangent plane of S at each point so that e! is parallel to the 


tangent vector field V. Arguing as in the proof of Theorem 13.1.2, we see that 



e' ■ e" ds , 


(13.30) 


where s is arc-length on Tj and £(Tj) is its length. Any common edge of two 
of the curvilinear polygons Tj is traversed once in each direction and so their 
contributions to the sum in Eq. 13.30 cancel out. What remains is the integral 
along the segments of the curves 7 , that are part of the polygons T ? . In view 
of the remark about orientations above, we get 



e' ■ e" ds, 


(13.31) 


where s is arc-length along / y i and £( 7 ,) is its length. 
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Now choose an orthonormal basis {f\ f'} of the tangent plane of S on each 
patch <Tj. By the proof of Theorem 13.1.2, 

r r e ht) 

/ KdA = / f-f da. 

J int( , 7 i ) JO 

Combining Eqs. 13.29, 13.31 and 13.32, we get 
" /■«(' n) ... 

/ (f • { — e' ■ e") ds = 2nx- 
i=i Jo 

But, from the proof of Theorem 13.1.2, 


(13.32) 


(13.33) 


e' ■ e” = 9 — k, 


■g, f • f =ip~K g 


where n g is the geodesic curvature of qq and 9 and <p are the oriented angles 
e'qq and f qq, respectively. Then, if) = ip — 9 is the oriented angle f'e', i.e., the 
oriented angle fV between V and the ‘reference’ tangent vector field f' on er,. 
So the left-hand side of Eq. 13.33 is 

55 / ~£ ds = 27r Y,^(Pi)’ 


i=l ’ 


i=l 


as we want. 


□ 


We now give some simple examples of vector fields on surfaces (we show 
their integral curves for clarity). 


Example 13.7.5 

A vector field on the sphere with one source and one sink: \ = 2 
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Example 13.7.6 

A vector field on the torus with no stationary points: \ = 0 



Example 13.7.7 

A vector field on the double torus T 2 with two bifurcations: x = — 2 



EXERCISES 


13.7.1 Let A; be a non-zero integer and let V(x, y) = {a,/3) be the vector 
field on the plane given by 


a + ip 


(x + iy) k if k > 0, 
(x — iy)~ k if k < 0. 


Show that the origin is a stationary point of V of multiplicity k. 

13.7.2 Show that the definition of a smooth tangent vector field is indepen¬ 
dent of the choice of surface patch. Show also that a tangent vector 
field V on S is smooth if and only if, for any surface patch cr of S, 
the three components of V at the point cr(u, v ) are smooth functions 
of (u, v). 
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13.7.3 Show that the Definition 13.7.2 of the multiplicity of a stationary 
point of a tangent vector field V is independent of the‘reference’ 
vector field £. 


13.8 Critical points 

If /(it, v) is a smooth function defined on an open subset U of R 2 , we say that a 
point (u o, Vo) is a critical point of / if df /du and df/dv both vanish at (uo, Vo). 
If now F : S — > R is a smooth function on a surface S (see Exercise 4.3.1), and 
if er : U —> R 3 is a surface patch of S , then / = F o a is a smooth function on 
the open subset U of R 2 . This suggests 

Definition 13.8.1 

Let S be a surface and F : S — > R a smooth function on S. A point p £ S is a 
critical point of F if there is a surface patch <x of S , with p = a{u o,vq), say, 
such that f = F o er has a critical point at (uq, vq). 

It is easy to check directly that the definition of a critical point is inde¬ 
pendent of the choice of patch er (see Exercise 13.8.1), but this will follow 
immediately from another characterization of critical points that we shall now 
give and which is independent of any arbitrary choices. 


Proposition 13.8.2 

If F is a smooth function on a surface S, there is a unique smooth tangent 
vector field Vs-F on S such that, if p € S and 7 (t) is a curve in S which passes 
through p when t = to , we have 

F(j(t)). (13.34) 

t=to 

Moreover, p is a critical point of F if and only if V5E 1 = 0 at p. 


(V 5 F) • 7(< 0 ) = j t 


Proof 

We showed in Exercise 4.4.3 that if F is the restriction to S of a smooth 
function F : R 3 —> R, then Eq. 13.34 is satisfied if we take V 5 F to be the 
orthogonal projection of the gradient VL of F onto the tangent plane of S. 
But if F : S —> R is not given to us as the restriction of a smooth function 
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defined on R 3 , we must proceed differently, since VF only makes sense if F is 
defined on R 3 , or at least on an open subset of R 3 . 

We observe first that the tangent vector field V 5 F is obviously unique, if it 
exists. Indeed, every tangent vector to S at p is of the form 7 (f 0 ) for some to 
and some curve 7 on S with 7 (^ 0 ) = P, so any two choices of V sF at p would 
differ by a vector perpendicular to every tangent vector to S at p, which must 
be zero. 

To see that V 5 F exists, choose a surface patch cr(u,v ) for S with 
crfuo^o) = P, say, and let / = F o a. Let {e',e"} be the basis of the 
tangent plane of S at p such that 


Explicitly, 


e' ■ cr u = e" ■ cr v = 1 , e! ■ cr v = e" ■ <j u = 0 . 

. Ger,, F (T 7 , ,, Ecr ,, l(T,, 


(13.35) 


EG-F 2 ’ EG-F 2 ’ 

where Edu 2 + 2Fdudv + Gdv 2 is the first fundamental form of u. We take 


(13.36) 


V s F = f u e' + f v e", (13.37) 

where the derivatives are evaluated at (u o,fo)- If 7 is as in the statement of 
the proposition, say 7 (t) = cr(u(t),v(t)), then (with d/dt denoted by a dot), 

(V 5 F) • 7 ( 0 ) = {f u e' + f v e") ■ (■ucr u + vcr v ) 

= fuii + fvi) (by Eq. 13.35) 

= /, 

and the derivatives with respect to t are being evaluated at t = to- It is clear 
from Eqs. 13.36 and 13.37 that V 5 E is smooth and that p is a critical point 
of F if and only if V 5 E = 0 at p. □ 


Since V 5 F is a smooth tangent vector field on S , we can apply Theo¬ 
rem 13.7.4 to it. To do so, we must compute the multiplicity of the stationary 
points of V 5 E. For this, we shall make an additional assumption about F, 
contained in the following. 


Definition 13.8.3 


A critical point p of a smooth function F on a surface S is said to be non¬ 
degenerate if, whenever cr(u,v) is a patch of S with p = cr(uo,v 0 ), say, the 
matrix 


n = 



dudv 


d z f 

dudv 

d 2 f 

dv 2 
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is invertible, where f = F o a and the derivatives are evaluated at (u o,fo)- 
In this case, the point p is called a local maximum , a saddle point or a local 
minimum if Ji has 2,1 or 0 negative eigenvalues, respectively. 

It is not difficult to show that this definition is sensible, i.e., independent 
of the choice of patch er (see Exercise 13.8.1). Note that the matrix H is real 
and symmetric, so it always has two real eigenvalues (not necessarily distinct) 
- see Appendix 0. 


Proposition 13.8.4 


Let p be a critical point of a smooth function F on a surface S. Then, the 
multiplicity of p as a stationary point of V 5 E is 


Mp) 


1 if p is a local maximum or a local minimum, 
— 1 if p is a saddle point. 


Example 13.8.5 

The function on the plane given by F(u, v ) = — u 2 — v 2 (resp. u 2 — v 2 , u 2 + v 2 ) 
has a local maximum (respectively saddle point, local minimum) at the origin. 


We shall not give a complete proof of Proposition 13.8.4 here. But the 
following argument should convince the reader of its truth. Let us assume that 
(uo,vo) = (0,0) for simplicity, and write the matrix in Definition 13.8.3 at 
u = v = 0 as 



Then, Taylor’s theorem tells us that 

f(u, v ) = - (Am 2 + 2/j.uv + vv 2 ) + r(u, v), 

where r(u,v)/(u 2 + v 2 ) tends to zero as u and v tend to zero. It is plausible, 
then, that the behaviour of Vs-F near p is the same as that of V 5 E, where 

F(cr(u , i>)) = i(A it 2 + 2 \xuv + vv 2 ). 

In particular, F and F should have the same type of critical point at p. 

But the multiplicity of p as a critical point of F is easy to compute. To do 
so, note first that there is an orthogonal matrix P such that 


pi 


A 



ci 0 A 
0 e 2 ) 
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is a diagonal matrix. This means that, by applying an isometry in the rtf-plane 
(i.e., a reparametrization of er), we can assume that 

F(a(u, f)) = ^(erw 2 + e 2 f 2 ). 


We can also assume that the patch er is conformal, so that angles measured in 
the rtf-plane are the same as those measured on the surface (see Section 6.3). 

Taking our ‘reference’ tangent vector field to be cr u , the angle if between 
V 5 F and cr u is given by 


(cos ip, sin if) 


(e 1 u,e 2 v) 

\/e1u 2 + e^f 2 


We take the simple closed curve in the rtf-plane given by the ellipse 


22,22 2 

e x u + e 2 v = r , 


where r is a small positive number, which can be parametrized by 


Hence, 


and so 


u = —r cos t, 

M 


v -.—r sint. 

M 


/ £l j. • / e 2 . 

cos ip = -—- cos t, sin ip = -—- sin t, 

Ell £2 


if = < 


t if er > 0 and e 2 > 0 , 

27 t —t if er > 0 and e 2 < 0 , 

7 r t if er < 0 and e 2 > 0 , 

it + t if er < 0 and e 2 < 0 . 

This gives the multiplicity of p as a stationary point of V 5 F as 


r 27T 


/ — f- dt = 


dif 


2i r 


dt 


1 if 61 and e 2 have the same sign, 
— 1 otherwise, 


in accordance with Proposition 13.8.4. 

If we accept this heuristic argument, we can combine Theorem 13.7.4 and 
Proposition 13.8.4 to give 


Theorem 13.8.6 

Let F : S —> R be a smooth function on a compact surface S with only finitely 
many critical points, all non-degenerate. Then, 

number of local \ f number of saddle \ / number of local 

maxima of F ) \ points of F ) \ minima of F 



the Euler number of S. 
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Example 13.8.7 

If we take the surface T g of genus g described in Section 5.4 and stand it upright 
on the xy-plane, the height above the plane is a smooth function F on T g . The 
critical points of F are as shown in the following diagram, and they are all 
non-degenerate (cf. Exercise 13.8.3). 


R 



There is a unique local minimum P , 2 g saddle points Qi, Q 2 , ■ ■ •, Q 2 g, and a 
unique local maximum R. Hence, Theorem 13.8.6 gives the Euler number of T g 
as 


1 — 2^ + 1 — 2 — 2 g 1 


in accordance with Theorem 13.4.7. 
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EXERCISES 

13.8.1 Show directly that the definitions of a critical point (13.8.1), and 
whether it is non-degenerate (13.8.2), are independent of the choice 
of surface patch. Show that the classification of non-degenerate crit¬ 
ical points into local maxima, local minima and saddle points is also 
independent of this choice. 

13.8.2 For which of the following functions on the plane is the origin a non¬ 
degenerate critical point? In the non-degenerate case(s), classify the 
origin as a local maximum, local minimum or saddle point. 

(i) x 2 — 2xy + Ay 2 . 

(ii) x 2 + 4 xy. 

(iii) x 3 — 3 xy 2 . 

13.8.3 Let S be the torus obtained by rotating the circle (x — 2) 2 + z 2 = 1 in 
the xz-pl&ne around the 2 -axis, and let F : S — > M be the distance 
from the plane x = —3. Show that F has four critical points, all 
non-degenerate, and classify them as local maxima, saddle points or 
local minima. (See Exercise 4.2.5 for a parametrization of S.) 



Appendix 

Inner product spaces and self-adjoint 

linear maps 



Throughout this appendix, V denotes a vector space of finite dimension n 
over R. Proofs of all the results in this appendix can be found in standard 
books on linear algebra. 

A map V x V —> M, denoted (v, w) H > (v, w), is called a bilinear form if, 
for all Ai, A2 eR, Vi, v 2 , w £ V, we have 


(A1V1 + A 2 v 2 , w) = Ai(w, vi) + A 2 (w, v 2 ) 
(w, A1V1 + A 2 v 2 ) = Ai(w, vi) + A 2 (w, v 2 ). 


Thus, (v, w) is a linear function of v for each fixed w, and a linear function of 
w for each fixed v. 

If {vi,..., v„} is a basis of V, any bilinear form ( , ) on V is determined 
by the nx n matrix whose (i,j)-e ntry is (v», v^-} for i,j = 1,... ,n. For, if 


n 


n 



are any two vectors in V, then 


n 



i,j =1 

A bilinear form ( , } is called symmetric if 

(v, w) = (w, v) for all v, w £ V. 

Equivalently, the matrix of ( , ) with respect to any basis of V is symmetric. 
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Any symmetric bilinear form ( , ) is uniquely determined by its associated 
quadratic form q : V —> R is given by 

g( V ) = (V,V). 

Indeed, for any v, w G V, 

(v,w) = ^(g(v + w) - q(v) - q(w)). 

An inner product on V is a symmetric bilinear form ( , ) onb such that 
(v, v) > 0 for all non-zero v £ V. 

The length of a vector v is then defined to be || v || = (v, v) 1 / 2 , and two vectors 
v,w are said to be perpendicular , or orthogonal , if (v,w) = 0. 


Proposition A.0.1 


Let ( , ) be an inner product on V. Then, V has an orthonormal basis, i.e., a 
basis {vi,..., v„} such that 


( v i» v j) 


1 if i=j 
0 if j. 


If V has an inner product ( , }, a linear map L : V —> V is called self-adjoint 


if 


(L(v), w) = (v, L{ w)} for all v, w £ V. 
Equivalently, the bilinear form 

«v,w)) = (i(v), w) 

should be symmetric. 


Proposition A.0.2 

Let L : V —> V be a self-adjoint linear map. Then, the matrix of L with respect 
to any orthonormal basis of V is symmetric. 

If L : V —> V is a linear map, a real number A is called an eigenvalue of 
L if L(v) = Av for some non-zero vector v € V. In that case, v is called an 
eigenvector of L corresponding to the eigenvalue A. 


Theorem A.0.3 

Let L : V —> V be a self-adjoint linear map. Then, V has a basis {vi,..., v„} 
consisting of eigenvectors of L. Moreover, if v, ; and Vj are eigenvectors corre¬ 
sponding to distinct eigenvalues, then (v, ; , v ? ) = 0. 
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The last sentence in this theorem implies that the basis of eigenvectors of L 
can be chosen to be orthonormal. 

This theorem is sometimes referred to by saying that L is diagonalizable: 
the matrix of L with respect to the basis {vi,..., v„} in the theorem is the 
diagonal matrix 


/Ai 0 0 \ 

0 A 2 ••• 0 


V o o • • • xj 


where A^ is the eigenvalue corresponding to the eigenvector Vj. 

In fact, all of the above results have matrix versions. If A is an n x n matrix, 
an eigenvalue of A is a real number A such that 


det(A — XI) = 0, 


where I denotes the nxn identity matrix. An eigenvector of A with eigenvalue A 
is an n x 1 column matrix v such that Av = Av. Theorem A.0.3 is equivalent to 

Theorem A.0.4 

Let S' be a real symmetric nxn matrix. Then, there is an orthogonal matrix 
P such that PSP 4 is a diagonal matrix. 

The correspondence is as follows. Let {wi,...,w n } be any orthonormal 
basis of V. Then, the linear map L : V —> V such that 


n 



(where S = (sij)) is self-adjoint. The matrix P = ( pij ) such that 


n 



is orthogonal and PSP * is the diagonal matrix associated to L by Theorem A.0.3. 





Appendix 1 
Isometries of Euclidean spaces 


In this appendix, we collect some basic results about isometries of R ra that are 
used in various places in the book. 


Definition A.1.1 

Let n> 1. An isometry of R n is a map F : R™ —> R" that preserves the distance 
between any two points of R n : 

|| F(v) - F( w) || = || v - w || for all v, w e R". 

It is obvious that any composite of isometries is an isometry. 

For i = 1,..., n, let e* = (0,..., 0,1,0,..., 0) (with a 1 in the ith place). 

Proposition A.1.2 

Let F be an isometry of R™ such that F( 0 ) = 0 and F(ei) = e* for i = 1 ,,n. 
Then, F is the identity map. 


Proof 

If v € R™, the assumptions on F imply that || v || = || F(v) || and || v — e,; || = 
|| F(v)—e.i || for i = 1,..., n. These equations in turn imply that v-e, = A(v)-ej 
for i = 1,..., n, and hence that v = F(v). □ 
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It will be convenient to associate to any vector v = (vi,V 2 , ■ ■■ ,v n ) € R™ 
the column matrix 

( Vl \ 

1>2 

. 1 
\ V n J 

which we also denote by v. The dot product of vectors can then be expressed 
in matrix form: 

v • w = v 4 w. 

Recall that an invertible n x n matrix P is said to be orthogonal if P 4 = 
P _1 , where P 4 denotes the transpose of P. An equivalent condition is that the 
columns of P are perpendicular unit vectors. 


Theorem A.1.3 

Let P be an n x n orthogonal matrix and let a £ R n . Then, the map 
F : R" —>• R n defined by 

P(v)=Pv + a (A.1.1) 

is an isometry of R". Moreover, every isometry of R n is obtained in this way. 
In particular, every isometry is a bijective map and the inverse of any isometry 
is an isometry. 

Proof 

If v, w £ R” and F is as defined in Eq. A. 1.1 with P orthogonal, we have 

II P(v) - P(w) || 2 = (P(v) - P(w)) • (P(v) - P(w)) 

= (Pv — Pw)*(Pv — Pw) 

= (v - w) 4 P 4 P(v - w) 

= (v — w) 4 (v — w) 

= 11 v-w || 2 . 

Hence F is an isometry. 

Now define 

G(v) = P 4 v - P 4 a. 

Then, G is an isometry (because P ( is orthogonal: (P 4 ) 4 = P = (P^ 1 ) -1 = 
(P 4 )- 1 ) and 

G o F(v) = P 4 (Pv + a) — P 4 a = v, F o G(v) = P(P 4 v — P 4 a) + a = v, 


and so G is the inverse of F (and F is bijective as it has an inverse). 
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For the converse, let F be any isometry of Let a = F( 0) and let v t = 
F(ei) — a. Then, vi, ..., v n are perpendicular unit vectors. Indeed, 

|| v, || = || — F{0) || = || — 0 || = 1, 

showing that the Vj are unit vectors, and 

II v * - v i II = II e» - ej || 

which implies (using the fact that the Vj and the e,; are unit vectors) that 
Vj • Vj = e.i ■ ej = 0 if i j (since || v* - v,- || 2 = || v» || 2 + || Vj || 2 -2v» ■ Vj, 
etc.). 

Since vi,...,v„ are perpendicular unit vectors, the matrix P whose 
columns are vi,..., v„ is orthogonal. Moreover, 

Pei = Vj = F(ei) - a. 

Hence, if G denotes the isometry 

G(v) = Pv + a, 

we have P(ej) = G{e j) for i = 1 ,n and P(0) = G(0). Then the isometry 
G _1 oF fixes 0 and e \,..., e„, and so is the identity map by Proposition A.1.2. 
Hence, F = G. □ 


If P is an orthogonal matrix, the determinant of P must be ±1 since 

1 = det(P‘P) = det(P‘)det(P) = det(P) 2 . 

The isometries (A.1.1) for which det(P) = 1 are said to be direct isometries ; 
those for which det(P) = —1 are opposite isometries. If 

P(v) = Pv + a, G(v) = Qv + b 

are two isometries, the composite G o P is the isometry 

(G o P)(v) = QPv + Qa + b. 

Since det(QP) = det(Q)det(P), the composite of two direct or two opposite 
isometries is direct, and the composite of a direct and an opposite isometry is 
opposite. 

We now turn to the geometric description of isometries. The two simplest 
types are as follows: 

Translations These are the direct isometries P a given by 


Xk(v) = v + a, 


(A.1-2) 
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where a is a fixed vector in R". 



Reflections If N € R™ is a fixed non-zero vector (which we may as well assume 
is a unit vector) and d £ R, the set R of vectors v e R™ such that 

v- N = d 

is called a hyperplane (a hyperplane in R 2 is just a straight line, and a hyper¬ 
plane in R 3 is a plane). The reflection Ru in R is defined by 

fl«(v)=v-2(v-N-d)N. (A.1.3) 

We leave it to the reader to check that Ru°Ru is the identity map, so that Ru 
is its own inverse, and that the set of points v fixed by Ru (i.e., such that 
Ru(y) = v) is exactly the hyperplane R. If we think of R as a two-way mirror, 
Rn(v) is the mirror-image of v: 


R«( v ) 



Proposition A.1.4 

Reflections are opposite isometries. 
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Proof 

In matrix notation, Ru (v) = Pv + a where 

P = I - 2NN* 


and a = 2dN. Now 


P t P = (I- 2NN t ) t (I - 2NN*) = (J - 2NN*)(/ - 2NN*) 

= I - 4NN* + 4NN‘NN‘ = I, 


since N f N = N ■ N = 1 (I denotes the identity matrix). Thus, P is orthogonal 
and R-u is an isometry. 

Let vi,...,v„_i be an orthonormal basis of the hyperplane v • N = 0 
(i.e., the hyperplane parallel to R passing through the origin). Let Q be 
the n x n matrix whose columns consist of the perpendicular unit vectors 
Vi,..., v„_i, N; then Q is orthogonal. The product PQ is the matrix with 
columns vi,... N, so 


PQ 


( 1 0 
0 1 


0 0 
\ 0 0 


0 0 \ 
0 0 


1 0 
0 -1 J 


Taking determinants of both sides and noting that det(Q) ^ 0 gives det(P) = 
— 1 as required. □ 


It is obvious that any composite of translations is another translation. On 
the other hand, it turns out that every isometry is a composite of reflections: 


Theorem A.1.5 

Every isometry of l n is a composite of < n + 1 reflections. 


Proof 

Let F be any isometry of R" and let eo = 0. We construct isometries Gi , for 
i = 0,1,..., n, such that 

(i) Gi is a composite of < i + 1 reflections, and 

(ii) Gi o F fixes the points eg, ei,..., e*. 
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Then, G n oF is an isometry that fixes 0 and the points ei,..., e n , and so is the 
identity map by Proposition A.1.2. Moreover, G” 1 is the composite of < n + 1 
reflections, for if G n = R\ o R 2 o • • • o R k: where Pi, R 2 ,. ■ ■, Rk are reflections, 
then G _1 = R k o ■ ■ ■ o R 2 o R 1 . 

We prove the existence of the isometries Gi by induction on i. If Vo = eg 
let Go be the identity map. Otherwise, let Ho be the hyperplane perpendicular 
to the vector Vo — eo and passing through the mid-point of the line joining eg 
and v 0 (i.e., the point |(e 0 + v 0 )). Then, P^ 0 takes v 0 to e 0 and we define 
Go = R-Ho ■ 

Suppose now that we have constructed Gi- 1 satisfying the required con¬ 
ditions. Then, the isometry Fj = Gj_i o F fixes the points eo, ei,..., ej_ 1 . If 
Fi(ei) = ei , define Gi = Gi- 1. Otherwise, let Hi be the hyperplane perpendic¬ 
ular to Fi(ei) — ei and passing through the mid-point of the line joining e, and 
F(ei). Note that the points ej for j = 0,1,...,* — 1 are all on Hi because 

|| e 3 - Fi(ei) || = || Fi(ej) - ^(e.) || = || e 3 — e* || . 

Hence, the reflection R-u i fixes e 3 for j = 0,1,..., i — 1 and takes Fj(ej) to e,- . 
Define Gi = R-Ui 0 Gi- 1 . This completes the inductive step. □ 

We now specialize to the cases of interest in this book, namely R 2 and R 3 . 
We need only consider isometries that fix the origin since a general isometry 
can then be obtained by composing with a translation. 

If P is a 2 x 2 orthogonal matrix, its columns ai and a 2 are perpendicular 
unit vectors. If 9 is the angle between ai and the positive x-axis in R , we then 
have 

ai = (cos 9, sin 9 ), a 2 = ±(— sin 0, cos 9). 

If 

f cos 9 — sin 9 \ 

\ sin0 cos 9 J 

the corresponding isometry po(y) = Pv is the anticlockwise rotation through 
an angle 9 about the origin. Since det(P) = 1, pg is a direct isometry, and so 
by Proposition A. 1.3 must be a composite of two reflections. In fact, pg is the 
product of the reflections in any two lines that intersect at the origin and make 
an angle 9/2 with each other. 

The other possibility is 

f cos 9 sin 9 

\ sin 9 — cos 9 

The corresponding isometry is the reflection in the fine passing through the 
origin and making an angle 9/2 with the positive x-axis. 
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Thus, every direct isometry of R 2 is the composite of a rotation and a 
translation, and every opposite isometry is the composite of a reflection and a 
translation. 

For the R 3 case, we recall from Appendix 0 that if P is a square matrix, its 
eigenvalues are the roots A of the equation 

det(P — XI) = 0. (A.1.4) 

When P is 3 x 3, Eq. A. 1.4 is a cubic equation for A which has real coefficients. 
It must therefore have at least one real root; we denote the corresponding 
eigenvector by N, and we may as well assume that N is a unit vector. 

Suppose now that P is orthogonal. Then || P N || = || N || and so A = ±1. 
If w is any vector perpendicular to N, Pw is also perpendicular to N since 
(switching between vector and matrix notation) 

(Pw) • N = w^N = = ±w‘N = ±w ■ N = 0 

(we used the fact that PN = ±N implies P _1 N = ±N). So the isometry 
F(v) = Pv fixes each point of the line £ through the origin parallel to N and 
preserves the plane II through the origin perpendicular to £. Obviously the 
restriction F|n of F to II is an isometry of II. By the discussion of the M 2 case, 
F|n must be either a rotation or a reflection. 

There are now several cases to consider. If A = 1 and F|n is a rotation, then 
F fixes each point of £ and performs a rotation through an angle 6 , say, in each 
plane perpendicular to £. We denote this isometry by pej and call £ the axis of 
rotation. 

If A = 1 and F|n is a reflection in a line £' in II, then F is the reflection in 
the plane containing £ and £'. 

If A = —1 and F|n is the reflection in a line £', then F is rotation by 7r 
about the line through the origin perpendicular to £ and t'. 

Finally, if A = —1 and F|n is a rotation, then F is a product of three 
reflections. An example of such a ‘reflection-rotation’ is the antipodal map 
P(v) = -v. 

In particular, we have shown that every direct isometry of R 3 is the com¬ 
posite of a rotation about an axis passing through the origin and a translation. 

We shall need one more fact relating the isometries of R 3 to the cross 
product of vectors in R 3 . 


Proposition A.1.6 

Let P be a 3 x 3 orthogonal matrix. Then, for any v, w £ R 3 , 


Pv x Pw = det(P) P(v x w). 
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Proof 

By Theorem A. 1.5 it is enough to prove this when P corresponds to the reflec¬ 
tion in a plane passing through the origin. If N is a unit vector, the reflection 
in the plane through the origin perpendicular to N is 

i?(v) = v-2(v-N)N. 

In view of Proposition A. 1.4, we have to prove that 

(v - 2(v • N)N) x (w - 2(w • N)N) = -(v x w - 2((v x w) • N)N) 
i.e., v x w + ((v • N)w — (w • N)v) x N = ((v x w) • N)N. (A.1.5) 

Applying the triple-product identity 

(a x b) x c = (a • c)b — (a • b)c, (A.1.6) 

where a, b, c £ R 3 , to the second term on the left-hand side of Eq. A.1.5, we 
are reduced to proving 

v x w + ((v x w) x N) x N = ((v x w) • N)N, 
and this follows from a second application of the identity (A.1.6). □ 



Appendix 

M obi us transformations 



We collect here the main facts about Mobius transformations that we use in 
the exercises of Section 6.5 and in Chapter 11. 

A Mobius transformation is a map of the form 



(A.2.1) 


where a, b , c, and d are complex numbers such that ad — be ^ 0. Note that the 
map M is unchanged if a, &, c and d are all multiplied by the same non-zero 
complex number. 

If c = 0, M(z ) is defined for all z £ C; if c ^ 0 it is defined for all z ^ —d/c. 
We can avoid this dichotomy by extending M to a map on the extended complex 
plane Coo = CU {oo}: 


M (oo) = oo if c = 0 , 

M(—d/c) = oo, M(oo) = a/c if c 7 ^ 0. 


Proposition A.2.1 

(i) Every Mobius transformation defines a bijection Coo —> Coo whose inverse 
is a Mobius transformation. 

(ii) Any composite of Mobius transformations is a Mobius transformation. 
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Proof 

Let M be as in (A.2.1) and define the Mobius transformation 

,r/ \ dz — b 

N(z) = -. 

—cz + a 

If 2 € C and (if c ^ 0) 2 / — d/c we have 


N(M(z)) = 


{ az-\-b \ 
\cz+d J 


- b 


+ CL 


(ad — bc)z 
ad — be 


If c ^ 0, 
Finally, 


f az±b\ 

° ^ cz+d J 

N(M(—d/c )) = N(oo) = —d/c. 


N(M(oo)) = 


N(oo) = oo if c = 0 
N(a/c) = oo if c jz 0. 


Thus, N(M(z)) = z for all 2 e Coo. Similar computations show that 
M(N(z)) = z for all z € Coo- This shows that N is the inverse of M; in 
particular, M is bijective. 

For (ii), let M be as in (A.2.1) and let 

be another Mobius transformation. Then, 

a'(az + b) + b'(cz + d) (a'a + b'c)z + a'b + b'd 


M'(M(z )) = 


d (az + b) + d'(cz + d) (da + d'c)z + db + d'd 


Since 


(a'a + b'c)(c'b + d'd) — (a'b + b'd)(c'a + d'e) = (a'd' — b'c')(ad — be) ^ 0, 

M’ o M is a Mobius transformation. □ 


The simplest examples of Mobius transformations are the following: 
Translations T a (z) = z + a, a £ C 
Complex dilations D a (z) = az, a€C, a/0 
The map K(z) = 1/2 











Appendix 2 Mobius transformations 


393 


If we identify C with K 2 in the usual way, the translations T a coincide with 
the translations of K 2 considered in Appendix 1. The complex dilation D a is the 
composite of the real dilation D | Q | and the rotation about the origin through 
an angle arg(a). 


Proposition A.2.2 

Every Mobius transformation is a composite of Mobius transformations of the 
above three types. 

Proof 

Let M be as in (A.2.1). If c = 0 then a ^ 0 and 

M(z) = az + b = a(z + b/a) = D a T b/a (z). 

If 0, 

M{z) = -- (arf ~ 6C , )/C = T a/c D_ {ad _ bc)/c K(cz + d ) 

C CZ i - CL 

= T a / c D-( ad - bc )/ c KT d D c (z). □ 

It is clear geometrically that translations and complex dilations take straight 
lines to straight lines and circles to circles, and we shall see shortly that the 
transformation K takes lines and circles to lines and circles, but may take lines 
to circles and circles to lines. Because of this, it is convenient to define a Circle 
(capital C!) in Coo to be either a straight line or a circle in C. 

Proposition A.2.3 

Every Circle in Coo can be described by an equation of the form 

azz + bz + bz + c = 0, (A.2.2) 

where a, c € R, b £ C. In fact, Eq. A.2.2 represents a straight line if a = 0 and 
b ^ 0 , and a circle if a ^ 0 and \b\ 2 > ac. 

Proof 

Any straight line in the xy-plane has equation of the form 


px + qy + r = 0, 
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where p, q, r £ K and p and q are not both zero. Writing z = x + iy, this is of 
the form (A.2.2) with a = 0, b = p + iq, c = 2 r. On the other hand, every circle 
has equation of the form 

(x + p) 2 + {y + q) 2 = r 2 , 

where p, q € R and r > 0. This is of the form (A.2.2) with a = 1, b = p + iq 
and c = p 2 + q 2 — r 2 . Note that \b\ 2 — ac = r 2 . □ 

Proposition A.2.4 

Every Mobius transformation takes Circles to Circles. 

Proof 

This is clear geometrically for translations and complex dilations, so in view 
of Proposition A.2.2 it is sufficient to prove it for the transformation K. If 
w = K(z) then z = 1/w and so if z lies on the Circle (A.2.2) then 

abb 

]—12 ~^ -b — + C =0, 

w w 

c\w\ 2 + bw + bw + a =0. 

If c = 0, this is the equation of a line; if c ^ 0, it is the equation of a circle 
since |6| 2 > ca. □ 

Note that this proof actually shows that K takes circles passing through 
the origin to lines and all other circles to circles. 

The other important property of Mobius transformations we shall need is 


Proposition A.2.5 

Every Mobius transformation is conformal. 

This means that every Mobius transformation preserves the angle between 
curves that intersect at a point of C. 

The reader versed in complex analysis will be able to deduce Proposition 
A.2.5 easily from the fact that holomorphic functions with non-vanishing 
derivatives are conformal. We shall give a direct proof. 
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Proof A.2.5 


By Proposition A.2.2, it suffices to prove that translations, complex dilations 
and the transformation K are conformal. Now translations and rotations are 
isometries, hence conformal (Exercise 6.3.1), and it is easy to see that every 
dilation D a with a > 0 is conformal. Hence, we are reduced to proving that K 
is conformal. For this, we use the method of Exercise 6.1.4. 

If u, v e M, let 

K(u + iv) = u + iv. 

Then, 


Hence, 


. + iv = K (u + iv) = 


■u — IV 
U 2 + V 2 ' 


i.e., u = 


u 2 + v 2 ’ 


u 2 + v 2 


7 v 2 — u 2 7 _ 2 uv 

du = - Z7W7T du — —t; - rTTTTr CIV, 


(u 2 + V 2 ) 2 ( u 2 +v 2 ) 2 


i»= 


v 2 — u 2 


(u 2 + v 2 ) 2 (u 2 + v 2 ) 2 

so the first fundamental form du 2 + dv 2 of R 2 becomes 


dv. 


{v 2 — u 2 ) 2 + Au 2 "' 2 


-(du 2 + dv 2 ) = 


du 2 + dv 2 


(u 2 + v 2 ) 4 (u 2 + v 2 ) 2 

Since this is a multiple of du 2 + dv 2 , K is conformal. 


□ 


A conjugate Mobius transformation is a map of the form 

az + b 

Z ^ A ' 

cz + d 

where a, b , c, and d are complex numbers such that ad~bc ^ 0. Of course, this 
map is just the composite M o C, where M is the Mobius transformation in 
(A.2.1) and C is complex-conjugation C(z) = z. 

There is an analogy in which Mobius and conjugate-Mobius transformations 
correspond to direct and opposite isometries, respectively. This is illustrated in 
the next result and in Proposition A.2.9 (see also the exercises in Section 6.5). 


Corollary A.2.6 

The composite of a Mobius transformation and a conjugate-Mobius transfor¬ 
mation (in either order) is conjugate-Mobius; the composite of two conjugate- 
Mobius transformations is Mobius. 
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Proof 

This follows immediately from Proposition A.2.1(ii) and the observation that, 
if M is a Mobius transformation, so is C o M o C. For example, if M and N 
are Mobius transformations, 

(M oC)oN = Mo(CoNoC)oC, 

since C o C is the identity map. Since M and C 0 N 0 C are Mobius transforma¬ 
tions, so is M o (C o N o C), and hence (M o C) o N is conjugate-Mobius. □ 

The properties of conjugate-Mobius transformations are easily deduced from 
those of Mobius transformations. 

Corollary A.2.7 

Conjugate-Mobius transformations take Circles to Circles and are conformal. 

Proof 

This follows from Propositions A.2.4 and A.2.5 and the fact that C, being the 
reflection in the real axis, is conformal and takes lines to lines and circles to 
circles. □ 

Conjugate-Mobius transformations include two important classes of ge¬ 
ometric transformations. The first of these have already been discussed in 
Appendix 1, namely reflections in straight lines. We leave it to the reader to 
check that the reflection in the line with complex equation 

bz + bz + c = 0, 

where b € C, c € R. and b ^ 0, is 

m ^ ~bz-c 

aw = —5— 

Since lines and circles are, in some sense, on the same footing in Coo, it is 
natural to expect that there should be transformations that play the same role 
with respect to circles that reflections play with respect to straight lines. These 
are the inversions: the inversion X a ^ r in the circle C ayT with centre a € C and 
radius r > 0 takes a point z £ C with z / a to the point z' on the radius of 
the circle passing through z such that the product of the distances of z and z' 
from a is r 2 . 
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Thus, z' — a = p(z — a) for some p > 0 and | z' — a\\z — o| = r 2 . These equations 
give p = r 2 /\z — a| 2 and hence 

r 2 

2-a,r{z) = a + — —r- 
z — a 

Since I a , r is a conjugate-Mobius transformation, it takes Circles to Circles. In 
fact, since X nr (a) = oo, it is clear that X ar takes Circles passing through a to 
lines and all other Circles to circles. 

We shall also need the following property, which is not quite as obvious. 

Proposition A.2.8 

The inversion X a ^ r takes a circle C to itself if and only if C intersects C a ^ r 
perpendicularly. In that case, I a , r takes each of the two regions into which C 
divides the plane to themselves. 

Proof 

Since T a , r interchanges the interior and exterior of C atr , it is clear that if X a ^ r 
fixes C then C and C a , r must intersect. Suppose for example that C is a circle 
that intersects C a , r at points P and Q (the proof when C is a line is similar but 
easier). Then X a r interchanges the segments of C that are inside and outside 
C at n respectively. Since X a ^ r is conformal, the angles made by the interior and 
exterior segments of C with C a>r at P, say, must be equal. Since the sum of 
these angles is 7r, C a , r and C must intersect perpendicularly at P. 
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Conversely, if C is a circle that intersects C 0j7 . at right angles, say at P and 
Q, then I 0jI , takes C to a circle that intersects C a , r at right angles at P and Q. 
But it is clear that there is a unique circle with these properties, namely C (for 
the centre of the circle must be the intersection of the tangent lines to C a , r at 
P and Q). 

Assume now that I a ^ r takes C to itself, and let C have centre b and radius s. 
Since C a , r and C intersect perpendicularly, | b — a| 2 = r 2 + s 2 . Hence, I a , r (b) = 
b — so \X a<r (b) — b\ = Tj^n- < s because s < \b — a\. Thus, X a ,r(b) G V, 
the interior of C. It follows that I a , r takes every point c E V to a point of V. 
For suppose that I a , r (c) is outside C. Now, X a ^ r takes the line segment joining 
b and c to a (smooth) curve 7 joining the point X a ^ r (b) inside C to the point 
l a , r {c ) outside C, so 7 must intersect C at a point d, say. Since l a , r takes C to 
itself, e = Ia t r(d) S C. But since d is on 7, e is a point of the line segment with 
endpoints 6, c. This is a contradiction. It follows that I a , r takes T> to itself, and 
since X a r is a bijection (indeed, it is equal to its own inverse), it must take the 
region exterior C to itself. □ 

The following result is analogous to Theorem A. 1.5. 

Proposition A.2.9 

Every Mobius transformation and every conjugate-Mobius transformation is a 
composite of reflections and inversions. 
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Proof 

By Proposition A.2.2, it is sufficient to prove that translations, complex 
dilations and the maps C and K are composites of reflections and inversions. 
By Theorem A.1.5, translations and rotations are composites of reflections, 
and C is itself a reflection. We are therefore reduced to considering dilations 
D a with a > 0 and the map K. But K is the composite of C with the inversion 
2b,i, and D a is the composite ol 0 0 -i/ 2. □ 



Hints to selected exercises 


1.1.6 Parametrize the ellipse by 7 (t) = (pcosi,qsini); for (i) show that 
the distances in question are p(l ± ecosi); for (ii) show that n = 
(q cost, p sin t) is a vector perpendicular to the tangent line at 7 (t) 
and that the distances in question are |(p — fo) • n|/ || n || and 
|(p — f 2 ) • n|/ || n ||. 

1.2.3 For the last part see the proof of Theorem 3.2.2. 

1.4.5 (ii) The sequence in (i) converges to some limit > 0 and 7 is T ac - 
periodic; consider the sequence {T r — Too}, (hi) Use the mean value 
theorem. 

1.4.6 Let 7 (t) = (71 (f),... ,7„(t)). Then each 7* is T-periodic and so by 
Exercise 1.4.5, if 7 i is non-constant, it has a (positive) period, say T). 
By Exercise 1.4.4, if 7j is non-constant, T = k{Ti for some positive 
integer ki . Let k be the largest positive integer dividing each of the 
integers ki. Show that 7 is closed with period T 0 =T/k. 

1.5.2 To guess the analogue of the condition on / in Theorem 1.5.1, argue 
that (fjqf^ff) is perpendicular to the surface f(x,y,z) = 0, and 
then think about the condition that two planes intersect in a line. See 
Section 5.6 for a rigorous treatment. 

1.5.3 This is easy. 

2.2.3 It is enough to show that k s changes sign when the curve is reflected in 
a line. 

2.2.10 Think of the tangent line to 7 at a point 7(s) as being rigidly fixed to 
7. When 7 has rolled a distance s, the point initially at 7(s) has moved 
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Hints to selected exercises 


2.3.2 

2.3.3 

2.3.4 

2.3.6 


3.2.1 

3.3.1 
4.1.4 
5.2.3 


5.6.1 

5.6.4 


6.1.5 

6.3.8 

6.4.3 

6.5.3 


to the point p + sa on i, and the tangent line to 7 at 7 (s) has become 
i. For the second part, note that p_g^ s ){ A /(s)) = a. Show that 

(i) if S' is a skew-symmetric nxn matrix (i.e., — S is equal to the trans¬ 
pose S 4 of S), and if v is any nxl column matrix, then v 4 Sv = 0; 

(ii) If A is an orthogonal matrix (i.e., A 1 A = I) whose entries are smooth 
functions of a parameter s, then A 4 is skew-symmetric (the entries 
of dA/ds are the derivatives of the entries of A). 

Observe that it is enough to find one curve with curvature n and 
torsion r. 

Assume that 7 is unit-speed and show that a = tcos0 + bsind. 

If 7 lies on the sphere of centre a and radius r, then (7 —a) - (7 —a) = r 2 ; 
now differentiate repeatedly. For the converse, consider 7 + pn + pah. 

Find a system of first-order differential equations satisfied by the dot 
products v,; • vy, and use the fact that such a system has a unique 
solution with given initial conditions. 

Use the results of Appendix 1. 

Use the inequality 2x\X2 < x 2 { + x? 2 . 

For the first part take U to be an annulus. 

For the first part, parametrize the line by 7 (t) = a + fb, and note that 
substituting into Eq. 5.1 gives a quadratic equation for t. For the second, 
take three points on each line and show that there is a quadric passing 
through all nine points. 

Imitate the proof of Proposition 4.2.6. 

If cr(u, v) = (f(u, v), g(u, v), h(u, v)), show that the matrix f ^ u ^ v ) 

\ 9u 9v J 

is invertible. Follow the proof of Proposition 4.2.6 to get open 
sets V and W and a smooth function F~ x : V —> W such that 
-F - 1 (/(u,u),g(u,?;)) = (u,v) for all (u,v) G W. Let ip(x,y) = 
h{F-\x,y)). 

The length of the side given by u = uq is j^ y/G(uo,v)dv. 

Use Proposition A.2.5. 

Choose a point inside the polygon and connect it to each vertex by a 
great circle arc. 

It is enough to treat the case in which p is the north pole. 
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6.5.4 


7.1.2 

7.3.4 

7.4.3 

8 . 1.6 

8 . 1.8 

8.2.3 

8.2.5 

8 . 2.6 

8.2.7 

8 . 2.8 

8.3.1 

8.4.1 

8.5.2 

8.5.3 
9.1.1 

9.1.3 

9.1.4 


9.1.5 

9.2.2 

9.3.3 


Call a unitary Mobius transformation as in part (i) special if b £ M. 
Prove that every unitary Mobius transformation is a composite of special 
unitary Mobius transformations. 

By computing expressions such as (tr u ■ N) u , prove that N u and N„ are 
perpendicular to <j u and cr v , and deduce that the unit normal N of er 
is a constant vector. 

Use Exercise 6.4.7. 


Use Example 7.4.7. 


Any 2x2 matrix A = 
A 2 — (a + d)A + (ad — bc)I = 0. 



satisfies the equation 


Inspect the proof of Theorem 8.1.6. 

Consider separately the cases in which EN = GL and EN ^ GL. 

Use Exercise 8.2.2. 

(i) Differentiate Eq. 8.5. 

Use Proposition 8.1.2, the remarks following Proposition 8.2.1 and the 
solution of Exercise 8.1.1. 


Use Exercises 6.1.4 and 7.1.3. 

For (iii) use polar coordinates in the disc. 

Use Theorem8.2.4 and Propositions 7.3.5 and 8.4.3. 

Use Exercise 8.1.1. 

Use Exercise 8.2.4 and the proof of Proposition 8.1.2. 

Use Propositions 9.1.4 and 9.1.6. 

Use the solution of Exercise 4.2.7. 

Take the ellipsoid to be p- + ^2 + = 1 and note that 7 (t) = 

(f(t),9(t),h(t)) is a geodesic if and only if (f,g,h) = A(j£, -ft, £) for 
some scalar A (t). 

Use Exercise 8.2.2. 


Use Exercise 6.2.1. 


The condition for a self-intersection is that, for some value of w > 1, the 
two values of v satisfying Eq. 9.14 should differ by an integer multiple 
of 2-7 t. 
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Hints to selected exercises 


9.4.2 Consider the intersection of S 2 with planes passing through p and q. 

9.4.3 (i) Use L’Hospital’s rule. 

9.5.2 (ii) If 7 leaves er, it must cross the geodesic circle with centre p and 
radius R, say at q'. Then its length is greater than that of the part of 
7 between p and q'. 

10.1.1 Compute the matrix of the Weingarten map. 

10.1.3 To solve the differential equation, put P = Lw 2 . 

10.2.2 Use Exercises 6.1.4 and 9.5.1. 

10.2.4 Use the geodesic equations, Exercise 9.5.1 and Corollary 10.2.3(h). 

10.3.1 As in the proof of Theorem 10.3.4, if k\ has a local maximum at a point 
p of the surface, then K 2 = 2 H — k\ has a local minimum there. 

10.4.2 Consider the matrix 

10.4.3 Use Theorem 9.2.1. 

11.1.4 For the first part use Propositions 11.1.4 and A.2.3. For the second, note 
that 2 R is the hyperbolic distance between i{b + r) and i(b — r), etc. 

11.2.1 It is enough to consider the case in which a and b are on the imaginary 
axis. 

11.2.2 Use Exercise 11.1.1. 

11.2.3 Reduce to the case in which l is the imaginary axis and use Exercise 
11.1.3. 

11.2.4 (i) If P is any point on "H, consider the hyperbolic lines passing through 
P perpendicular to l and m. (iii) Let l and m be as in Exercise 11.2.3, 
and let F be any isometry of T-L. The proof of Proposition 11.2.3 shows 
that there is a composite G of elementary isometries that takes F(i) to 
i and F(l) to l. Now use (ii). 

11.2.5 Imitate the proof of Proposition A.2.2. 

11.3.2 Compare the solution of Exercise 11.2.4. 

11.3.3 Use Exercise 11.2.5. 



11.3.4 Use Exercise 11.2.5. 
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11.3.6 Prove this first for a right-angled triangle by applying the cosine rule in 
two different ways. Then deduce the general case by drawing the geodesic 
through a that intersects the geodesic through b and c perpendicularly - 
you will have to consider separately the cases in which the point of 
intersection does, or does not, lie between b and c. 

11.3.8 Treat the right-angled case first using Exercise 11.3.7 and then proceed 
as in Exercise 11.3.6. 

11.4.2 Work in T-L and assume that l is the imaginary axis. 

11.4.3 Work in Vp and assume that a = 0, b £ R. 

11.5.3 For the existence, note that M(z) = (a,b-c,z) is a Mobius transfor¬ 
mation that takes (a, &, c) to (oo,0,l). For the uniqueness, note that 
if M is a Mobius transformation that takes (a, 6 , c) to (oo,0,1), then 
M(z) = (oo, 0; 1 ,M{z)) = (a,b;c,z). 

12.1.1 Use Proposition 8.2.9. 

12.1.3 Use Proposition 8.6.1 and Exercise 12.1.1. 

12.2.4 Use Exercise 8.5.1. 

12.3.1 Use Exercise 8.1.6 and Proposition8.2.9. 

12.5.1 Reparametrize by putting ( = eS. 

12.5.3 (ii) Use the Weierstrass representation and inspect Eqs. 12.25 and 12.26. 

13.1.2 For the last part, use Theorem 13.1.2. 

13.3.2 Define ipk(t) = ip(nt — k), where -0 is the function defined in Exercise 

8.5.3(iii), and let ip k = 4>k/{i >l H- \~4>n- 1 )- 

13.5.2 E < \V{V- 1). 

13.7.1 Take 7 in Definition 13.7.2 to be the unit circle and use de Moivre’s 
theorem. 

13.7.3 If £ is another reference tangent vector field, and 9 is the angle between 
^ and £, then dQ/ds = —(1 — p 2 ) -1 / 2 /?, where p = cos 6. Now use Green’s 
theorem to show that fg < ' 1! \dd/ds)ds = 0 . 

13.8.1 Show that the critical point is a local maximum (respectively local mini¬ 
mum) if and only if v^v < 0 (resp. > 0 ) for all non-zero 2 x 1 matrices v. 



Solutions 


Chapter 1 

1.1.1 It is a parametrization of the part of the parabola with x > 0. 

1.1.2 (i) 7 (t) = (tan t, sect) with — 7 r /2 < t < 7t/2 and n/2 < t < 3ir/2. Note 
that 7 is defined on the union of two disjoint intervals: this corresponds 
to the fact that the hyperbola y 2 — x 2 = 1 is in two pieces, where y > 1 
and where y < —1. (ii) 7 (f) = (2 cos t, 3 sin t). 

1.1.3 (i) x + y = 1. (ii) y = (lnx) 2 . 

1.1.4 (i) 7 (t) = sin2t(—1,1). (ii) 7 (t) = (e‘,2 1). 

1.1.5 7 (t) = 3sintcost(— cost,sint) vanishes where sint = 0 or cost = 0, i.e., 
t = n 7 r /2 where n is any integer. These points correspond to the four 
cusps of the astroid (see Exercise 1.3.3). 
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Solutions 


1.1.6 (i) The squares of the distances from p to the foci are (pcost ± ep) 2 + 
q 2 sin 2 t = (p 2 — q 2 ) cos 2 t ± 2 ep 2 cos t + p 2 = p 2 { 1 ± ecos t) 2 , so the sum 
of the distances is 2 p. 

(ii) 7 = (— p sint, geos t) so if n = (g cos t,p sint) then 11-7 = 0. Hence the 
distances from the foci to the tangent line at 7 (t) are _ 


, 2 pq ^ ecos ^ . and their product is 

[p z sin " 5 t+q* cos z t) 1 /* r 

(iii) It is enough to prove that 
that both sides are equal to q. 


p 2 q 2 {l—e 2 cos 2 t) 2 

( p 2 sin 2 t-\-q 2 cos 2 t ) ^ 

= ■ Computation shows 



1.1.7 When the circle has rotated through an angle t, its centre has moved to 
(at, a), so the point on the circle initially at the origin is now at the point 
(a(t — sint), a(l — cost)) (see the diagram above). 

1.1.8 Suppose that a point (x, y, z) lies on the cylinder if x 2 +y 2 = 1/4 and on 
the sphere if (x+ \) 2 + y 2 + z 2 = 1. From the second equation, — 1 < 0 < 1 
so let z = sint. Subtracting the two equations gives x+ \ +sin 2 t = so 
x = I — sin 2 t = cos 2 1 — \. From either equation we then get y = sint cos t 
(or y = — sin t cos t, but the two solutions are interchanged by t >->• n — t). 

1.1.9 7 = (—2 sint + 2 sin2i, 2 cost — 2 cos2 1 ) = \/2(\/2 — 1,1) at t = 7t/4. So 
the tangent line isy—(^ — 1 ) = (x— \[T )/(\/2 — 1 ) and the normal line 

is y ~ (75 _ x ) = ~( x ~ ^)(^- x )- 

1 . 2.1 j(t) = (l,sinht) so || 7 || = cosht and the arc-length is s = f* cosh udu = 
sinht. 

1 . 2.2 (i) || 7 || 2 = |(l+t) + |(l-t) + i = 1 . 

(ii) II 7 || 2 = If sin 2 t + cos 2 t + ^ sin 2 t = cos 2 t + sin 2 1 = 1 . 

1.2.3 Denoting d/dO by a dot, 7 = (r cos 6 — r sin0, r sin0 + r cost?) so || 7 || 2 = 
r 2 +r 2 . Hence, 7 is regular unless r = r = 0 for some value of 9. It is unit- 
speed if and only if r 2 = 1 — r 2 , which gives r = ±1 or r = ± sin (0 + a) 
for some constant a. To see that the latter is the equation of a circle of 
radius 1/2, see the diagram in the proof of Theorem 3.2.2. 
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1 . 2.4 Since u is a unit vector, |7- u| = || 7 || cosd, where 9 is the angle between 
7 and u, S07-U <|| 7 ||. Then, (q—p)-u = (7(6) —7(a))-u = J^j-udt < 
fa II 7 II dt. Taking u = (q P)/ II q — P || gives the result. 

1.3.1 (i) 7 = sin2f(—1,1) vanishes when t is an integer multiple of n/2, 

so 7 is not regular, (ii) 7 is regular since 7 0 for 0 < t < n/2. 

(iii) 7 = (l,sinht) is obviously never zero, so 7 is regular. 

1.3.2 x = rcosd = sin 2 0, y = rsind = sin 2 9 tan 9, so the parametrization in 
terms of 9 is 9 1 —> (sin 2 9, sin 2 9 tan 9). Since 9 1 —t sin 9 is a bijective smooth 
map (— 7 t/ 2 , 7 t/ 2 ) —> (—1,1), with smooth inverse 1 1 —> sin - 1 t, t = sin# is 
a reparametrization map. Since sin 2 9 = t 2 , sin 2 9t&n9 = t 3 /y /1 — t 2 , so 
the reparametrized curve is as stated. 

1.3.3 (i) 7 = 0 at t = 0 4=> to and n are both > 2. If to > 3 the first compo¬ 
nents of 7 and 7 are both 0 at t = 0 so 7 and 7 arc linearly dependent 
at t = 0; similarly if n > 3. So there are four cases: if (m, n) = (2,2) or 
(3,3) then either 7 or 7 is zero at t = 0, so the only possibilities for an 
ordinary cusp are ( m,n ) = (2,3) and (3,2) and then 7 and 7 are easily 
seen to be linearly independent at t = 0. (ii) Using the parametrization 
7(0 = (* 2 > 7 T=|t)> we get 7 = 0, 7 = ( 2 , 0 ), 7 = ( 0 , 6 ) at t = 0 
so the origin is an ordinary cusp, (iii) Let 7 (f) be a reparametriza¬ 
tion of 7 (t), and suppose 7 has an ordinary cusp at t = to- Then, 
at t = to, d'y/dt = (d'j/dt)(dt/dt) = 0 , d 2 'y/di 2 = (d 2 ‘~f/dt 2 )(dt/dt ) 2 , 
d 3x t/di 3 = (d 3 'Y/dt 3 )(dt/dt) 3 +3(d 2, y/dt 2 )(dt/dt)(d 2 t/di 2 ). Using the fact 
that dt/dt 0 , it is easy to see that d 2 'y/dt 2 and d 3 ~f/dt 3 are linearly 
independent when t = to. 

1.3.4 (i) If 7 (t) = 7 (if(t)), let i\) be the inverse of the reparametrization 

map ip. Then j(ip(t)) = 7 (tp{tp(t))) = 7 (f). (ii) If 7 (t) = 7 {p{t)) and 
7 (t) = where p and if) are reparametrization maps, then 7 (t) = 

o and p o ij) is a reparametrization map because it is smooth 

and jjj(ip(ip(t)) = ip(ip(t))ip(t) 0 as dp and ip are both / 0 . 

1.4.1 It is closed because 7 (t + 2i r) = 7 (t) for all t. Suppose that 7 (f) = 7 (u). 
Then cos 3 t(cos 3t, sin3t) = cos 3 u(cos3u, sin3u). Taking lengths gives 
COS 3 t = ± COS 3 U SO COS t = ± COS U, SO U = t, 7T — t, 7T + t Or 27T — t (up to 
adding multiples of 27r). The second possibility forces t = mr /3 for some 
integer n and the third possibility is true for all t. Hence, the period is 7 r 
and for the self-intersections we need only consider t = 7 r/ 3 , 2tt/3, giving 
u = 27r/3,7r/3, respectively. Hence, there is a unique self-intersection at 

7(^/3) = (- 1 / 8 , 0 ). 

1.4.2 The curve 7 (f) = (cos(t 3 + f),sin(f 3 + t)) is a reparametrization of the 
circle 7 (f) = (cost,sin t) but it is not closed. 
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Solutions 


1.4.3 If 7 is T-periodic then it is /cT-periodic for all k ^ 0 (this can be proved 
by induction on k if k > 0, or on — k if k < 0). If 7 is Tf-periodic and 
IVperiodic then it is k\T\- and feT^-periodic for all non-zero integers 
fci, ^ 2 , so 7 {t + k\T\ + /C 2 I 2 ) = 7 (t + k\T{) as 7 is /C 2 T 2 -periodic, which 
= 7 (t) as 7 is fciTi-periodic. 

1.4.4 If 7 is T-periodic write T = kTg + Ti where k is an integer 
and 0 < Ti < T 0 . By Exercise 1.4.3 7 is Ti-periodic; if T\ >0 this 
contradicts the definition of Tq. 

1 . 4.5 (i) Choose T\ > 0 such that 7 is Ti-periodic; then Ti is not the smallest 
positive number with this property, so there is a T2 > 0 such that 7 is T2- 
periodic. Iterating this argument gives the desired sequence, (ii) The se¬ 
quence {T r } r >i in (i) is decreasing and bounded below, so must converge 
to some Too > 0 . Then 7 is Too-periodic because (using continuity of 7) 
7 it + T^) = lim^oo 7 (t + T r ) = lim^oo l(t) = 7(f). By Exercise 1 . 4 . 3 , 
7 is (T r — Too)-periodic for all r > 1 , and this sequence of positive num¬ 
bers converges to 0 . (iii) If {T r } is as in (i) and T r —> 0 as r —1 00, then 
by the mean value theorem 0 = ( f(t + T r ) — f(t))/T r = f{t + A T r ) for 
some 0 < A < 1 . Letting r —1 00 gives /(<) = 0 for all t , so / is constant. 

1.4.6 Following the hint, since To = ( ki/k)Ti is an integer multiple of Ti, each 
7 i is To-periodic. Let T be the union of the finite sets of real numbers 
{Ti,2Tj,... ,kiTi } over all i such that 7 , is not constant, and let V = 
{T' £ T\j is T'-periodic}. Then V is finite (because T is) and non¬ 
empty (because T £ V). The smallest element of V is the smallest positive 
number Tg such that 7 is Tg-periodic (since if 7 is T'-periodic either 
T' > T or T' £ V). By Exercise 1.4.4, To = k'T^ for some integer k! and 
then there are integers fc' such that Tg = fc'T,; for all i such that 7 ; is 
not constant. Then, kiTi/k = k'kjTj so kk! divides each ki. As k is the 
largest such divisor, k' = 1, so T 0 = Tg. 

1.5.1 x(l — x 2 ) > 0 4=> x < —1 or 0 < x < 1 so the curve is in (at least) two 
pieces. The parametrization is defined for t < — 1 and 0 < t < 1 and it 
covers the part of the curve with y > 0 . 

1.5.2 If 7 (t) = (x(t),y(t), z(t)) is a curve in the surface f(x, y, z) = 0, differen¬ 

tiating f(x(t),y(t), z(t )) = 0 with respect to t gives xf x + yf v + zf z = 0 , 
so 7 is perpendicular to V/ = fz)- Since this holds for every curve 

in the surface, V/ is perpendicular to the surface. The surfaces / = 0 
and g = 0 should intersect in a curve if the vectors V/ and V.g are not 
parallel at any point of the intersection. 

1.5.3 Let 7 (t) = (u(t),v(t),w(t)) be a regular curve in R 3 . At least one of u, v, w 
is non-zero at each value of t. Suppose that u(to) 0 and Xg = u(tg). As 
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in the ‘proof’ of Theorem 1.5.2, there is a smooth function h(x) defined 
for x near xo such that t = h(x) is the unique solution of x = u(t) 
for each t near to- Then, for t near to, -y(t) is contained in the level 
curve f{x, y, z) = g(x,y,z) = 0 , where f(x,y,z) = y - v(h(x)) and 
g(x,y,z ) = z — w(h(x)). The functions / and g satisfy the conditions in 
the previous exercise, since V/ = {—vh', 1,0), Vg = {—wh!, 0,1), a dash 
denoting d/dx. 


Chapter 2 


2 . 1.1 


(i) 7 is unit-speed (Exercise 1.2.2(i)) so k = || 7 || =|| (j(l + t) 1//2 , 
\{1 — f)~ 1//2 , 0) || = = . (ii) 7 is unit-speed (Exercise 1.2.2(h)) so 

k = || 7 || = || (-§ cost, sinf, | cost) || = 1 . 


fiiil r — II(1,sinht,0)x(0,cosht,0)|| _ cosht _ p2, PrnnnH 

l m J h, - ||(i ! si„ht,o)|| 3 “ “ secn 1 usm S ^ r °P 0S1 - 

tion 2 . 1 . 2 . 

(iv) (—3 cos 2 t sint, 3 sin 2 1 cost, 0)x (—3 cos 3 i +6 cost sin 2 t, 6 sin t cos 2 t— 
3sin 3 t,0) = (0,0, — 9 sin 2 t cos 2 1), sok= ||(op -9sm tcos *)ll _ 

3 | sin host| • This becomes infinite when t is an integer multiple of 7 r/ 2 , 
i.e., at the four cusps (± 1 , 0 ) and ( 0 , ± 1 ) of the astroid. 


2.1.2 The proof of Proposition 1.3.5 shows that, if v(t) is a smooth (vector) 
function of t, then || v(t) || is a smooth (scalar) function of t provided 
v(t) is non-zero for all t. The result now follows from the formula in 
Proposition 2.1.2. The curvature of the regular curve 7 (t) = (t,t 3 ) is 
«(t) = 6 |t|/(l + 9t 4 ) 3 / 2 , which is not differentiable at t = 0. 

2.2.1 Differentiate t • n s = 0 and use t = K s n s . 


2.2.2 If 7 is smooth, t = 7 is smooth and hence so are t and n s (since n s is 
obtained by applying a rotation to t). So k s = t • n s is smooth. 


2.2.3 For the first part, from the results in Appendix 2 it suffices to show that 
R s = —k s if M is the reflection in a straight line l. But this is clear: if we 
take the fixed angle ip 0 in Proposition 2.2.1 to be the angle between l and 
the positive cc-axis, then (in the obvious notation) <p = —ip. Conversely, 
if 7 and 7 have the same non-zero curvature, their signed curvatures 
are either the same or differ in sign. In the first case the curves differ 
by a direct isometry by Theorem 2.2.5; in the latter case, applying a 
reflection to one curve gives two curves with the same signed curvature, 
and these curves then differ by a direct isometry, so the original curves 
differ by an opposite isometry. 
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2.2.4 The first part is obvious as the effect of the dilation is to multiply s by 
a and leave <p unchanged. For the second part, consider the small piece 
of the chain between the points with arc-length s and s + Ss. The net 
horizontal force on this piece is (in the obvious notation) 5(T cos ip), and 
as this must vanish T cos <p must be a constant, say A. The net vertical 
force is S(T sin </?), and this must balance the weight of the piece of chain, 
which is a constant multiple of 8s. This shows that T sin ip = ps + v for 
some constants p, i/, and v must be zero because <p = s = 0 at the 
lowest point of C. From T cosp = A, T siny? = ps, we get t&nip = s/a 
where a = A /p. Hence, sec 2 pjjj = 1/a, so the signed curvature is 
k s = dip/ds = 1/asec 2 tp = l/a(l + tan 2 ip) = y(l + s 2 /a 2 ) -1 . Using the 
first part and Example 2.2.4 gives the result. 

2.2.5 We have dj x /dt = d'y/dt + \dn s /dt = (1 — Xn s )ds/dtt 1 so the arc- 
length s x of 7 A satisfies ds x /dt = |1 — \K s \ds/dt. The unit tangent 
vector of 7 A is t A = (d , y x /dt) / {ds x / dt) = et, hence the signed unit 
normal of 7 A is n A = en s . Then, the signed curvature k x of 7 A is given 
by K A n/ = dt x /ds x = (dt x /dt)/\l — Are s | (ds/dt) = e|l — \K s \~ 1 dt/ds = 
k s (1 - Ak s ) _1 ii s = eK g (l - AK s ) _1 n A = « s |l - AK s | _1 n A . 

2.2.6 e(so) lies on the perpendicular bisector of the line joining 7(so) and 
7(s 0 + Ss). So 

( e (so) - ^( 70 o) + 7 (so + < 5 s))) • (7(s 0 + Ss) - 7(s 0 )) = 0. 

Using Taylor’s theorem, and discarding terms involving powers of Ss 
higher than the second, this gives (with all quantities evaluated at so) 
(e — 7) • 7 Ss + ^(e-7 —1 — 7 - 7 )(Ss ) 2 = 0 . This must also hold when 
Ss is replaced by —Ss; adding and subtracting the two equations give 
(e — 7) • 7 = 0 and (e — 7) • 7 = 1 . The first equation gives 6 = 7 + An s 
for some scalar A, and since 7 = K s n s the second gives A = l/re s . 

2 . 2.7 The tangent vector of e is t + W(_ Ks t) — = — ^fn s so its arc-length 

is u = f II e II ds = f zids = un — where un is a constant. Hence, 

t/ I I II */ Kg ' 

the unit tangent vector of e is — n s and its signed unit normal is t. Since 

3 

—dn s /du = K s t/(du/ds) — ^t, the signed curvature of e is n 3 s /k s . 

Any point on the normal line to 7 at 7(s) is 7(s) + An s (s) for some A. 
Hence, the normal line intersects e at the point e(s), where A = 1/k s (s), 
and since the tangent vector of e there is parallel to n s (s) by the first 
part, the normal line is tangent to e at e(s). 

Denoting d/dt by a dash, 7' = a( 1 — cost,sinf) so the arc-length s of 7 
is given by ds/dt = 2 asin(t/ 2 ) and t = dj/ds = (sin(f/ 2 ), cos(t/ 2 )). So 
n s = (- cos(t/2), sin(f/2)) and t = (dt/dt)/(ds/dt)= 4aBi ^ t/2) (cos(t/2), 
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— sin(t/2)) = — l/4asin(£/2)n s , so the signed curvature of 7 is 

— l/4asin(i/2) and its evolute is 

e(t) = a(t — sint, 1 — cost) — 4asin(t/2)(— cos(t/2), sin(t/2)) 

= a(t + sint, — 1 + cos t). 

Reparametrizing e by t = tt +t, we get a(t — sint, 1 — cost) + a(— tt, —2), 
so e is obtained from a reparametrization of 7 by translating by the 
vector a(— 7 t, — 2 ). 

2.2.8 The free part of the string is tangent to 7 at 7 (s) and has length 

t — s, hence the stated formula for l(s). The tangent vector of l is 
7 — 7 + (£ — s )7 = k s (£ — s)n s (a dot denotes d/ds ). The arc-length v 
of l is given by dv/ds = k s (£ — s ) so its unit tangent vector is n s and 
its signed unit normal is —t. Now dn s /dv = K ^_ s ^ h s = so the 

signed curvature of l is 1/(1 — s). 

2.2.9 The arc-length parametrization of the catenary is 7 (s) = (sinlN 1 s, 
Vl + s 2 ). The involute t(s) = 7 (s)-s^(s) = (smlr -1 s-^=, ^ 7 = 5 ) 

= (u — tanhu, sechu) if it = sinlN 1 s. Thus, if (x,y) is a point on the 
involute 1 , u = cosh“ 1 (l/y) and x = cosh _ 1 (l/i/) — i/l — y 2 . 

2.2.10 The rotation P-e{ s ) takes the tangent line of 7 at 7 (s) to l and the line 
joining q and 7 (s) to a line parallel to that joining T(s) to p + sa. Hence, 
T(s) — (p + sa) = p_ 0 ( s )(q— 7 (s)), which gives the stated equation. Now, 
f(s) = a + (/tP-e(s)) (q - 70)) - P-o( s ) 7 (s). The last term is clearly 
parallel to a and as they are both unit vectors they are equal. So we want 
to prove that (£p-o(s)) (q~70)) • P-<j( s )(q - 7 O)) = 0. If A = p_ e(s) , 
v = q — 7 (s), we have to show (in matrix notation) (Av)*^jV = 0 , 
i.e., vM'fv = 0. Since A is orthogonal, this follows from parts (i) and 
(ii) of the hint. To prove (i), use components: v*Sv = V, , r,r ; .S', ; = 
Yij VjViSji = - Y/ij ViVjSij. For (ii), differentiate A*A = I. 

2.3.1 (i) t = (|(1 Tt) 1 / 2 , — 1(1 — t) 1 / 2 , ^) is a unit vector so 7 is unit-speed; 

t = (\(l+t)~ 1/2 , \(l-t)~ 1/2 , 0 ), so Ac = || t || = l/y/s(l - t 2 ); n = H = 
_^((1 _ t) 1/2, (1 + t) l/2 ) 0 );b = tXn=(-i(l + ty/ 2 , |(1 - t) 1/2 ,^) ; 

b = (— 1(1 + t) -1 / 2 , — 1(1 — t) -1 / 2 , 0 ) so the torsion r = l/\/ 8 (l — t 2 ). 
The equation ri = —Act + rn is easily checked. 

(ii) t = (— | sint, — cost, | sint) is a unit vector so 7 is unit-speed; 
t = (—| cost, sint, | cost), so ac = || t || = 1; n = = (— | cost, sint, 

| cost); b = t x n = (—1,0, — |), so b = 0 and r = 0. By the 
proof of Proposition 2.3.5, 7 is a circle of radius 1/ac = 1 with centre 
7 + -n = (0,1,0) in the plane passing through (0,1,0) perpendicular 
to b = (— |, 0, — |), i.e., the plane 3x + 4z = 0. 
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2.3.2 Let a = k/(k 2 + t 2 ), b = t/(k 2 + t 2 ). By Examples 2.1.3 and 2.3.2, the 
circular helix with parameters a and b has curvature a/(a 2 + b 2 ) = k 
and torsion b/ (a 2 + b 2 ) = r. By Theorem 2.3.6, every curve with curva¬ 
ture k and torsion r is obtained by applying a direct isometry to this 
helix. 

2.3.3 Differentiating t • a (= constant) gives n • a = 0; since t, n, b are an or¬ 
thonormal basis of R 3 , a = t cos 9+p b for some scalar p,; since a is a unit 
vector, p, = ± sin d; differentiating a = t cos 9 ± b sin 9 gives r = k cot 9. 
Conversely, if r = A/c, there exists 9 with A = cot 6; differentiating shows 
that a = t cos 9 + b sin 9 is a constant vector and t ■ a = cos 9 so 9 is 
the angle between t and a. For the circular helix in Example 2.1.3, the 
angle between the tangent vector d-y/d9 = (—asm9,acos9,b) and the 
z-axis is the constant cos ~ 1 {b/y/a 2 + b 2 ). 

2.3.4 Differentiating (7 — a) • (7 — a) = r 2 repeatedly gives t • (7 — a) = 0; 
t • t + ftn ■ (7 — a) = 0 , so n • (7 — a) = — 1 /k; n • t + (—«t + rb) • 
(7 — a) = k/k 2 , and so b • (7 — a) = k/tk 2 ; and finally b • t rn • 
(7 — a) = (k/tk 2 )', and so t/k = (k/tk 2 )'. Conversely, if Eq. 2.22 holds, 
then p = —a(pa)’, so (p 2 + (per) 2 )’ = 2 pp + 2(per)(pcr)' = 0 , hence p 2 + 
(per) 2 is a constant, say r 2 (where r > 0). Let a = 7 + pn + perb; then 
a = t + pn + p(—K t + rb) + (pcr)'b + (per)(—rn) = 0 using Eq. 2.22; 
so a is a constant vector and || 7 — a || 2 = p 2 -t- (per) 2 = r 2 , hence 7 is 
contained in the sphere with centre a and radius r. 

2.3.5 r = Pj so T = Pt and || t || 2 = (P 7 ) • (P 7 ) = 7-7 since P is 
orthogonal. Then, T = P 7 , taking lengths shows that 7 and T have 
the same curvature k, and then dividing by n gives N = Pn. Then 
B = Pt x Pn. If P corresponds to a direct isometry (i.e., a rotation), 
this is equal to P(t x n) = Pb, but if P corresponds to an opposite 
isometry, Pt x Pn = —Pb (Proposition A. 1.6). 

2.3.6 Let Xij = v, : ■ v,. The vectors vi,V 2 ,V 3 are orthonormal if and only if 
A ij = Sij (= 1 if i = j and = 0 if i 7 ^ j). So it is enough to prove that 
A ij = Sij for all values of s given that it holds for s = Sq. Differentiating 
Vi • Vj gives A ^ = YPk=i( a ikXkj + aj k \i k )- Now A^ = S i3 is a solution 
of this system of differential equations because a l3 + a 3 i = 0. But the 
theory of ordinary differential equations tells us that there is a unique 
solution with given values when s = sq- 
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Chapter 3 


3.1.1 7 = (— sint — asin2t, cos t + acos2t ) so || 7 || 2 = 1 + a 2 + 2a cos t. This 
is > 1 + a 2 — 2|a| = (1 — |a |) 2 so 7 is regular if |a| 7 ^ 1. If |a| = 1 then 
|| 7 || = 2(1 + a cost) so the origin is a singular point of 7. If a = 0 
then 7 is a circle. If 0 < |a| < 1, then 7 (ti) = 7 (^ 2 ) =>■ 1 + acosti = 
1 + a cos £2 ==> costi = cos t 2 => t 2 = t\ or 2tt — t\. In the latter case, 
7 (^ 2 ) = ((1 + acosii)cosii, —(1 + acosii)sinti) so 7 (ti) = ~f(t 2 ) => 
sinti = 0 ==> t\ = 0 or 7 r. In all cases, t 2 — ii is a multiple of 2-k, so 7 
is a closed curve with period 2n without self-intersections. If |a| > 1, 7 
passes through the origin when cos t = — 1 /a, which has two roots with 
0 < t < 2n, say t\ <t 2 , so the origin is a self-intersection. The picture is 
qualitatively similar to that in Example 1.1.7 (which is the case a = 2), 
so the complement of the image of 7 is the union of two bounded regions 
enclosed by the part of the curve with t\ < t < t 2 , and an unbounded 
region. 

3.2.1 By Appendix 1, any isometry M of R 2 is of the form M(v) = Pv + b, 
where P is a 3 x 3 orthogonal matrix and b is a constant vector. If 
7 = M( 7), then 7 = Pj, so || 7 || = || 7 ||, which implies that 7 and 7 
have the same length. If we think of 7 as a curve in the xy-plane in R 3 , 
Eq. 3.2 can be written 71(7) = / Q T (7 x 7 )-k dt, where k = (0, 0,1). It now 
follows from Proposition A.1.6 that 7 and 7 have the same area (note that 
if M is opposite, the area appears to change sign, but it does not because 
in that case 7 is negatively oriented when 7 is positively-oriented). 


3.2.2 Parametrizing the ellipse by 7 (t) = (pcost, gsinf), with 0 < t < 2n, its 


area is \ f 0 ” ( pq sin 2 t+pq cos 2 t)dt = irpq. By the isoperimetric inequality, 
the length £ of the ellipse satisfies i > ^/47r x npq = 2n^/pq, with equality 
if and only if the ellipse is a circle, i.e., p = q. But its length is J^ n || 7 || 
dt = \Jp 2 sin 2 t + q 2 cos 2 t dt. 

3.3.1 Let ( 27 , 7 / 1 ) and (x 2l y 2 ) be points in the interior of the ellipse, so that 
2 2 

|i- + p- < 1 for i = 1,2. A point of the line segment joining the two 
points is ( tx\ + (1 — t)x 2 ,ty± + (1 — t)y 2 ) for some 0 < t < 1. This is in 
the interior of the ellipse because 

(tei + (1 - t)x 2 ) 2 (tyi + (1 - t)y 2 ) 2 


P 

r.2 


y\ 




vl 


X\X 2 

p2 
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< t 2 + (1 - tf + til - t) (% + % + % 

\ p z q z p z 

< t 2 + (1 - t ) 2 + 2t(l -t) = 1. 




3.3.2 7 = (— sint — 2 sin 2i, cost + 2cos2i) and || 7 || = V5 + 4cost, so the 

angle p between 7 and the 2 -axis is given by cosy? = ~ 2t , 

sin<^ = ^^=====^. Differentiating the second equation gives ipcosp = 

— sin £(24 cos 2 £+42 cos £+9) • sin £(24 cos 2 £+42 cos £+9) _ 9+6 cost 

(5+4 cost) 3 / 2 , SO If (5+4 cos t)(sin t+2 sin 2t) 5+4 cost’ 

Hence, if s is the arc-length of 7 , n s = dip/ds = (dip/dt)/ (ds/dt) = 
(9 + 6cost)/(5 + 4cost) 3 + so k s = 12sint(2 + cost)/(5 + 4cost) 5/ + 
This vanishes at only two points of the curve, where t = 0 and t = n. 

3.3.3 From e(s) = 7 (s) + ^-n s we get e = —K s n s /« 2 , so e has a singular point 
where k s = 0 , i.e., where 7 has a vertex. 


Chapter 4 

4.1.1 Let U be an open disc in R 2 and S = {(x, y, z) € R 3 | (x, y) £ U, z = 0}. 
If W = {( x,y,z ) € R 3 | (x,y) £ U}, then W is an open subset of R 3 , 
and S fl W is homeomorphic to U by (x, y, 0) i-t (x, y). So S is a surface. 

4.1.2 The image of cr± is the intersection of the sphere with the open set ± 2 ’ > 0 
in R, and its inverse is the projection + y, z ) i— > (y , z). Similarly for e+ 
and erg.. A point of the sphere not in the image of any of the six patches 
would have to have x, y and z all zero, which is impossible. 

4.1.3 Multiplying the two equations gives (x 2 —z 2 ) sin 0 cos 0 =(1—y 2 ) sin 0 cos 0, 
so x 2 + y 2 — z 2 = 1 unless cos 0 = 0 or sin 0 = 0 ; if cos 0 = 0 , 
then x = — z and y = 1 and if sin 0 = 0 then x = z and y = — 1 , 
and both of these lines are also contained in the surface. The given 
line Lg passes through (sin 29, — cos 20, 0) and is parallel to the vec¬ 
tor (cos 20 , sin 20 , 1 ); it follows that we get all of the lines by taking 
0 < 0 < 7 T. Let (a;, y, z) be a point of the surface; if 2 + 2 , let 0 be such 
that cot 0 = (1 — y)/(x — z)] then ( x,y,z ) is on Lg] similarly if x 7 ^ —z. 
The only remaining cases are the points (0,0, ±1), which lie on the lines 
+/2 and L 0 . To get a surface patch covering S, define <x : U —> R 3 
by cr(u,v) = (sin20, — cos20, 0) + t(cos20,sin20,1), By the preceding 
paragraph, this patch covers the whole surface. 

Let M v be the line ( 2 ’ — z) cosp = (1 + y) sin<^, (x + z) sin p = (1 — y) 
cos p. By the same argument as above, M v is contained in the surface 
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and every point of the surface lies on some M v with 0 < p < n. If 
9 + p is not a multiple of 7r, the lines Lg and M v intersect in the point 

( ”j£g » sinie+y) > ff+yj ); for each 6 with 0 < 6 < *■> there is exac % 

one p with 0 < ip < tt such that 9 + p is a multiple of 7t, and the lines Lg 
and M v do not intersect. If {x, y, z ) lies on both Lg and L v , with 9 ^ ip, 
then (1 — y) tan 9 = (1 — y) tan ip and (1 + y) cot 9 = (1 — y) cot p, which 
gives both y = 1 and y = — 1 (the case in which 9 = 0 and <p = it/ 2, or 
vice versa, has to be treated separately, but the conclusion is the same). 
This shows that Lg and do not intersect; similarly, Mg and M v do 
not intersect. 

4.1.4 For the first part, let U = {(it, u) € R 2 | 0 < u 2 + v 2 < i r 2 }, let 
r = y/u 2 + v 2 , and define cr : U —> R 3 by cr[u,v) = (“, ^,tan(r — |)). 
If S 2 could be covered by a single surface patch cr : U -> i 3 , then S 2 
would be homeomorphic to the open subset U of K 2 . As S 2 is a closed 
and bounded subset of K 3 , it is compact. Hence, U would be compact, 
and hence closed. But, since R 2 is connected, the only non-empty subset 
of JR 2 that is both open and closed is R 2 itself, and this is not compact 
as it is not bounded. 

4.1.5 If {cr a : U a R 3 } is an atlas for a surface 5, and if W is an open subset 
of R 3 , the restrictions {<r\ Uan <T - 1 (w)} f° rm an atlas of<SnIF (one should 
discard the restrictions for which U a D cr“ 1 (H / ) is empty). 

4.2.1 cr is obviously smooth and a u x cr v = (—/«,—/«, 1) is nowhere zero, so 
cr is regular. 

4.2.2 crg_ is a special case of Exercise4.2.1, with / = ±vl — u 2 — v 2 

(Vl — u 2 — v 2 is smooth because 1 — u 2 — u 2 > 0 if (it, v) G U); similarly 
for the other patches. The transition map from er^_ to cr 1 /,, for example, is 
^(-u., -D) = (u,v), where = cr/j_(u,v); so it = y/l — u 2 — v 2 , v = v, 

and this is smooth since 1 — u 2 — v 2 > 0 if (u, v ) £ U. 

4.2.3 (i) is clearly injective and is regular because cr is smooth and cr u x cr v = 
{—v, —u, 1) is never zero, (ii) is injective but is not regular since cr u x cr v = 
(0, —3v 2 , 2v) vanishes when v = 0. (iii) is not injective because er(it, v) = 
cr(—u — 1, v) and is also not regular since cr u x cr v = 0, 2v(l + 2it, 1 + 2it) 
vanishes when u = —1/2. 

4.2.4 This is similar to Example 4.1.4, but using the ‘latitude-longitude’ patch 
cr(9,p) = (pcos9cosp,qcos9smp, rsin#). 

4.2.5 A typical point on the circle C has coordinates (a + bcos9, 0, b sin 9); ro¬ 
tating this about the z-axis through an angle p gives the point cr(9,p); 
the torus is covered by the four patches obtained by taking ( 9 , p) to lie 
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in one of the following open sets: 

(i) 0 < 9 < 27r, 0 < ip < 27r, (ii) 0 < 9 < 2i r, —7t < ip < n, 

(iii) — 7 t < 9 < ir, 0 < ip < 27r, (iv) — 7 t < 9 < < p < n. 

Each patch is regular because 

erg x cr^ = — b(a + bcos6)(cos9cosip, cos9simp, sin 0 ) 
is never zero (since a + bcos9 > a — b > 0 ). 

4.2.6 Suppose the centre of the propeller is initially at the origin. At time 
t, the centre is at (0,0, at) where a is the speed of the aeroplane. If 
the propeller is initially along the x-axis, the point initially at (v, 0 , 0 ) 
is therefore at the point (v cosut,v smut, at) at time t, where u is the 
angular velocity of the propeller. Let u = ut, A = a/u. Next, cr u = 
(—vsmu,vcosu,\), <t v = (cosit, shirt, 0 ), so the standard unit normal is 
N = (A 2 + u 2 ) _1 / 2 ( — Asinu, Acosu, —v). If 9 is the angle between N and 
the z-axis, cos9 = —v/(\ 2 + v 2 ) 1 / 2 and hence cot 9 = ±v/\, while the 
distance from the 2 -axis is v. 

4.2.7 cr is the tube swept out by a circle of radius a in a plane perpendicular to 7 
as its centre moves along 7 . a s =(\ — nacos9)t —tci sin 0 n+Ta cos 0 b, erg = 
—asin#n + acos9h, giving cr s x erg = —a(l — Kacos0)(cos0n + sin0b); 
this is never zero since na < 1 implies that 1 — nacos9 > 0 for all 9. 

4.2.8 If <r = cr + a, where a is a constant vector, then ef is smooth if cr is 
smooth, and er u = cr u , er v = er v , so cf is regular if cr is regular. If A is an 
invertible 3x3 matrix and ef = Act, then er is smooth if cr is smooth and 
ef„ = Aer u , a v = Acr v , so since A is invertible <x„ and er v are linearly 
independent if er u and er v are linearly independent. 

4.2.9 See Exercise4.1.5. The restriction of a smooth map U R 2 , where U is 
an open subset of R 2 , to an open subset of U is smooth. 

4.3.1 If S is covered by a single surface patch cr : U —> R 3 , then / : S —> R is 
smooth if and only if / o cr : U —> R is smooth. We must check that, if 
cf : U —> R 3 is another patch covering S, then / o cf is smooth if and only 
if / o cr is smooth. This is true because / o of = (f o cr) 0 $, where $ is 
the transition map from cr to cr, and both $ and d * -1 are smooth. The 
last part is true because if cr : U —> R 3 is a smooth map, where U is an 
open subset of R 2 , then each component of cr (which is a map U —► R) 
is smooth (this is because a vector function such as cr is differentiated 
‘componentwise’). 

4.3.2 / is not a diffeomorphism as it is not injective because: f(0,y,z) = 
f(0,y,z + 2tt). Take an atlas for the cone consisting of the patches 
cr(u,v) = (ucosv,usinv,u), defined on the open sets U\ = {(Tt,i>)|ii > 0, 
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0 < v < 27r} and U 2 = {(it, u)|it > 0,— 7 t < v < 7 t} (call these eri and 
cr 2 ), and parametrize the half-plane by iv(u,v) = (0,u,v) with u > 0. If 
( 0 ,a,b) is any point in the plane, assume first that b is not an even 
multiple of 7 t, say 2nir < b < 2(n + l) 7 t for some integer n. Then, 
f(n(u,v)) = v — 2mr) if 2mr < v < 2{n + l) 7 t. So / is a dif- 

feomorphism from the open subset {(0, y, z)\2mr < z < 2(n + l) 7 r} of 
the half-plane to the cone with the half-line y = 0,x = z>0 removed. 
Similarly if b is not an odd multiple of ir. This proves that / is a local 
diffeomorphism. 

4.4.1 (i) At (1,1,0), <j u = (1, 0, 2), <r v = (0,1, —2) so a u x cr v = (-2, 2,1) and 
the tangent plane is —2x + 2y + z = 0. (ii) At (1,0,1), where r = 1,9 = 0, 
cr,. = (1,0, 2), erg = (0,1, 2) so cr r x erg = (—2, —2,1) and the equation of 
the tangent plane is — 2x — 2y + z = 0. 

4.4.2 Let cr(u,v) be a reparametrization of cr. Then, cr u = * + fydy-,, 

cr v = so 17 u and cr v are linear combinations of and <Tf,. 

Hence, any linear combination of er u and cr v is a linear combination of 
1 Tu and cry. The converse is also true since cr is a reparametrization of cr. 

4.4.3 If 7 (t) = (a :(t),y(t),z(t)) then = F x x + F v y + F z z = VF ■ 7 . 

Since V 5 F — VF is perpendicular to T p S , it is perpendicular to 7 (^ 0 ) 
for every curve 7 on S passing through p when t = to- ft follows that 
V 5 F • 7 = VF • 7 at p. If the restriction of F to S has a local maximum 
or a local minimum at p, so does F( 7 (f)) for all curves 7 on S passing 
through p, hence j^F(~y(t)) = 0 at p, which implies that VF is perpen¬ 
dicular to 7 , and hence perpendicular to the tangent plane of S at p. 
This means that V 5 F = 0. 

4.4.4 d(f o 7 ))/dt = is non-zero because 7 is non-zero (7 is reg¬ 
ular) and is invertible (Proposition 4.4.6). 

4.5.1 The transition map 4>(f,0) = (f, 9) is defined on the union of the rect¬ 
angles given by 0 < 9 < tt and tt < 6 < 2n (and — 1/2 < t < 1 / 2 ). 
Obviously 4>(f,0) = (t, 9) if 0 < 6 < n. If 7 r < 9 < 2ir, we must have 
8 = 9 — 2n. Since sin | = — sin |, cos | = — cos f, cr(f, 9) = cr(t, 9) forces 
t = —t. So $(f, 9) = (f, 9) if 0 < 9 < 7 r, and = (— t, 9 — 2n) if 7 r < d < 27r. 
The Jacobian determinant is +1 on the first rectangle, —1 on the second. 

4.5.2 Let {cr a : U a —?> R 3 } be an atlas for S such that the transition map 
<& a p between cr a and erg satisfies det(J($ a/ 3 )) > 0 for all a, /3 (Defini¬ 
tion 4.5.1). By Proposition 4.3.1, {/ o cr a } is an atlas for S , and the 
transition maps for this atlas are the same as those for the atlas of 5, 
because (foap)~ 1 o(focr a ) = crpOcr a (where this composite is defined). 
So the atlas {/ o cr Q } gives S the structure of an oriented surface. 
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Chapter 5 

5.1.1 f x = 2x , f y = 2 y and f z = 4z 3 vanish simultaneously only when x = y = 
z = 0, but this does not satisfy x 2 + y 2 + z 4 = 1. So by Theorem 5.1.1 
this is a smooth surface, (ii) Let f(x,y,z ) be the left-hand side minus 
the right-hand side; then, f x = 4x(x 2 + y 2 + z 2 — a 2 — b 2 ), f y = 4 y(x 2 + 
y 2 + z 2 — a 2 — b 2 ), f z = 4 z(x 2 + y 2 + z 2 + a 2 — b 2 ); if f z = 0 then 
z = 0 since x 2 + y 2 + z 2 + a 2 — b 2 > 0 everywhere on the torus; if 
fx = fy = 0 too, then since the origin is not on the torus, we must 
have x 2 + y 2 = a 2 + b 2 , but then substituting into the equation of the 
torus gives (2a 2 ) 2 = 4a 2 (a 2 + b 2 ), a contradiction. For the last part, 
let cr(9,ip) = ( x,y,z ) be the parametrization in Exercise 4.2.5. Then, 
x 2 + y 2 + z 2 + a 2 — b 2 = 2 a{a + bcos9), so ( x 2 + y 2 + z 2 + a 2 — b 2 ) 2 = 
4 a 2 (a + bcos9) 2 = 4 a 2 (x 2 + y 2 ). Conversely, if (x, y, z ) satisfies the given 
equation, let r = x 2 + y 2 . A little algebra gives (r 2 + z 2 — a 2 — b 2 ) 2 = 
4a 2 (& 2 — z 2 ). Hence, \z\ < b so z = bsin9 for some 9 £ 1. Then we find 
r 2 = a 2 + b 2 cos 2 9 ± 2a5cos0, so (since r > 0 ) r = a ± bcos9. With 
the plus sign ( x,y,z ) = cr(9,ip) for some ip £ R; with the minus sign, 
(. x,y,z ) = er(-7r — 9, <p) for some ip. Thus, the image of er : R 2 —> R 3 
coincides with the set of solutions to the given equation. 

5.1.2 See the solution of Exercise 4.4.3 for the first part. Since S has a (smooth) 
choice of unit normal V/ || V/ || at each point, it is orientable. The 
solution of Exercise 4.4.3 also shows that if the restriction of F to S has 
a local maximum or a local minimum at p, then VF is perpendicular to 
the tangent plane of S at p. But V/ is also perpendicular to the tangent 
plane. Hence, if the restriction of F to S has a local maximum or a local 
minimum at p, then VF is parallel to V/ at p, i.e., VF = XVf for 
some scalar A. 

5.1.3 Let f(x, y, z ) = xyz— 1, F(x, y , z) = x 2 + y 2 + z 2 . Then, / = 0 is a smooth 
surface S by Theorem 5.1.1 and F defines a smooth function on S. To 
see that F has a smallest value on 5, let B be the closed ball given by 
x 2 + y 2 + z 2 < 3. Then, BflS is compact as it is closed and bounded and it 
is non-empty because it contains the point (1,1,1). Hence, the continuous 
positive function F must attain its lower bound, say i, on BfiiS, and t < 3 
since F(l,l,l) = 3. Obviously F(x,y,z) > 3 if ( x,y,z ) ^ B, so £ is the 
smallest value of F on S. 

By Exercise 5.1.3, the local maxima or minima of F on S occur where 
(2x,2y,2z) = A (yz,xz,xy) for some A. Since xyz = 1 on S this gives 
x 2 = y 2 = z 2 = A/2, so x, y, z are equal up to sign. Since their product is 
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1 , there are four possibilities: (x,y,z) = ( 1 , 1 , 1 ), ( 1 ,— 1 ,— 1 ), (— 1 , 1 ,— 1 ) 
or (—1, —1,1). The value of F is 3 at each of these points, which is the 
smallest value of F on S from above. The distance between any two of 
these points of M 3 is the same ( 2 \/ 2 ), so they form the vertices of a regular 
tetrahedron. 


5.2.1 (i) ( pcosucosv,qcosusmv,rsmu ) (cf. Exercise 4.2.4); (ii) see Exercise 
4.1.3; (iii) {u,v,±^l + + *£); (iv), (v), (vi) see Exercise4.2.1; 

(vii) (pcosu, geos u, t>); (viii) (ipcoshw, qsinhu, v); (ix) (u, u 2 /p 2 , v); 
(x) ( 0 ,u,v)\ (xi) (±p,u,v). 


( 1 1/3 0 \ 

5.2.2 In the notation of Theorem 5.2.2, A = I —1/3 1 0 I . The 

V 0 0 -2 / 


eigenvalues are 2/3,4/3,—2 and the corresponding unit eigenvectors are 

1A/2 -l/y/2 0 

the columns of P = | l/\/2 l/y/2 0 I . If I y' | = P 

0 0 1 


then z' = z and the quadric becomes |x /2 + | y' 2 — 2 z' 2 + 4 z' = c, i.e., 
| x' 2 + | y' 2 — 2 [z! — l ) 2 = c — 2. Comparing with the standard forms in 
Theorem 5.2.2 gives the stated results when c > 2 and c < 2. If c = 2 
we have a cone with axis the z-axis (which is the same as the z'-axis), 
vertex at x' = y' = 0 ,z' = 1 , i.e., x = y = 0, z = 1 , and cross-section 
perpendicular to the z-axis an ellipse |x /2 + | y' 2 = constant. 


5.2.3 Substituting the components (x, y, z) of 7 (t) = a + tb into the equation 
of the quadric gives a quadratic equation for t; if the quadric contains 
three points on the line, this quadratic equation has three roots, hence is 
identically zero, so the quadric contains the whole line. 


For the second part, take three points on each of the given lines; sub¬ 
stituting the coordinates of these nine points into the equation of the 
quadric gives a system of nine homogeneous linear equations for the ten 
coefficients ai,..., c of the quadric; such a system always has a non-trivial 
solution. By the first part, the resulting quadric contains all three lines. 


5.2.4 Let Li, L 2 , L 3 be three lines from the first family; by the preceding exer¬ 
cise, there is a quadric Q containing all three lines; all but finitely many 
lines of the second family intersect each of the three lines; if I! is such 
a line, Q contains three points of L', and hence the whole of L' by the 
preceding exercise; so Q contains all but finitely many lines of the second 
family; since any quadric is a closed subset of M 3 , Q must contain all the 
lines of the second family, and hence must contain S. 
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5.3.1 From Example 5.3.2, the surface can be parametrized by cr(u,v ) = 
(coshucosu,coshusint;,tt), with u £ R. and — 7 t <v<ttotO<v< 2n. 

5.3.2 || <x(it, v) || 2 = sech 2 zt(cos 2 v + sin 2 v ) + tanhu = sech 2 w + tanh 2 u = 1, so 
u parametrizes an open subset of S 2 ; cr is clearly smooth; and cr u x cr v = 
—sech 2 w <x(u, v) is never zero, so er is regular. Meridians correspond to the 
parameter curves v = constant, and parallels to the curves u = constant. 

5.3.3 (i) 7 ■ a = 0 so 7 is contained in the plane perpendicular to a and 
passing through the origin; (ii) simple algebra; (iii) v is clearly a smooth 
function of (u,v) and the Jacobian matrix of the map (u,v) <—> (u,v) is 

( . |, where a dot denotes d/du; this matrix is invertible so 7 is 

V 7-a 1 J 

a reparametrization of 7 . 

5.3.4 ct u = 7 + vS,cr v = d (a dot denotes d/du) so 6(u) is perpendicular 

to the surface at cr(u , v) <5 • (7 + vS) = 0, 8 ■ 6 = 0. The second 

equation follows from || S || = 1 so the two conditions are satisfied 

v = —(7 • 6 )/ || d || 2 . Hence, T(u) = 7 — (7 • 8 ) 8 / || 8 || 2 . Using 8-8 = 0 

again, I 1 • 8 = 7 • 8 — (7 • 8)8 ■ 8 / || d || 2 = 0 . 

5.4.1 Both surfaces are closed subsets of R 3 , as they are of the form 
f(x,y,z) = 0 , where / : R 3 -> R is a continuous function (equal to 
x 2 — y 2 + z 4 — 1 and x 2 + y 2 + z 4 — 1 in the two cases). The surface in (i) is 
not bounded, and hence not compact, since it contains the point ( 1 , a 2 , a) 
for all real numbers a; that in (ii) is bounded, and hence compact, since 
x 2 + y 2 + z 4 = 1 => — 1 < x, y, z < 1. 

The surface in (ii) is obtained by rotating the curve x 2 + z 4 = 1 in the 
rrz-plane around the 0 -axis: 
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5.4.2 A closed curve 7 with period T can be identified with the unit circle by 
7 (t) 1 —^ (cos(27 rt/T), sin(27rt/T)). This gives rise to a diffeomorphism from 
the tube around 7 to a tube around the circle, i.e., a torus. We have to 
make the tube have a sufficiently small radius to avoid self-intersections. 


5.5.1 Both parts are geometrically obvious. 

5 . 5.2 Let (a, b , c) G R 3 with a and b non-zero. Then F t (a , b 1 c) —>• 00 as t —> 00 
and as t approaches p 2 and q 2 from the left; and F t (a,b,c) —> —00 as 
t —> —00 and as t approaches p 2 and q 2 from the right. From this and 
the fact that F t (a,b,c ) = 0 is equivalent to a cubic equation for t , it 
follows that there exist unique numbers u , v , w with u < p 2 , p 2 < v < q 2 
and q 2 < w such that F t (a,b 1 c) = 0 when t = u,v or w. The sur¬ 
faces F u (x,y,z) = 0 and F w (x,y,z) = 0 are elliptic paraboloids and 
F v (x,y,z ) = 0 is a hyperbolic paraboloid, and we have shown that 
there is one surface of each type passing through each point (a,b,c). 
To parametrize these surfaces, write F t {x, y,z) = 0 as the cubic equation 
x 2 (q 2 — t)+y 2 (p 2 —t) — 2 z(p 2 —t)(q 2 — t)+t(p 2 — t)(q 2 —t) = 0, and note that 
the left-hand side must be equal to (t — u)(t — v)(t — w); putting t = p 2 ,q 2 
and then equating coefficients of f 2 (say) gives x = ± ^ (p~~ M ) ( p2 ~ ^, 

V = ±\J~ ^ u){ p 2 lq 2 {q2 ^ -, z= \{u + v + w - p 2 - q 2 ). 

5.6.1 Let F : W —> V be the smooth bijective map constructed in the proof of 
Proposition 4.2.6. Then, = F - 1 ( 7 (f)) is smooth. 


5.6.2 Suppose, for example, that / s / 0 at (xo,yo). Let F(x,y) = (x, f(x, y)); 

then F is smooth and its Jacobian matrix x I is invertible at 

V 0 Jy ) 

(£ 0 , 1 / 0 )- By the inverse function theorem, F has a smooth inverse G 
defined on an open subset of K 2 containing F(xo 7 yo) = (xq, 0), and G 
must be of the form G(x,z) = (x,g(x,z)) for some smooth function g. 
Then 7 (t) = (t, g(t , 0)) is a parametrization of the level curve f(x, y) = 0 
containing (xo,yo)- 

( fx f f. \ 

The matrix x Jv Jz ) has rank 2 everywhere; suppose that, at 

\ 9x 9y 9z J 

/ f f \ 

some point (xo,yo, zo) on the level curve, the 2 x 2 submatrix y z 

V 9y 9z J 

is invertible. Then, the function F(x,y,z) = (x, f(x,y,z),g(x,y,z)) 
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1 0 0 


is smooth and its Jacobian matrix f x f y f. is invertible at 


9x 9y 9z 


(xq, yo, zq). Let G(x,u,v) = (x,ip(x,u,v),ijj(x,u,v)) be the smooth in¬ 
verse of F defined near (x o ,0,0). Then 7 (t) = (t, ip(t, 0,0), 0,0)) is 

a parametrization of the level curve f(x, y, z) = g(x, y, z) = 0 containing 

{x 0 ,yo,Zo). 

5.6.3 Let cr(u,v) = (f(u,v),g(u,v),h(u,v)). The condition a u x tr v ^ 0 at 




at least one 2 x 2 submatrix is invertible, say 


(f(u, v),g(u, v)), then as in the proof of Proposition 4.2.6 there is an open 
subset V of K 2 containing F(uq, no) and an open subset W of U containing 
(uq,vo) such that F : W —> V is bijective, in particular injective. Then 
the restriction of er to W is injective. 

5.6.4 Let ar(u,v) = (f(u,v),g(u,v),h(u,v)). The condition that N(ug,no) is 



not parallel to the rry-plane means that the matrix 


vertible at (uq,vo)- If F(u,v) = (f(u,v),g(u,v)), then as in the proof of 
Proposition 4.2.6 there is an open subset V of R 2 containing F(uo,vq) 
and an open subset W of U containing (uo,vo) such that F : W —> V is 
bijective with smooth inverse. If v) = (a(u, v), f3(u, v)), then near 

(xq, 2 /o, zq) the surface coincides with the graph z = h(a(x, y), /3(x, y)). If 
N(rto,^o) is parallel to the xy- plane, then at least one of the other two 
2x2 submatrices of the Jacobian matrix of cr(u, v) is invertible, and then 
the surface coincides near (xq, 2 / 0 , z 0 ) with a graph of the form x = ip(y, z) 
or y = tp(x,z). 


Chapter 6 

6.1.1 (i) Quadric cone x 2 + z 2 = y 2 ; <r u = (coshusinhw, cosh u cosh v, cosh u), 
cr v = (sinh u coshv, sinhu sinhw, 0), || cr u || 2 = 2 cosh 2 u cosh 2 v, cr u -<r v = 
2 sinhncoshttsinhz;coshti, || cr v || 2 = sinh 2 u cosh 2v, and the first fun¬ 
damental form is 2 cosh 2 u cosh 2 v du 2 + sinh 2 u sinh 2v dudv + sinh 2 u 
cosh 2v dv 2 . 

(ii) Paraboloid of revolution; (2 + 4u 2 ) du 2 + 8 uv dudv + (2 + 4t> 2 ) dv 2 . 
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(iii) Hyperbolic cylinder; (cosh 2 u + sinh 2 u) du 2 + dv 2 . 

(iv) Paraboloid of revolution; (1 + 4u 2 ) du 2 + 8uv dudv + (1 + 4v 2 ) dv 2 . 

6.1.2 Applying a translation to a surface patch er does not change cr u or cr v . 
If P is a 3 x 3 orthogonal matrix, ( Pcr) u = P(cr u ), (Pcr) v = P(cr v ), 
and P preserves dot products (P(p) • P(q) = p q for all vectors p,q£ 
R 3 ). Applying the dilation ( x,y,z ) H > a(x,y,z), where a is a non-zero 
constant, multiplies er by a and hence the first fundamental form by a 2 . 


6.1.3 Since both sides define bilinear forms on the tangent plane, it suffices to 
prove that the two sides agree when v, w belong to the basis { cr u ,cr v }. 
This is easily checked using du(cr u ) = dv(cr v ) = 1, du(cr v ) = dv(cr u ) = 0. 

6.1.4 By the chain rule, <r« = cr u f§ + <r v f§, &v = §f + <r v f§, which gives 
E = <ju-Gu = P(ft ) 2 + 2+ G(||) 2 . Similar expressions for 
F and G can be found; multiplying out the matrices shows that these 
formulas are equivalent to the matrix equation in the question. Following 
the procedure given, Edu 2 + 2 Fdudv + Gdv 2 = E (j^dii+ || dv)" + 
2 F (§Mu + f| dv) (||dM + f| dv) + G (§^du + f| dv) 2 . The coefficient 
of du 2 is E (§t ) 2 + 2F§|§! +G (f|)“, which agrees with the expression 
for E found above. Similarly for F and G. 


6.1.0 (i) n (ii). E v G u — 0 n (T u ■ rr uv — &uv — 0 o ■ ^ &uv 

is parallel to N. Consider the quadrilateral bounded by the parameter 
curves u = uo,u = ui,v = Vo,v = v\. The length of the side given by 
u = u o is Q || (<r v (u 0 ,v) || dv = Q sjG(u 0 ,v)dv. (i) =>- (iii): If 
G u = 0, G depends only on v so this integral is unchanged when uq is 
replaced by iq. So the two sides u = uq and u = u± have the same length; 
and similarly for the other two sides, (iii) => (i): If the lengths are equal 
then \JG(u, v)dv is independent of u; differentiating with respect to 

u gives Q -^f^dv = 0 for all vq, v±, so G u = 0; and similarly E v = 0. 


because its Jacobian matrix 


has non-zero determinant 


Assuming conditions (i)-(iii) are satisfied, define u = f yjE(u) du, 
v = J \J G(v) dv. Then, (it, v) i ^ ( u , v ) is a reparametrization map 

VE 0 
0 Vg 

\/ EG. The first fundamental form of the reparametrization cr(u,v) 
of cr(u,v ) is du 2 + -^=dudv + dv 2 . Since EG — F 2 >0, we have 
— 1 < < 1 so there is a smooth function 9(u,v) with 0 < 9 < tt 

such that cosd = Peg' This gives the first fundamental form as 
du 2 + 2 cos ddudv + dv 2 . 
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Since u = |(u + v), v = ^(u — v), the first fundamental form becomes 

^{dii + dv) 2 + ^ cos 9(du 2 — dv 2 ) + du — dv) 2 

1 1 0 9 

= -(1 + cos 9)dii 2 + -(1 — cos 9)dv 2 = cos 2 -du 2 + sin 2 -du 2 . 

6.2.1 The map is cr(u,v) i-t (uV2 cos , uy/2 sin , 0^ = a(u,v ), say. The 
image of this map is the sector of the rry-plane whose polar coordinates 
(r, 9) satisfy 0 < 9 < 7t\/ 2. The first fundamental form of <x is 2 du 2 + 
u 2 dv 2 ; a u = (v^cos v^sin o) ,<t„ = (-w sin -ucos o) , so 
|| cr u || 2 = 2, a u - cr v = 0, || cr v || 2 = u 2 and the first fundamental form of 
cf is also 2 du 2 + u 2 dv 2 . 

6.2.2 No: the part of the ruling (t, 0, t) with 1 < t < 2 (say) has length -\/2 and 
is mapped to the straight line segment (t, 0 , 0 ) with 1 < t < 2 , which has 
length 1 . 

6.2.3 A straightforward calculation shows that the first fundamental form of 

cr* is cosh 2 u(du 2 + dv 2 ); in particular, it is independent of t. Hence, 
cr(u,v ) i—^ is an isometry for all t. Taking t = 7 t /2 gives the 

isometry from the catenoid to the helicoid; under this map, the parallels 
u = constant on the catenoid go to circular helices on the helicoid, and 
the meridians v = constant go to the rulings of the helicoid. 

6.2.4 The line of striction is given by v = —(7 • 8)/ || 6 || 2 (Exercise 5.3.4), 
where in this case 6 = j. Since 7 is unit-speed, 7-7 = 0 so u = 0 
and we get the curve 7 itself. For the second part, we can assume that 
uo = 0 and by applying an isometry of R 3 that 7 ( 0 ) = 0 , t( 0 ) = i, n ( 0 ) = 
j,b(0) = k (in the usual notation). Then, using Frenet-Serret, 7 ( 0 ) = 
k( 0 )j, 7 ( 0 ) = (— k.(0) 2 , k(0), k(0)t(0)) so, neglecting higher powers of u 

in each component, 7 (u) = 7 ( 0 ) + u ■ 7 ( 0 ) + ^ 7 ( 0 )u 2 + g 7 '( 0 )u 3 H-= 

(u, ^k(0)u 2 , |k(0)t(0)'u 3 ). The intersection of the surface with the plane 
perpendicular to t( 0 ) = i is given by setting the ^-component of cr(u,v) 
equal to zero. This gives v = — u+ higher terms, so neglecting such terms, 
u = —v. Then the intersection is T(u) = cr(—v,v) = 7 (— v) + v-y(—v) = 
( 0 ,— |k(0)u 2 , |k(0)t(0)u 3 ). 

6.3.1 If the first fundamental forms of two surfaces are equal, they are certainly 
proportional, so any isometry is a conformal map. Stereographic projec¬ 
tion is a conformal map from S 2 to the plane, but it is not an isometry 
since A ^ 1 (see Example 6.3.5). 

6.3.2 The first fundamental form of the given surface patch is (1 + u 2 + v 2 ) 2 
( du 2 + dv 2 ); this is a multiple of du 2 + dv 2 so the patch is conformal. 
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6.3.3 The first fundamental form of &{u,v) is (^) 2 du 2 +cos 2 if(u)dv 2 . So tr is 

conformal 4=> dip/du = ± cos ip . Taking the plus sign, u = f sec ijjdijj = 
ln(sec^ + tani/>), so = e u . Then 2 cosh u = e“ + e~ u = + 

l+sinV = 2sect/). Hence, cost/) = sechu,sint/> = tanhu and cr(u,v) is the 
patch in Exercise 5.3.2. 

6.3.4 $ is conformal if and only if f 2 + g 2 u = f 2 + g 2 and f u f v + g u g v = 0. 
Let z = f u + ig u , w = f v + ig v \ then >!> is conformal if and only if 
zz = ww and zw + zw = 0, where the bar denotes complex conjugate; 
if z = 0 , then w = 0 and all four equations are certainly satisfied; if 
z ^ 0 , the equations give z 1 = — w 2 , so z = ±iw; these are easily seen 
to be equivalent to the first pair of equations in the statement of the 
exercise if the sign is -f, and to the second pair if the sign is —. We have 

fu gu _ _|_f ^2 _l f'2\ 
fv gv 

equations hold and a minus sign if the second pair of equations hold. 


det(J(<l>)) = 


= ±(f 2 + f%), with a plus sign if the first pair of 


6.3.5 Let S be an orientable surface. Fix a smooth choice of unit normal at 
each point of S , and let A be the atlas for S consisting of all the surface 
patches for S whose standard unit normal agrees with the chosen normal. 
On the other hand, by Theorem 6.3.6 S has an atlas consisting of confor¬ 
mal parametrizations; let A be the maximal such atlas (i.e., the set of all 
conformal parametrizations of 5). Then, _4n.A is an atlas for S. Indeed, 
if p £ S, let <t be any conformal parametrization of S containing p. If 
cr has the wrong orientation (so that cr ^ ^4.), then a(u,v) = cr(—u,v) 
is a conformal parametrization containing p that has the correct orien¬ 
tation. Thus, in any case there is a surface patch of S containing p that 
is both conformal and correctly oriented. Let *!> be the transition map 
between two of the patches in the atlas A fl A. Then, $ is a conformal 
diffeomorphism between open subsets of R 2 . By Exercise 6.3.4, $ is either 
holomorphic or anti-holomorphic, and in the latter case det(J(4>)) < 0 , 
contradicting the fact that $ is the transition map between two correctly 
oriented surface patches. Hence, $ must be holomorphic. 

6.3.6 Following Example 6.3.5, we find Il(x,y,z) = (yfrp y+y, 0). Identifying 

(u,v) e R 2 with w = u + iv G C, we find hq (w) = i+j^ja )- 

Then cr\(w) = efi(l /w), so the transition map is w <—> l/w. This is not 
holomorphic, so the atlas {er^eri} does not give S 2 the structure of a 
Riemann surface. If <xi (w) = d‘i(w), the transition map between cr 1 and 
efi is w i— y l/w. This is holomorphic (when w ^ 0, which holds on the 
overlap of the two patches), so the atlas {cri, &±} gives S 2 the structure 
of a Riemann surface. 
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6.3.7 Any circle on S 2 is the intersection of S 2 with a plane, and so (see 

Appendix 2) has equation of the form aw + aw + bz = c, where a £ C, 
6 ,c € K are constants (and a and b are not both zero). Substituting 
w = 1 ^ 12 ^_ 1 ,z = gives (b - c )|£| 2 + 2 a£ + 2 a£ = b + c, which is 

the equation of a Circle in Coo (a line if b = c, a circle otherwise). The 
converse is proved similarly. 

6.3.8 The expression of the map II ” 1 o M o II in terms of the atlas {oq, efi} of 

S 2 in Exercise 6.3.6, which consists of conformal patches, is of the form 
w i-t M(w),w i->- M(l/w),w i->- M(w) , or w M(1/w) , i.e., a 

Mobius or conjugate-Mobius transformation. Since such transformations 
are conformal (Appendix 2), the result follows. 

6.4.1 Parametrize the paraboloid by cr(u, v) = ( u , v. w 2 +i> 2 ); its first fundamen¬ 
tal form is (1 + 4 u 2 )du 2 + 8 uvdudv + (1 + 4 v 2 )dv 2 . Hence, the required 
area is / y/l + 4 (u 2 + v 2 ) dudv, taken over the disc u 2 + v 2 < 1. Let 
u = r sin 6 1 v = r cos 0; then the area is 27 t f Q y/1 + 4r 2 r dr = | (5 3 / 2 — 1). 
This is less than the area 27r of the hemisphere. 

6.4.2 If S is a sphere with centre the origin and radius R , the map S 2 —>■ S 

given by p i— > Rp multiplies the first fundamental form by R 2 , and so is 
conformal but multiplies areas by R 2 . It follows from Theorem 6.4.7 that 
the sum of the angles of a spherical triangle of area A on S is n + A/R 2 . 
In this case, R is the radius of the earth and A is > the area of Australia, 
so the sum of the angles is > n + (7,500,000)/(6,500) 2 = radians. 

Hence, at least one angle of the triangle must be at least one third of 
this, i.e., 7 r + Aft radians. 

6.4.3 Take a point p inside the polygon and join it to each vertex of the polygon 
by an arc of a great circle. This gives n triangles whose sides are arcs of 
great circles. The sum of their angles is the sum of their areas (i.e., the 
area of the polygon) minus nn by Theorem 6.4.7, and is also the sum of 
the angles of the polygon plus 27r (the angle around p). 

6.4.4 The sum of the angles around any vertex is 27 t, so the sum of the angles 
of all the polygons is 2ttV. By the preceding exercise, the sum of the 
angles of a polygon with n sides is (n — 2)ir plus its area. Summing 
over all polygons gives 2nV = 47 T + X^ po iygons( n ~ 2 ) 7 t, since the sum 
of the areas of all the polygons is the area 47 T of the sphere. Since two 
polygons meet along each edge, ^polygons 71 = 2-E) and since there are F 
polygons altogether, we get 2nV = 2 ttE — 2ttF + 47r, which is equivalent 
to V — E + F = 2. 

6.4.5 (i) is obvious as a local isometry preserves E, F, G and hence y/EG — F 2 . 
If E = XE, F = A F and G = AG, and if EG — F 2 = EG — F 2 , then 
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A 2 = 1 and so A = 1 (as E,E are > 0). This proves (ii). The map from 
S 2 to the unit cylinder in the proof of Theorem 6.4.6 is an equiareal map 
that is not a local isometry. 

6.4.6 Let <r : U —> R 3 ; / is equiareal 4=> f R (E 1 Gi — Fj 2 ) 1 / 2 dudv = 
J r (E 2 G 2 — Ff) 1 / 2 dudv for all regions R C U. This holds the two 
integrands are equal everywhere, i.e., 4=> E\G\ — F 2 = E 2 G 2 — F|. 

6.4.7 Since N is perpendicular to the tangent plane, N x cr u is parallel to the 
tangent plane, and so = acr u + jd<r v for some a,/3. Now (N x cr u )-er u = 0, 
(N x ct u ) ■ (T v = (<t u x tr v ) • N = || ct u x a v || N • N = y/EG - F 2 by 
Proposition 6.4.2. This gives the two equations aE + /3F = 0, aF + /3G = 
yjEG — F 2 , which imply a = —F/y/EG — F 2 , /3 = E/y/EG — F 2 . The 
formula for N x a v is proved similarly. 

6.5.1 If the internal angles are equal to a, Theorem 6.4.7 gives 3a — 7 r = 47r/4, 

so a = Corollary 6.5.6 then gives the length of a side as A = 

cos _1 (—1/3). 

6.5.2 Using the notation following Proposition 6.5.8, there is a rotation R\ of 
S 2 that takes a' to a; then a further rotation R 2 around the diameter 
through a that makes the side through a and Fi(b / ) coincide with the 
side through a and b. By Corollary 6.5.6 the two triangles have sides 
of the same length, so we must have b = i? 2 Fl(b , ). If c and c' are 
on the same side of the plane containing the side through a and b, we 
shall then have c = i? 2 -Ri(c') and the isometry R 2 R 1 takes the triangle 
with vertices a 7 , h'. c' to the triangle with vertices a, b, c; if they are on 
opposite sides the isometry R 3 R 2 R 1 does this, where R 3 is reflection in 
the plane containing the side through a and b. 

6.5.3 By applying an isometry of R 3 , which leaves lengths and areas unchanged, 
we can assume that p is the north pole (0,0,1). The spherical circle 
of radius R and centre p is then the circle of latitude = n/2 — R. 
(Example 4.1.4), which is a circle of radius sinF. The area inside it is, by 
Example 6.1.3 and Proposition 6A.2,J^J^_ R cos 9d9d(p= 27r(l —cos R). 
The maximum value ofFis7r; if7r/2<F<7r, one replaces R by 7r — R 
in (i) and (ii). 

6.5.4 (i) If M'(w) = is another unitary Mobius transformation, then 

(M 7 o M)(w) = ^±§, where A = a'a + b'c,B = a'b + Vd,C = 
c'a + d'c , D = c'b + d'd. Thus, A = a'a + b'c = d'd + (—c 7 )(— b) = D 
and similarly C = —B. Inverses are dealt with similarly, (ii) Denoting 
(x, y, z) e R 3 by (£, z) with £ = x + iy £ C, the plane through the ori¬ 
gin perpendicular to (a, b ) is wa + wa + 2bz = 0, and reflection in it is 
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nt,*) = (S,*) - 2 Wa $l + b 2 bz (a,b). Taking £ = 


2w 

M 2 +i ’ 


\w 2 — l 
H 2 + l > 


find that F&z) = (£V), where £' = 2(H +& &+iKH^) (H ' 

z ' - (H 2 +b 2 )(\w\ 2 -l)-2b(wa+wa+b(\w\ 2 -l)) , ■ , • , _ _X_ _ 

0 “ (H 2 +i)(|a| 2 +& 2 ) ) wmcn gives w - ± _ z , - 

-ab\w\ 2 +b 2 w-a 2 w+ab _ (-aw+b)(bw+a) _ -aw+b /•»\ R Proposition fi S 7 
b^w^+baw+baw+^i ~ (bw+a)(bw+a) ~ bw+a ’ l 111 ! ^ proposition 0.0. t , 

if F is any isometry of S 2 , F, x = (Mi o J) o (M 2 o J) o ■ ■ ■ o (M& o J) for 
some k. Since JoMoJ is easily seen to be a unitary Mdbius transformation 
if M is one, part (i) implies that Foo is a unitary Mobius transformation 
if k is even, and of the form M o J with M unitary Mobius if k is odd. 


(iv) If a £ C, b £ R, call the unitary Mobius transformation M(w) = 
-bw+a speci'Q’l unitary. Then M = F^ o J where F is as in (ii). Since 
J = Roo where R is reflection in the y 2 -plane, M = (f o J?) m corre¬ 
sponds to the isometry F o R of S 2 . It therefore suffices to prove that 
every unitary Mobius transformation is a composite of finitely many spe¬ 
cial unitary Mobius transformations. If M'(w) = is any unitary 

Mobius transformation, where A, B £ C, let B = be 10 with 6, 6 £ M. Then 
M' = poMop -1 , where p(w ) = e l6 and M(w) = are both special 

unitary Mobius transformations (p(w) = with a = e* e / 2 , 6 = 0). 


Chapter 7 

7.1.1 cr u = (1,0, 2u), cr v = (0,1, 2v), so N = A(— 2u, — 2v, 1), where A = 
(1 + 4it 2 + 4i> 2 ) -1 / 2 ; <r uu = (0, 0, 2), cr uv = 0, cr vv = (0, 0, 2), so L = 2A, 
M = 0, N = 2A, and the second fundamental form is 2A (du 2 + dv 2 ). 

7.1.2 (T u • N u = —er uu ■ N (since er„ • N = 0), so N„ ■ er u = 0; similarly, 
N, ( • u v = N„ • cr u = N„ • (T v = 0; hence, N„ and N„ are perpendicular 
to both cr u and cr v , and so are parallel to N. On the other hand, N„ and 
N,, are perpendicular to N since N is a unit vector. Thus, N u = N„ = 0, 
and hence N is constant. Then, (er • N)„ = cr u ■ N = 0, and similarly 
(er ■ N)„ = 0, so er ■ N is constant, say equal to d , and then er is an open 
subset of the plane v ■ N = d. 

7.1.3 From Section 4.5, N = ±N, the sign being that of det(J). From 

Ru = <t„§! + tr v §|, er y = <r„ff + we get 

d 2 u d 2 v / du\ 2 du dv / dv\ 2 

O'UU O’ u ^ + Oy „ + O’ uu I J -\- 2 O’ UV ~^— ~\~ O’yy I I 

ou z ou z \ou J ou ou \ou J 

So L = ±(l (f|) 2 + 2M|||| + TV (f|) 2 ) , since er u • N = er„ • N = 0. 

This, together with similar formulas for M and N, are equivalent to the 
matrix equation in the question. 
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7.1.4 Let <j be a surface patch, P a 3 x 3 orthogonal matrix, a G R 3 a constant 
vector, and cr = Per + a. Then, a u = Pcr u , a v = Pcr v , so cr u x dr v = 
±cr u xcr v (Proposition A. 1.6), the sign being + if the isometry vh> Pv+a 
is direct and — if it is opposite. It follows that (in the obvious notation), 
L = ±L, M = ±M, N = ±N. The dilation v i —> av, where a is a non-zero 
constant, multiplies cr by a and hence multiplies each of L, M, N by a. 

7.2.1 The paraboloid is the level surface / = 0 where f(x, y,z) = z — x 2 — y 2 

and N = is the corresponding unit normal. So Q{x,y,z) = 

( — 2x- 2y,l) 

(4a: 2 +4j/ 2 +l) 1 / 2 ' 

7.2.2 This is obvious since changing the orientation changes the Gauss map Q 
to —G- 

7.3.1 Let t be the parameter for 7 , let s be arc-length along 7 , and denote 

d/dt by a dot and d/ds by a dash. Then, 7 = ^ 7 ', 7 = ~l' + 

By Proposition7.3.5, n n = = ((^ 3 ^ 7 , » = 

((7,7 ))/{ds/dt) 2 = (( 7 , 7 ))/( 7 , 7 )- For the second part, since 7 ' • 
(N x 7 ') = 0, we have 7 • (N x 7 ) = (^f ) 3 1" ' (N x 7 ') = ( 7 , 7 ) 3 / 2 k 9 . 

7.3.2 Let 7 be a unit-speed curve on the sphere of centre a and radius r. 
Then, (7 — a) • (7 — a) = r 2 ; differentiating gives 7 • (7 — a) = 0, so 
7 • (7 — a) = —7 -7 = — 1 . At the point 7 (t), the unit normal of the 
sphere is N = ±f(y(t) - a), so K n = 7 • N = ±^7 • (7 - a) = =Fy- 

7.3.3 If the sphere has radius R, the parallel with latitude 9 has radius 
r = R cos 9\ if p is a point of this circle, its principal normal at p is parallel 
to the line through p perpendicular to the 2 -axis, while the unit normal 
to the sphere is parallel to the line through p and the centre of the sphere. 
The angle ^ in Eq. 7.10 is therefore equal to 9 or 7 r — 6 so n g = ±- sin# = 
± A tan#. Note that this is zero if and only if the parallel is a great circle. 

7.3.4 We have 7 = ucr u + vcr v , so by Exercise 6.4.7, N x 7 = 

—- ^EG-F 2 - > 7 = u(T u + vcr v + u cr uu + 2 uvcr uv + vcr vv . 

Hence, n g = 7 -(Nx 7 ) = (uv—vu)y/EG — F 2 +Au 3 +Bu' 2 v+Cuv 2 +Dv 3 , 
where A = cr uu - (Ecr v — Fcr u ) = E((cr u -(T v ) u -cr u -a uv )-^F(<r u -a u ) u = 
E(F U — \E V ) — i FE U , with similar expressions for B,C,D. 

If F = 0, we find by this method that A = —\E v ^/~E}G, B = 
G u ^/EjG-\E U ^/G/E, C = \G v ^EjG-E v ^G/E, D = \G u ^GjE. 

7.3.5 K\ = K.Ni-n, k 2 = KN 2 -n, so kiN 2 —k 2 Ni = k((Ni-ii)N 2 — (N 2 -n)Ni) = 
k(Ni x N 2 ) x n. Taking the squared length of each side, we get 
k 2 + « 2 — 2kik 2 Ni • N 2 = k 2 || (Ni x N 2 ) x n || 2 . Now, Ni • N 2 = cos a; 
















432 


Solutions 


7 is perpendicular to Ni and N 2 , so Ni x N 2 is parallel to 7 , hence 
perpendicular to n; hence, || (Ni x N 2 ) x n || = || Ni x N 2 |||| n || = sin a. 

7.3.6 A straight line has a unit-speed paranretrization 7 (t) = p + f q (with 

q a unit vector), so 7 = 0 and hence K n = 7 • N = 0. In general, 
K n = 0 7 is perpendicular to N 4=> N is perpendicular to n -4=> N 

is parallel to b (since N is perpendicular to t). 

7.3.7 The second fundamental form is (— du 2 + u 2 dv 2 )/uy /1 + u 2 , so a curve 
7 (t) = cr(u(t),v(i)) is asymptotic if and only if —u 2 + u 2 v 2 = 0, i.e., 
dv/du = v/u = ±1 /it, so In u = ±(i> + c), where c is a constant. 

7.4.1 v is a smooth function of t and lies in T^ v n))S = T^^S, so v is a 

tangent vector field along 7 . The formula follows from Eq. 7.11 and the 
fact that 7 ft) where t = ty{t). The last part follows since ip 7 ^ 0 

SO V-yV = 0 4=> V-yV = 0. 

7.4.2 If p and q correspond to the parameter values t = a and t = b, re¬ 
spectively, let T (t) = 7 (a + b — t) (thus, T is 7 ‘traversed backwards’). 
We show that IIp P is the inverse of L[P q . Let w £ T p S and let v be 
the tangent vector field parallel along 7 such that v(a) = w. Then, 
L[P q (w) = v(b). By Exercise 7.4.1, V(f) = v(a + b — t) is parallel along 
T so IIp P (v( 6 )) = IIp P (V(a)) = V( 6 ) = v(a) = w. This proves that 
IIp P o n pq is the identity map on T p S. One proves similarly (or by inter¬ 
changing the roles of 7 and T) that nP q on qp is the identity map on T q <S. 

7.4.3 Let a, /3 ,7 be the internal angles of the triangle at p, q, r, respectively. 
Since the arc through p and q is part of a great circle, the tangent 
vector of the arc is parallel along the arc (Exercise 7.4.7). So the result 
of parallel transporting Vo to q along the arc pq through p and q is a 
vector Vi tangent to pq at q. Now vi makes an angle tt — ft with the arc 
qr at q, so parallel transporting vi along qr to r gives a vector v 2 which 
makes an angle (tt — (3) + (n — 7) with the arc rp at r. Parallel trans¬ 
porting v 2 along rp to p then gives a vector V3 which makes an angle 
(tt — (j) + (tt — 7) + (n — a) with v 0 . Since v 0 , vi, v 2 , v 3 all have the same 
length (Proposition 7.4.9(h)), the result follows from Theorem 6.4.7. 


Chapter 8 

8.1.1 Parametrize the surface by cr (x, y) = (x, y, f(x, y)). Then, cr x = (1,0, f x ), 
(T y = (0,1, f y ), N = (1 + fx + fy)~ 1 / 2 (-fx,-fy,l), &xx = (0, 0, fxx), 
(Txy = (0,0, fxy), (Tyy = (0,0, fyy). This gives E = l + fl, F = f x f y , 
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G = 1 + f 2 and L = (1 + f 2 + f 2 v )~ l / 2 f xx , M = (1 + / 2 + f 2 )~ 1/2 f xy , 
N = (1 + fl + fy)~ 1/2 fyy By Corollary 8 . 1 . 3 , K = # = 

(l + 4 2 )/xx-2/ x / B / a!1 , + (l + / x 2 )/ By 

2(l+/J+/ 2 ) 3/2 ■ 

8.1.2 For the helicoid <x(it, v) = (v cos it, v sin it, Ait), er u = (—it sin it, v cos it, A), 
<r v = (cosu, sinu, 0), N = (A 2 + it 2 ) _1 / 2 (— Asinu, Acosu, — it), <r uu = 
(—v cos it, —it sin it, 0), cr uv = (— sin it, cos it, 0), cr vv = 0. This gives E = 
A 2 + it 2 , F = 0, G = 1 and L = N = 0, M = A/VA 2 + it 2 . Hence, K = 
(LN - M 2 )/(EG - F 2 ) = — A 2 /(A 2 + « 2 ) 2 . 

For the catenoid cr(u,v) = (coshit cos it, cosh it sin it, it), cr u = 
(sinhucosi;, sinhusinn, 1), cr v = (— cosh it sin it, cosh it cos it, 0), N = 
sechu(— cos it, — sinit, sinhtt), cr uu = (cosh it cos it, cosh it sin it, 0), <j uv = 
(—sinhit sinit, sinh it cosit, 0), cr vv = (—cosh it cos it, — cosh it sin it, 0). 

This gives E = G = cosh 2 it, F = 0 and L = — 1,M = 0,1V = 1. Hence, 
K = (LN - M 2 )/(EG - F 2 ) = —sechV 

8.1.3 Since er is smooth and cr u x cr v is never zero, N = cr v x cr^/ || <j u x cr v || is 
smooth. Hence, E , F, G, L, M and N are smooth. Since EG — F 2 > 0 (by 
the remark following Proposition 6.4.2), the formulas in Corollary 8.1.3 
show that H and K are smooth. 

8.1.4 From Example 8.1.5, K = 0 4=> 6 ■ N = 0 4=> 5 ■ ((t + vS) x S) = 0 4=4> 
6- (t x 6) = 0. If S = n, S = — ret + rb, t x S = b, so K = 0 4=> r = 0 4=> 
7 is planar (by Proposition 2.3.3). If 8 = b, 8 = — rn, t x S = — n, so 
again K = 0 4=> r = 0. 

8.1.5 The dilation (at, y, z) i —> (ax, ay, az ), where a is a non-zero constant, mul¬ 
tiplies E, F, G by a 2 and L, M, N by a, hence H by a -1 and K by a~ 2 
(using Corollary 8.1.3). 

8.1.6 This follows immediately from Definition 8.1.1 and the hint. 

8.1.7 Suppose that the cone is the union of the straight lines joining points of a 
curve C to a vertex v. It is clear that the Gauss map Q is constant along 
the rulings of the cone, so the image of the cone under Q is the same as 
the image of C under Q, which is a curve. 

8.1.8 By Eq. 8.2, the area of cr(R) is 

/ || N„ x N„ || dudv = / |if | || <j u x cr v || dudv = / \K\dAa-. 

Jr Jr Jr 

8.1.9 Using the parametrization cr in Exercise 4.2.5, we find that E = b 2 ,F = 0, 
G = (a + bcosd) 2 and L = b, M = 0, N = (a + b cos 9) cos 9. This gives 
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K = cos 6/b(a+b cos 6). It follows that S + and S are the annular regions 
on the torus given by — 7r/2 < u < n/2 and ir/2 < u < 3tt/2, respectively. 



5+ S~ 


It is clear that as a point p moves over 5 + (resp. S ~) , the unit normal at p 
covers the whole of the unit sphere. Hence, f s+ \K\dA = f s _\K\dA = 47 t 
by the preceding exercise; since \K\ = ±K on «S , this gives the result. 

8.1.10 V u w = w„, - (w. u • N)N so V„(V u w) = w uv - (w M „ • N)N— 
(w„ • N„)N - (w„ • N)N„ - (w„„ • N)N + (w„„ • N)N + (w u • N„)N+ 
(w u • N)(N„ • N)N = w uv - (w„. u • N)N - (w u • N)N„. Interchanging u 
and v and subtracting gives the first formula. Replacing w by Aw in this 
formula gives A{(w t , • N)N U — (w u • N)N^} + X v (w • N)N U — X u (w • N)N„ = 
A{(w„ • N)N U — ( w u ■ N)N t ,} since w • N = 0. It is also obvious that 
V„(V u (wi + w 2 )) - V„(V„(wi + w 2 )) = (V u (V u wi) - V„(V u wi)) + 
(V t ,(V u w 2 ) — V u (V 1 ,w 2 )) for any two tangent vector fields wi,w 2 . 

Now V v (V u * u ) - V„(V„cr u ) = (<r uv ■ N)N„ - ( cr uu ■ N)N t , = MN U - 
LN V (in the usual notation). Using Proposition 8.1.2, this is equal to 
M(acr u + ba v ) — L(ccr u + dcr v ) and using the explicit expressions for 
a,b,c,d in Proposition 8.1.2 this becomes K(Ecr v — Fcr u ). Similarly, 
V„(V u er„) - V u (V„er u ) = K{-Ger u + Fer v ). 

If V„(V u w) - V u (V„w) = 0 (*) for all w, then taking w = cr u gives 
K = 0 since E ^ 0, <r v ^ 0. Conversely, if K = 0 then (*) holds for 
w = <t u and cr v , and hence by the first part of the exercise it holds 
for acr u + fdcr v for all smooth functions a , /3 of (u, v). But every tangent 
vector field w is of this form. 


8.2.1 For the helicoid cr(u,v ) = (v cosit, v sinn, Xu), the first and second 
fundamental forms are (A 2 + v 2 )du 2 + dv 2 and 2Xdudv/y/X 2 + v 2 , 
respectively. Hence, the principal curvatures are the roots of 
—k(X 2 + v 2 ) 

,/\ 2 _l „2 „ . K _ ±x/(\ 2 +v 2 ). For the catenoid 


\/ A 2 +v 2 
— K 


= 0, i.e., 


y/\ 2 +V 2 

cr{u,v ) = (cosh u cos v, cosh u sin v,u), the first and second fundamental 
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forms are cosh 7 u(du 2 + dv 2 ) and —du 2 + dv 2 , so the principal curvatures 


are the roots of 


— 1 — K cosh 2 u 

0 


0 

1 — K cosh 2 ' 


= 0 , i.e., k = isecnu. 


8.2.2 This is obvious, since W( 7 ) = —N. 


8.2.3 7 is a line of curvature 
L M 


all t 


L N 


= K 


7 = ucr 
E F 
F G 


+ vcr n is a principal vector for 
for some scalar k. Writing this 


matrix equation as two scalar equations and then eliminating n gives 
the stated equation. For the second part, if the second fundamental form 
is a multiple of the first, the Weingarten map is a scalar multiple of 
the identity map, so every tangent vector is principal and every curve 
on the surface is a line of curvature. If F = M = 0 the matrices Ti 
and Fu are diagonal, hence so is the matrix Fj l Fn of the Weingarten 
map with respect to the basis {cr u , cr v }. This means that cr u and <j v are 
principal vectors, i.e., that the parameter curves v = constant and u = 
constant are lines of curvature. Conversely, if every parameter curve is a 
line of curvature, the stated equation must hold if u = 0 and if v = 0. 
This gives EM = FL and FN = GM, which imply that (EN — GL)F = 
EGM — EGM = 0 and so F = 0 and then GM = 0 so M = 0. If 
EN = GL the equation in the exercise implies that every curve is a line 
of curvature, so every tangent vector is principal, so (i) holds. Condition 
(i) implies that the two principal curvatures are equal everywhere, i.e., 
every point is an umbilic, so <x is an open subset of a plane or a sphere by 
Proposition 8.2.9. From Examples 6.1.3 and 7.1.2, the first and second 
fundamental forms of a surface of revolution are du 2 + f(u) 2 dv 2 and 
(fg — fg)du 2 + fgdv 2 , respectively. Since the terms dudv are absent, the 
vectors u u and cr v are principal; but these are tangent to the meridians 
and parallels, respectively. 


8.2.4 Let Ni be a unit normal of S. Then, K = 0 4=> Ni.(t x Ni) = 0. Since 
Ni is perpendicular to Ni and Ni is perpendicular to t, this condition 
holds 4==> Ni is parallel to t, i.e., 4==> Ni = —A 7 for some scalar A. Now 
use Exercise 8.2.2. 


8.2.5 Let Ni and N2 be unit normals of the two surfaces; if 7 is a unit-speed 
parametrization of C, then Ni = — A 17 for some scalar Ai by Exercise 
8 . 2 . 2 . If C is a line of curvature of <S> 2 , then N 2 = — A 27 for some scalar A 2 , 
and then (Ni-N 2 )' = —Ai 7 -N 2 —A 27 -Ni = 0, so Ni-N 2 is constant along 
7, showing that the angle between <Si and S -2 is constant. Conversely, if 
Ni • N 2 is constant, then Ni.N 2 = 0 since Ni • N2 = — A17 • N 2 = 0; 
thus, N2 is perpendicular to Ni, and is also perpendicular to N 2 as N 2 
is a unit vector; but 7 is also perpendicular to Ni and N 2 ; hence, N2 
must be parallel to 7, so there is a scalar \- 2 (say) such that N2 = — A27. 
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8.2.6 (i) Differentiate the three equations in (8.5) with respect to w,u and v, 
respectively; this gives cr uw ■ cr v + cr u - cr vw = 0 , cr uv ■ cr w +cr v - cr uw = 0, 
cr vw ■ &u + &W ■ cruv = 0. Subtracting the second equation from the sum of 
the other two gives cr u ■ cr vw = 0 , and similarly cr v ■ cr uw = cr w ■ cr uv = 0 . 
(ii) Since cr v ■ cr w = 0, it follows that the matrix Ti for the u = uq surface 
is diagonal (and similarly for the others). Let N be the unit normal of 
the u = u o surface; N is parallel to cr v x cr w by definition, and hence 
to cr u since cr u , cr v and cr w are perpendicular; by (i), u vw ■ cr u = 0 , 
hence cr vw ■ N = 0, proving that the matrix Tn for the u = uq surface is 
diagonal, (iii) By part (ii), the parameter curves of each surface u = uo 
are lines of curvature. But the parameter curve v = vo, say, on this surface 
is the curve of intersection of the u = uq surface with the v = Vq surface. 


8.2.7 On the open subset of the ellipsoid with z / 0, we can use the 
parametrization u(x,y) = (x,y,z), where z = ±ry^l— p-— (p. By 
Proposition 8.1.2 and the remarks following Proposition 8.2.1, the condi¬ 
tion for an umbilic is that J-jj = kTi for some scalar k. The formulas in 
the solution of Exercise 8.1.1 lead to the equations z xx = A(1 +z%), z xy = 
\z x z y , z yy = A(l + Z y ), where A = KyJ 1 + z% + Zy. If x and y are both 
non-zero, the middle equation gives A = — 1/z, and substituting into the 
first equation gives the contradiction p 2 = r 2 . Hence, either x = 0 or 
y = 0. If x = 0, the equations have the four solutions 


x = 0 , 


y = ±q 




Similarly, one finds the following eight other candidates for umbilics: 


x = ±p\ 


I p 2 — q 2 

p2 _ r 2 ’ 


y = o, 



X = ±P\ 


I p 2 — r 2 

p 2 — q 21 


y = ±q\ 


I q 2 — r 2 
q 2 — p 2 ’ 


z = 0 . 


Of these 12 points, exactly 4 are real, depending on the relative sizes of 
p 2 , q 2 and r 2 . 


If p = q ^ r, the only umbilics are the two points (0, 0, ±r). If p = q = r 
every point of the ellipsoid (now a sphere) is an umbilic. 


8.2.8 By Proposition 8.2.3, the principal curvatures are the roots of the 
quadratic equation k 2 — 2 Hk + K = 0, i.e., H ± %/ H 2 — K. If there 
are no umbilics, we must have H 2 > K , and then the principal curva¬ 
tures are smooth because H and K are (Exercise 8.1.3). The second part 
follows from Exercises 6.1.4 and 7.1.3 and Proposition 8.2.6. 
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w 



3.3.1 (i) Setting u = v,v = w = e 

the notation of Exercise 6.1.4, J = 


, we have u = — In€ j, = u so, in 

0 -i 


1 0 


. Since J is invert¬ 


ible, (u, v ) i —y (v, w) is a reparametrization map. The first fundamen¬ 


tal form in terms of v,w is given by 


E F 
F G 


0 1 
-A 0 


1 0 
0 f{u) 2 


0 -I 

V 

1 0 


= J‘ 

£ 0 
o X 


E F )j = 
F GJ 

, so the first 


fundamental form is ( dv 2 + dw 2 )/w 2 . 


(ii) We find that the matrix J 

u(w-t-l) |(u 2 - (w + l) 2 ) \ 

- (w + l) 2 ) v(w + 1) /’ 

form matrix in terms of V and W is J 4 

( 1 _ V 2 l _ W 2 ' ) 2 1, after some tedious algebra. 



dv dv \ 

dV dW ) = 

dw dw J 

dV dW / 

so the first fundamental 

0 

l 

Up 


J = 


(v 2 +(w+ifr 


4 w 2 


i = 



In (i), u < 0 and —7t < v < i r corresponds to —tt < v < tt and w > 1, a 
semi-infinite rectangle in the upper half of the rw-plane. 


To find the corresponding region in (ii), it is convenient to introduce the 
complex numbers z = v + iw , Z = V + iW. Then, the equations in (ii) 
are equivalent to Z = |=|, 0 = i^z^i) ■ The line v = n in the nic-plane 
corresponds to z + z = 2n (the bar denoting complex conjugate), i.e., 
1(1=1) “ 1(1=1) = 2?r ’ which simplifies to \Z - (1 - =)| 2 = 4^; so v = n 
corresponds to the circle in the EW-plane with centre l — - and radius ^. 
Similarly, v = —n corresponds to the circle with centre 1 + = and radius 
T. Finally, w = 1 corresponds to z — z = 2i, i.e., + pz'-i) = 

This simplihes to | Z — 11 2 = i; so w = 1 corresponds to the circle with 
centre 1/2 and radius 1/2 in the EIT-plane. The required region in the 
EW-plane is that bounded by these three circles: 
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V 



For (iii) we follow the hint and make use of polar coordinates on the 
disc, V = rcosO , W = rsind, V = r cos 9, W = fsin(9. We find that 
9 = 9. Suppose that the first fundamental form in terms of 


r 2 +1 > 


these parameters is Edr 2 + 2Fdrd9 + 
first fundamental form is 4 (‘ 1 1 +t l ^4 Edr 2 

ing- this to 4 (4W+dty 2 ) _ 4(dr 2 +r 2 de 2 ) 
mg Ulllb UU [n_ v 2_ W 2)2 — n _ r 2)2 j 


Gd9 2 

, 4WJ 


Since f = 
\FdrdJ9 


F = 


(. l-v 2 
0, G = 


-W 2 ) 2 

4r 2 


-r ( 1+r 2)2 

we get E = 


t he 

(1 +r 2 ) 2 > lIle 

Gd9 2 . Equat- 

2\4 

1 

2)2 5 


(l-r 2 ) 

( .- L _ r , 2 )2 — 1 _ F 2 • Converting back to the parameters 

(y,W), we have fdr = VdV + WdW,f 2 d9 = VdW — WdV, so 

the first fundamental form becomes W d v+Wdw) +G-rj(y dw, - wd\ ) _ 

dW +(W 2 + (l-r 2 )V 2 )dW : 

2 (1—f 2 ) 2 

'W+ 

(1-V 2 -W 2 ) 2 


8.4.1 Let or(u, v) be a patch of S containing p = &(uq,vq). The Gaussian cur¬ 
vature K of S is < 0 at p; since K is a smooth function of (u, v) (Exercise 
8.1.3), K(u,v) < 0 for (u,v) in some open set U containing (u o,no); then 
every point of cr(C7) is hyperbolic. Let m, K 2 be the principal curvatures 
of cr, let 0 < 9 < 7 t/2 be such that tan 9 = 4 /—K 4 /K 2 , and let e± and e-i 
be the unit tangent vectors of cr making angles 9 and — 9 , respectively, 
with the principal vector corresponding to k± (see Theorem 8.2.4). Ap¬ 
plying Proposition 8.4.3 gives the result. For the last part, put v = 0 
in the formula for n n in Proposition 7.3.5: this shows that L = 0 if the 
parameter curves v = constant are asymptotic. Similarly N = 0 if the 
parameter curves u = constant are asymptotic. 
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8.5.1 By Corollary 8.1.3 and the fact that <x is conformal, the mean curvature 

of (7 is H = L ,^ r . so H = 0 L + N = 0, i.e., 4=4> (cr uu + cr vv ) • N = 0 
(*). Obviously, then, H = 0 if A a = cr uu + cr vv = 0. For the con¬ 
verse, we have to show that Act = 0 if (*) holds. It is enough to 
prove that Aer ■ cr u = Act ■ cr v = 0, since {er„, <x.„, N} is a basis of 
R 3 . We compute Act ■ <r u = cr uu ■ cr u + cr vv ■ ct u = i(er„ • cr u ) u + 
(fT v ■ cr u ^j v (/7 V ‘ — 2 (^*u ' ^u &v ' d - (&v ' t 7 'u)v Since 

er is conformal, cr u ■ cr u = cr v ■ cr v and cr u ■ cr v = 0. Hence, Acr • cr u = 0. 
Similarly, Acr ■ cr v = 0. The first fundamental form of the given surface 
patch is (1 + u 2 + v 2 ) 2 {du 2 + dv 2 ), so it is conformal, and <j uu + cr vv = 
(—2 u, 2v, 2 ) + ( 2 u, — 2 v, — 2 ) = 0 . 

8.5.2 Using the formula in Exercise 8.1.1 with /( x, y) = In cosy — In cos x gives 

t_t sec 2 ai(l+tan 2 y) — sec 2 y(l+tan 2 x ) ^ 

2(l+tan 2 ai+tan 2 y ) 3 / 2 

8.5.3 = cr u + Yt v = cr v + w~N V: = N. T, u ■ Yi w = 0 since cr u ■ N = 

N u • N = 0, and similarly • T, w = 0. Finally, T, u • = cr u • cr v + 

■u>(cr u -N l ,-|-cr w -N„)-|-t(; 2 N u -N t , = F-2wM+w 2 'N u -N v = w 2 N„-N„; by 
the proof of Proposition 8.1.2, N„ = —j^cr Ul N,, = —^er. u , so N„ • N„ = 
j^F = 0. Every surface u = uq (a constant) is ruled as it is the union of 
the straight lines given by v = constant; by Exercise 8.2.4, this surface is 
flat provided the curve 7 ( 1 ;) = cr(uo,v ) is a line of curvature of 5, i.e., if 
cr v is a principal vector; but this is true since the matrices Fi and Tn 
are diagonal. Similarly for the surfaces v = constant. 


Chapter 9 

9.1.1 By Exercise 4.1.3, there are two straight lines on the hyperboloid passing 
through (1, 0,0); by Proposition 9.1.4, they are geodesics. The circle given 
by z = 0 , x 2 + y 2 = 1 and the hyperbola given by y = 0 , x 2 — z 2 = 1 are 
both normal sections, hence geodesics by Proposition 9.1.6. 

9.1.2 Let k( 7 ) = 7 - (N x 7 ). Note that if T(t) = 7(1 p(t)) is a reparametrization 

of 7 , then k(T) = K {l)- I n particular, ^( 7 ) = 0 4=>- «(r) = 0 . 

For (i), let 7 be a pre-geodesic and let T be a geodesic reparametriza¬ 
tion of 7 . By Proposition 9.1.2 T has constant speed, say v , and then 
r(f) = T(t/v) is a unit-speed geodesic. By Proposition 9.1.3, k( r) = 0, 
hence k(F) = 0, hence ^( 7 ) = 0. Conversely, if ^( 7 ) = 0 and if T is a 
unit-speed reparametrization of 7 , then k(T) = 0 so T is a geodesic 
by Proposition 9.1.3. Part (ii) is obvious. For (iii), let 7 be a con¬ 
stant speed pre-geodesic, say with speed v. Then T(t) = 7 (t/v) is a 
unit-speed pre-geodesic, hence a geodesic by (i) and Proposition 9.1.3. 
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Since 7 = t> 2 f, 7 is perpendicular to the surface, so 7 is a geodesic. 
Finally, (iv) follows from (iii) and Proposition 9 . 1 . 2 . 


9 . 1.3 Let n s be the plane through 7(s) perpendicular to t(s); the param¬ 
eter curve s = constant is the intersection of the surface with II S . 
From the solution to Exercise 4 . 2 . 7 , the standard unit normal of <x is 
N = — (cosdn + sindb). Since this is perpendicular to t, the circles in 
question are normal sections. 


9 . 1.4 Take the ellipsoid tobep- + |2+y2=l; the vector (^, yr) is normal 
to the ellipsoid by Exercise 5 . 1 . 2 . If 7(t) = ( f(t),g(t),h(t )) is a curve on 


the ellipsoid, R= ^ + (£ 


\-i / 2 / 

) - s =( 


s - t IZ + sl + !£ 

D _ 1 P 4 + « 4 + r 4 


- 1/2 


is a geodesic 4 =>- 7 is parallel to the normal - 


. Now, 7 

{f,9,h) = A (£,£,£) 


for some scalar A(f). From + (p- + ya = 1 we get + y£ = 0 , hence 


Lj.Lj.£j.//j.M±M- 0 ie Lj.Lj.£j.WL+9j.«:| - (1 

p 2 I ^2 I r 2 I ^2 g 2 I r 2 — p 2 T ? 2 T r 2 T 1 4 ' q 4 ' r 4 / U 5 

which gives A = —S' 2 /!? 2 . The curvature || 7 || = (/ 2 + g 2 + h 2 ) 1 / 2 = |A| 
1/2 


hh 


r 


r + 4 + fr 

p 4 f ,< + 


,) 

j_l_y _ i_ £il l 1 | J _1 _ y 1 IL I I U- 1 .v.v 1 lLIL ) — _L_ | j_j_ 1 .v.v i 

P 2 "I" g2 i- r 2 J -r ^ p 4 -I- ^4 -t- r 4 J ^ p 2 i" ? 2 + f 2 j “ fl 2 ^ p 4 t , 

+ + || + = 0 , since A = — S 2 /R 2 . Hence, !?S is constant. 


_ JAi _ s 

S R 2 

l 


■ Finally, || (y^) = (jf + $ + *£) 

/ /// 1 gg 1 M/ — j_ / // 1 m . _l kk/ 

/ \ p 2 '92 ' r 2 J p4 I g4 w r 4 y 


9.1.5 Suppose that a geodesic 7 lies in the plane v • a = b, where a and b are 
constants. Then -y-a = 7-a = 0. Since 7 is parallel to N (the unit normal 
of the surface), N • a = 0, so N • a = 0. Since N, 7 and N are all parallel 
to the plane and the last two vectors are perpendicular to the first, they 
are parallel. Hence 7 is a line of curvature by Exercise 8.2.2. Conversely, 
if 7 is both a geodesic and a line of curvature, we may assume 7 has unit- 
speed (for the unit-speed reparametrization of 7 would still be a geodesic 
and a line of curvature). Let a = N x 7. Then a=Nx7 + Nx7 = 0 
since the first term vanishes because 7 is a line of curvature and the 
second because 7 is a geodesic. So a is constant. And 7 • a = 0 so 7 • a is 
a constant, say b. Hence 7 lies in the plane v • a = b. 


9 . 1.6 For (i) note that 7 is a non-zero vector parallel to both Ni and N2, 
so Nj and N2 must be parallel. For an example, take <Si and <S>2 to be 
the sphere and cylinder in Theorem 6 . 4 . 6 . Now suppose that <Si and S2 
intersect perpendicularly. Then, Ni,N 2 and 7 are perpendicular unit 
vectors. From 7 • N 2 = 0 we get 7 • N 2 + 7 • N 2 = 0 . If 7 is a geodesic on 
<Si, 7-N 2 =0 since 7 is parallel to Ni, so N 2 is perpendicular to 7. Since 
N 2 is also perpendicular to N 2 , it must be parallel to Nj. Conversely, if 
N 2 is parallel to Ni, then 7 • N 2 = 0 so 7 is perpendicular to N 2 . Since 
7 is also perpendicular to 7, it must be parallel to Ni. Finally, if 7 is a 
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geodesic on both <Si and < 5 > 2 , then Ni is parallel to N 2 and N 2 is parallel 
to Ni. It follows that (Ni x N 2 )’ = Ni x N 2 + Ni x N 2 = 0 so Ni x N 2 
is a constant vector. Since 7 is a unit vector parallel to Ni x N 2 , 7 is 
constant, so C is part of a straight line. 

9.2.1 If p and q lie on the same parallel of the cylinder, there are exactly 
two geodesics joining them, namely the two circular arcs of the parallel 
of which p and q are the endpoints. If p and q are not on the same 
parallel, there are infinitely many circular helices joining p and q (see 
Example 9.2.8). 

9.2.2 Take the cone to be <r(u,v) = (ucosv,usmv,u). By Exercise 

6 . 2 . 1 , er is locally isometric to an open subset of the rry-plane by 
cr(u,v) 1 ^ (m\/2cos ^h,n\/2sin ^h,0). By Corollary9.2.7, the geodesics 
on the cone correspond to the straight lines in the xy-plane. Any 
such line, other than the axes x = 0 and y = 0 , has equation 
ax + by = 1 , where a , b are constants; this line corresponds to the curve 

v ^ I _ CQSti _ _ sin V _ _1_ \ . 

\ \/2(acos -^j+bsin -^) ’ \/2(a cos 7j+f) sin’ %/2(acos 7j+bsin -^) /’ 

x- and y-axes correspond to straight lines on the cone. 

9.2.3 Parametrize the cylinder by cr(u,v ) = (cos u, sinu, v). Then, E = G = 1, 
F = 0, so the geodesic equations are u = v = 0 . Hence, u = a + bt,v = 
c + dt , where a, b, c, and d are constants. If b = 0 this is a straight line on 
the cylinder; otherwise, it is a circular helix. 

9.2.4 For the first part, 

( Eii 2 + 2Fui> + Gv 2 )' = ( E u u + E v v) u 2 + 2 (F u u + F v v)uv 
+ (G u u + G v v)v 2 + 2 Euu + 2F(uv + uv) + 2Gvv 
= u{E u ii 2 + 2 F u iiv + G u i) 2 ) + v{E v u 2 + 2 F v iiv + G v v 2 ) 

+2 Euu + 2F(uv + uv) + 2Gvv 

= 2{E u u + Fv)u + 2 {Fu + Gvjv + 2 (Eu + Fv)u + 2 (Fit + Gv)v 
(by the geodesic equations) 

= 2 [(Eii + Fv)u}'+ 2 [(Fit + Gv)v\ = 2 (Eu 2 + 2 Fiiv + Gv 2 )'. 

Hence, (Eu 2 + 2Fiiv + Gv 2 ) = 0 and so || 7 || 2 = Eii 2 + 2Fiiv + Gv 2 is 
constant. 

Suppose now that (i) and (ii) hold. Differentiating Eu 2 + 2 Fiiv + Gv 2 = 
constant gives ( E u ii + E v i>)u 2 + 2 (F u ii + F v v)iiv + (G u u + G v v)v 2 = 
—2 (Eu + Fv)u — 2(Fii + Gv)v , i.e., (E u ii 2 + 2F u uv + G u v 2 )u + (E v u 2 + 
2 Fyiiii + G v v 2 )v = —2 (Eu + Fv)u — 2(Fu + Gv)v. Using (ii) we get 
2 u-^(Eii + Fv) + 2 (Eii + Fv)v = —2 (Fii + Gv)v — (E v ii 2 + 2 F v iiv + 
G v v 2 )v. The left-hand side of this equation equals 2-^(ii(Eii + Fi>)) = 
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—2 ^{Fuit + Gv 2 ) = — 2(Fu + Gv)v — 2v-^(Fu + Gv). Combining the last 
two equations gives (iii) provided i ^ 0 . 

9.2.5 E = 1, F = 0, G = 1 + u 2 , so 7 is unit-speed 4=> u 2 + (l+u 2 )i> 2 = 1. The 

second equation in (9.2) gives ^((1 + u 2 )v) = 0, i.e., v = 3772 , where 
a is a constant. So u = 1 — 777 and, along the geodesic, 3 ^ = f = 
± , ° =. If a = 0, then u = constant and we have a ruling. 

v /(l_ a 2 + „2 )(1+u 2) ’ 6 

If a = 1, then dv/du = ±l/uy/l + u 2 , which can be integrated to give 
v = v 0 =F sinh -1 where vo is a constant. 

For the last part, note that (33) 2 = +1 ^“ 2 +1 ~ Q 1 so (i) if a 2 > 1 then 

du/dv = 0 for u = ±\/a 2 — 1 and this is the minimum distance of the 
geodesic from the z-axis; (ii) if a 2 < 1 then \du/dv\ > a -2 — 1 so it will 
decrease to zero and the geodesic will cross the 0 -axis; (iii) if a 2 = 1 
then du/dv = ±(it 2 + 1) so u = ± tan(w + c) where c is a constant. The 
information given implies that, when u = D, cos a = 7 • <j u = u (since 
E = 1,F = 0) so a 2 = (1 + D 2 )sin 2 a. Then, a 2 is > 1, < 1 or = 1 
according as D is >, < or = cot a. 

9.2.6 This is straightforward algebra. 

9.3.1 They are normal sections. 

9.3.2 (i) Let the spheroid be obtained by rotating the ellipse + = 1 around 

the 2 -axis, where p, q > 0. Then, p is the maximum distance of a point of 
the spheroid from the 0 -axis, so the angular momentum fi of a geodesic 
must be < p (we can assume that > 0). If = 0, the geodesic is a 
meridian. If 0 < fl < a, the geodesic is confined to the annular region 
on the spheroid contained between the circles 0 = ±<7 sj 1 — and the 
discussion in Example 9.3.3 shows that the geodesic ‘bounces’ between 
these two circles (see diagram below). 



If Q = p, Eq. 9.10 shows that the geodesic must be the parallel 0 = 0. 
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(ii) Let the torus be as in Exercise 4.2.5. If = 0, the geodesic is a 
meridian (a circle). If 0 < < a — b, the geodesic spirals around the 

torus. If S2 = a — 6, the geodesic is either the parallel of radius a — b 
or spirals around the torus approaching this parallel asymptotically (but 
never crossing it): 

# 

0 < < a — 6 Q = a — b 



If a — 6<I2<a + 6, the geodesic is confined to the annular region 
consisting of the part of the torus a distance > Q from the axis, and 
bounces between the two parallels which bound this region: 



If Q = a + 6, the geodesic must be the parallel of radius a + b. 

9.3.3 The two solutions of Eq. 9.14 are v = vq ± J — w 2 , so the condition for 
a self-intersection is that, for some w > 1, 2 — w 2 = 2kn for some 

4 - 1 > 2tt, i.e., SI < (1 + tt 2 )” 1 / 2 . 


integer k > 0. This holds 
In this case, there are k self-intersections, where k is the largest integer 
such that 2 kn < 2 yj — 1. 


9.3.4 From the solution to Exercise 8.3.1, Z = V + iW = |q4, where 
z = v + iw. This is a Mobius transformation, so it takes lines and circles 
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to lines and circles and preserves angles (Appendix 2). Since the geodesics 
on the pseudosphere correspond to straight lines and circles in the vw- 
plane perpendicular to the u-axis, they correspond in the VW- plane to 
straight lines and circles perpendicular to the image of the P-axis under 
the transformation z >->• i.e., the unit circle V 2 + W 2 = 1. 

A straight line aV+ bW = c in the VW-plane (where a, b , c are constants) 
corresponds to the curve 2 aV + 2bW = c(V 2 + W 2 + 1) in the HIT-plane. 
If c = 0, this is a straight line through the origin, which corresponds to a 
geodesic on the pseudosphere by the first part. If c ^ 0 it is the equation 
of a circle with centre ( a/c , b/c ) and squared radius {a 2 + b 2 — c 2 )/c 2 . This 
circle intersects the boundary circle V 2 + W 2 = 1 orthogonally because 
the square of the distance between the centres of the two circles is equal 
to the sum of the squares of their radii. Hence this circle also corresponds 
to a geodesic on the pseudosphere. This proves that every straight line in 
the PfF-plane corresponds to a geodesic on the pseudosphere. That every 
geodesic on the pseudosphere arises from a straight line in the PIT-plane 
in this way can be proved by similar arguments, or by noting that there 
is a straight line in the PIT-plane passing through any point of the disc 
V 2 + W 2 < 1 in any direction and using Proposition 9.2.4. 

9.4.1 From Exercise 6.2.1, the cone is isometric to the ‘sector’ S of the plane 
with vertex at the origin and angle 7 tv2 : 



Geodesics on the cone correspond to possibly broken line segments in S: if 
a line segment meets the boundary of S at a point A , say, it may continue 
from the point B on the other boundary line at the same distance as A 
from the origin and with the indicated angles being equal. 
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(i) TRUE: if two points P and Q can be joined by a line segment in S 
there is no problem; otherwise, P and Q can be joined by a broken 
line segment satisfying the conditions above: 



To see that this is always possible, let p \, P 2 , qi and <72 be the 
indicated distances, and let R and S be the points on the boundary 
of the sector at a distance (p 2 <Zi + Pi 92 ) / (P 2 + 92 ) from the origin. 
Then, the broken line segment joining P and R followed by that 
joining S and Q is the desired geodesic. 
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(ii) FALSE: 


Q 



(iii) FALSE: many meet in two points, such as the two geodesics joining 
P and Q in the diagram in (ii). 

(iv) TRUE: the meridians do not intersect (remember that the vertex 
of the cone has been removed), and parallel straight lines that are 
entirely contained in S do not intersect. 

(v) TRUE: since (broken) line segments in S can clearly be continued 
indefinitely in both directions. 

(vi) FALSE: if A and B are points on the boundary of the sector at the 
same distance from O (see the diagram at the top of the previous 
page) and if C is a point in the sector such that the straight line seg¬ 
ments AC and BC are in the sector, then AC and BC are geodesics 
joining the same two pints of the cone but they have different length 
unless C lies on the bisector of the angle of the sector. 

(vii ) TRUE: a situation of the form 


O 
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in which the indicated angles are equal is clearly impossible. But the 
answer to this part of the question depends on the angle of the cone: if 
the angle is a, instead of 7r/4, lines can self-intersect if a < 7 t/6 , for then 
the corresponding sector in the plane has angle < 7 r. 



9.4.2 We consider the intersection of S 2 with the plane passing through p and 
q and making an angle 9 with the rry-plane, where — 7 r /2 < 9 < 7 t/ 2 . This 
intersection is a circle Cg but it is not a great circle unless 9 = 0. Hence, 
if 9 ^ 0, the short segment of Cg joining p and q is not a geodesic and so 
has length > 7 t/ 2 (the length of the shortest geodesic joining p and q). 
Since the length of Cg is < 27r, the length of the long segment of Cg joining 
p and q has length < 37 r /2 if 9 ^ 0, i.e., strictly less than the length of 
the long segment of the geodesic Co joining p and q. So the long geodesic 
segment is not a local minimum of the length of curves joining p and q. 

9.4.3 (i) This is obvious if n > 0 since e -1 —> 0 as t —> 0. We prove 

that t~ n e~ 1 ^ t — > 0 as t — > 0 by induction on n > 0. We know 
the result if n = 0, and if n > 0 we can apply L’Hopital’s rule: 
lim t _> 0 = limt^o ^ " /f2 = lim t _> 0 f * , which vanishes by the 

t 3 

induction hypothesis. 


(ii) We prove by induction on n that 9 is n-times differentiable with 
d n 9 f ^pe -1 ^ 2 if t 7 ^ 0, 

dt n “jo if t = 0 , 


where P n is a polynomial in t. For n = 0, the assertion holds 


1. Assuming the result for some n > 0, 


d n+1 S 


d.t n + l 


with Po = 

( - 3 nPn _|_ W. _|_ e ” 1 /* 2 if t 7 ^ 0, so we take P n +i = (2 — 3 nt 2 )P„ + 


^ t^+ 

t 3 P'. If t = 0 


Ssrr = linit-x) 1/t2 = P n ( 0) lim^o ^rr = 0 by 


part (i). Parts (iii) and (iv) are obvious. 
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9.5.1 Since 7 9 is unit-speed, cr r ■ cr r = 1, so f R cr r ■ cr r dr = R. Differentiating 
with respect to 9 gives j R cr r ■ cr r g dr = 0 , and then integrating by parts 
gives 

f R 

tTg-ITr 1^=0 _ / <Tg-CT rr dr = 0 . 

Jo 

Now <x(0, 9) = p for all 9 , so erg = 0 when r = 0. So we must show 
that the integral in the last equation vanishes. But, cr rr = 7 ®, the dot 
denoting the derivative with respect to the parameter r of the geodesic 
7 ®, so cr rr is parallel to the unit normal N of er; since erg ■ N = 0, it 
follows that erg ■ cr rr = 0. The first fundamental form is as indicated since 
cr r ■ cr r = 1 and cr r ■ erg = 0 . 

9.5.2 (i) The length of the part of 7 between p and q is J 0 ' \J'f 2 + Gg 2 dt > 

fo = /(1) — /(0) = R. (ii) Use the hint, noting that the length 

of the part of 7 between p and q' is > R. (iii) If the part of 7 between 
p and q has length R, then it must stay inside the geodesic circle with 

centre p and radius R by (ii), and then we must have \Jf 2 + Gg 2 dt = 

fo Then Gg = 0 for alH € (0,1), so g = 0 (as G > 0) and so g is 

a constant which must be a as 7 passes through q. This means that 7 is 
a parametrization of the radial line 9 = a. 


Chapter 10 


10 . 1.1 


The matrix of the Weingarten map with respect to the basis {er u , 


T7 X T U = = 


COS 2 V 


-1 


— COS V 

0 


0 

-1 


= so N„ 


cr v } is 

— & U 1 


N„ = cr v . Thus, N = cr — a, where a is a constant vector. Hence, 
|| cr — a || = 1 , showing that the surface is an open subset of the sphere 
S of radius 1 and centre a. The standard latitude-longitude parametriza¬ 
tion cr(u,v) of S 2 has first and second fundamental forms both given 
by du 2 + cos 2 udv 2 , so the parametrization cr(v,u) + a of S has the 
given first and second fundamental forms (the second fundamental form 
changes sign because cr v x cr u = —cr u x cr v ). 

10 . 1.2 T\ 2 = sin u cos u and the other Christoffel symbols are zero; the second 
Codazzi-Mainardi equation is not satisfied. 


10.1.3 The Christoffel symbols are Th = 0, T^ = 1 /w, T ) 2 = — 1 /w, T 2 2 = 0, 
T 22 = 0, Tf 2 = —1/w. Using the first equation in Proposition 10.1.2 we 
get K = — 1. The Codazzi-Mainardi equations are L w = — (L + N)/w, 
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N v = 0. Hence, N depends only on w, and since — 1 = K = LN/EG, 
we have LN = — l/w 4 so L also depends only on w\ the first Codazzi- 
Mainardi equation gives dL/dw = —L/w + 1/Lw 5 , which is the stated 
differential equation. Putting P = Lw 2 we get dP/dw = (1 + P 2 )/wP 
which integrates to give 1 + P 2 = Cw 2 , where C > 0 is a constant, 
i.e., L = ±\/Cw 2 — l/w 2 . Hence, the second fundamental form is only 
defined for w > C~ 4 ! 2 or w < —C -1 / 2 . 


The first fundamental form in this exercise is the same as that of a 
suitable parametrization of the pseudosphere (see Exercise 8.3.1(i)). We 
saw that the pseudosphere corresponds to (part of) the region w > 1. 

10.1.4 The Christoffel symbols are T^ = E U /2E, T^ = —E V /2G, T} 2 = 
E V /2E, Tf 2 = G U /2G, = - G U /2E , = G V /2G. The first 

Codazzi-Mainardi equation is 


LE V „ r / 

'-E v \ 

v \ 

1 , 

( L 

N\ 

N 


= -Ey 

— 4- 

2 E \ 

, 2G J 

I 2 

\E 

G J 


and similarly for the other equation. Finally, 


Ey ( L N 


2E \E G 

and similarly for ( K 2 ) u ■ 

10.2.1 By Corollary 10.2.3(i), 

2fF (A UU + A vv)’ 

10.2.2 By Exercise 6.1.4, 


LE„ 


= ^ U + 77 --ST = ^ 77 “IF 


E 2 


Ey 

2 E 
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Ey , \ 

= 2 E (K2 ~ Kl) ' 


K = -A £ 
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dv 
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1 ~ \ 
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K 7^ 

7* / 


By Exercise 9.5.1, E = 1,F = 0, and 

we get the stated formulas for E,F,G. From E — 1 = ^ (t- — l), 
G - 1 = yy - l), we get u 2 (E - 1) = v 2 (G - 1). Since E 
and G are smooth functions of (u,v), they have Taylor expansions 

E = Ei+j< 2 1 i.i + °0 2 ), & = E,.j'-.-.'/O+ °0 2 ), where o( F k ) 
denotes terms such that o(r k )/r k —> 0 as r —»• 0. Equating coefficients 
on both sides of u 2 {E— 1) = v 2 (G— 1) shows that all the e’s and g’s are 
zero except eo 2 = 520 = k, say. Then, E = 1 + kv 2 +o(r 2 ), which implies 
that G = r 2 + kr 4 + o(r 4 ). By Corollary 10.2.3(h), K = 

From the first part, \[G = r + A kr 3 + o(r 3 ), hence K = —3 k + o(l). 
Taking r = 0 gives K(P) = —3k. 

10.2.3 (i) C R = / 0 2 " || 0-9 || dd = J^VGdO = J 0 2n (R-lK(P)R 3 +o(R 3 )) 
dd = 2n(R — A/v(P)l? 3 + o(R 3 )). (ii) Since dAo- = VGdrdd , the area 
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Ar = f 0 R C VGdrdB is equal to 27t (r — |A'(P)r 3 + o(r 3 )) dr = 
nR 2 ^1 — R 2 + o(P 2 )^. If S = S 2 , Exercise 6.5.3 gives Cr = 

27tsinP = 2n(R = | R 3 +o(R 3 )), Ar = 27r(l—cos R) = 2tt(^R 2 —^R 4 + 
o(R 4 )). Since K = 1 these formulas agree with those in (i) and (ii). 


10 . 2.4 (i) Let s be the arc-length of 7, so that ds/dO = A, and denote d/ds 
by a dot. The first of the geodesic equations ( 9 . 2 ) applied to 7 gives 
r = \G r 9 2 . Since r = /(d), this gives j (jf)' = 3^2 G r . This simplifies 
to give the stated equation, (ii) Since cr r and 7 are unit vectors, cos ip = 
OV-7 = yov • ( fa r + (T S ) = /'/A. Also, er r x 7 = j(cr r x erg) = ^pN, 

so sinf/ = y/G/X. Hence, = —ip'sin ip = —^ip', and so 1p' = 

_L_ ( f/i _ TV \ _ 1 9G _ aVG 

%/G V*' a / 2\/G dr dr 


(iii) Using the formula for K in Corollary 10.2.3(h) and the expression 
for the first fundamental form of cr in Exercise 9.5.1, we get 


KdArr = 


T 


1 0 JO 


f{6) 

1 d 2 VG 


VG dr 2 

dVG 

r=m 

d9 = 

r =0 

dr 


VGdrdO 


ip'+ 


dVG 


dr 


dd. 


r= 0/ 


By Exercise 10.2.2, \[G = r + o(r) so d\/G/dr = 1 at r = 0. Hence, 
i ABC KdAo- = ip(a) — V’(O) + a = 7-(7r-/3)+a = a-|-/3 + 7-7r. 



10.2.5 With the notation of Example 4.5.3 we have, on the median circle 
t = 0, (T t = (—sin | cos0, — sin | sin0, cos |), cr s = (— sinf?, cos 9, 0), 
hence E = 1, F = 0,G = 1 and N = (— cos | cos 9 , sin | sin 9, — sin §); 
1 T tt = 0, cr t g = ^ — A cos | cos 6 + sin | sin 9, — \ cos | sin 0 — sin | cos 0, 

— | sin , giving L = 0 , M = Hence, K — ( LN — M 2 )/(EG — F 2 ) = 

— 1/4. Since I\ ^ 0, the Theorema Egregium implies that the Mobius 
band is not locally isometric to a plane. 
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10.2.6 The catenoid has first fundamental form cosh 2 u{du 2 + dv 2 ) and its 
Gaussian curvature is K = — sech 4 u (Exercise 8.1.2). If / is an isometry 
of the catenoid, let f(cr(u,v )) = cr(u,v). By the Theorema Egregium, 
sech 4 it = seclrit, so« = ±u; reflecting in the plane 0 = 0 changes u to 
— u, so assume that the sign is +. Let v = f(u, u); the first fundamental 
form of <x(u, /(it, v)) is (cosh 2 u + f 2 )du 2 + 2 f u f v dudv + f 2 cosh 2 udv 2 -, 
hence, cosh u = cosh u + f u f v = 0 and f 2 cosh u = cosh“ u. So 
fu = 0, f v = ±1 and / = ±u + a, where a is a constant. If the sign 
is + we have a rotation by a about the 0 -axis; if the sign is — we have 
a reflection in the plane containing the 0 -axis and making an angle a/2 
with the 20 -plane. 


10.3.1 Arguing as in the proof of Theorem 10.3.4, we suppose that J attains 
its maximum value > 0 at some point p € S contained in a patch 
er of S. We can assume that the principal curvatures and K 2 of er 
satisfy K\ > > 0 everywhere. Since H = ^(ki + K 2 ), Ki > H and 

J = 4(ki — H) 2 . Thus, J increases with when k± > H 1 so k± must 
have a maximum at p, and then K 2 = 2H — has a minimum there. By 
Lemma 10.3.5, K < 0 at p, contradicting the assumption that K > 0 
everywhere. 


10.3.2 We start with the parametrization cr(U,V) = (f(U) cos V, f(U) sin V, 
g(U)), where f{U) = e u , g(U) = f y/l — e 2U dU. The first and 


second fundamental forms are dU 2 + e 2U dV 2 and 


yjl-e 


-dU 2 + 


e u Vl — e 2U dV 2 , respectively. In the notation of the proof of Propo¬ 
sition 10.3.2, Ki = —l/e u y/l — e 2U , K 2 = e~ u \/\ — e 2U . So we are 
in case (ii) of the proof and tanw = V e~ 2U — 1. We find that 
e(U) = E/ sin 2 w = 1 _ 4 2 t/ , giY) = Gsec 2 co = 1. So V = V 
and U = f 7 = = — cosh^ 1 (e _c/ ) — c for some constant c. So 

U = — ln(cosh(f/ + c)). Hence, 9 = 2w = 2tan -1 \/e -2Lr — 1 = 
2 tan -1 -\Jcosh 2 (U + c) — 1 = 2 tan -1 sinh((7 + c). Finally, u = 


\{U + V),v = UV - U), so U = u - v. 


10.4.1 Let f : S S be a local diffeomorphism that takes unit-speed geodesics 
to unit-speed geodesics. Let p G S and let 0 ^ v € T p S. There is a 
unique geodesic 7 (t) on S such that 7 ( 0 ) = p and 7 ( 0 ) = v/ || v ||. 
Then 7 is unit-speed so 7 = / 07 is a unit-speed geodesic. In particular, 
7 = D p f(v/ || v ||) is a unit vector, i.e., || D p f(v) || = || v ||. This means 
that D p f : T p S —> Tj-^ p ^S is an isometry, so / is a local isometry. 


10.4.2 Local isometries take geodesics to geodesics by Corollary9.2.7. If we 
apply a dilation v 1 —> av, where « ^ 0 is a constant, to a surface, 
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the first fundamental form gets multiplied by a 2 and so the Christoffel 
symbols are unchanged (see Proposition 7.4.4). By Proposition 9.2.3, the 
geodesic equations are unchanged. It follows that dilations take geodesics 
to geodesics. Hence, any composite of local isometries and dilations also 
takes geodesics to geodesics. The converse is false: the map from the 
xy-plane to itself given by (x, y ) e-f (x, 2y) takes geodesics to geodesics 
(as it takes straight lines to straight lines) but is not the composite of a 
dilation and a local isometry. 

10.4.3 (i) This is true because F is conformal, (ii) The parameter curve 
u i ^ cr(u,v o) is a geodesic on er for any fixed vq by construction 
of the geodesic patch er. Since F is a geodesic local diffeomorphism, 
u i y F(cr(u,vo)) is a pre-geodesic on er. Hence, for some smooth func¬ 
tion u(t), t !->■ F(cr(u(t), i>o)) is a geodesic on ef. The second geodesic 
equation in Theorem 9.2.1 gives X v u 2 = 0, so A„ = 0 and A is inde¬ 
pendent of v. (iii) Let 7(f) = er(u(t),v(t)); we can assume that 7 is 
unit-speed. Since the first fundamental form of er is du 2 + Gdv , the 
parameter curves v = constant and u = constant intersect orthogonally 
and unit vectors parallel to them are er u and <r v /y/G , respectively. If 
the oriented angle between 7 and the curve v = constant is 8 , we have 
7 = cos 9cr u + sin 8cr v /y/G = ucr u + vcr v . Hence, u = cosd and v = . 

The first geodesic equation in Theorem 9.2.1 gives u = \G u i > 2 , i.e., 
8sin9 = \G u v 2 . Substituting for v gives = | = = G u /2y/G. 

(iv) Apply (iii) to F o 7 and use the fact that F is conformal, (v) Parts 
(iii) and (iv) imply (A G) u = A G u , hence A U G = 0, hence X u = 0, i.e., A is 
independent of u. By (ii), A is constant, (vi) If D x - 1/2 is the dilation by 
a factor A -1 / 2 , the composite D x - 1/2 o F preserves the first fundamental 
form and so is a local isometry, say Q. Then, F = D x 1/2 o Q. 


Chapter 11 

11.1.1 Let l meet the real axis at b and suppose that fKc(a) > b (the case 
9tc(a) < b is similar). The semicircle with centre d on the real axis 
and radius |a — d\ passes through a and does not meet l provided that 
|a — d\ < \d — b\, i.e., provided d > (|a | 2 — 6 2 )/(91e(a) — b). 

11.1.2 Suppose that a and b he on a half-line geodesic, say a = r + is , b = r + it , 

where r,s,t£l and t > s. Then, du(a, b) = f* 4m. = In (t/s) = d , say, 
so t/s = e d . On the other hand, the formula in Proposition 11.1.4 gives 
2 tanh _1 (fyf) = 2 tanh _1 = 2 tanh - 1 (tanhlf) = d. 
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11.1.3 The required hyperbolic line cannot be a half-line, so must be a semi¬ 
circle with centre the origin, and it must have radius |a|. 


11.1.4 By Proposition 11.1.4, z G C a ,R 


2 tanh 


-l 


z—a 

2 


= R. If A = 


tanh(i?/2), this is equivalent to (1 — A 2 )|z | 2 — (a — A 2 a)z — (a — X 2 a)z + 
(1 — A 2 )|a | 2 = 0. According to Proposition A.2.3, this is the equation 
of a circle provided that A 2 < 1, which is obvious, and |a — A 2 a | 2 > 


i6 


(1 —A 2 ) 2 |a| 2 . This condition reduces to 2|a | 2 > a 2 +a 2 . Writing a = \a\e' 
this becomes cos 29 < 1, which is true because a GH implies 0 < 9 < n. 

Ci C ,R will be a circle with centre on the imaginary axis, say at ib. Then 
C a ,R intersects the imaginary axis at the points i{b ± r), so these two 
points must be a hyperbolic distance 2 R apart, i.e., 2 R = 2 tanh ” 1 1 | ■ 
This gives r = &tanhi?, which is equivalent to R = A In Next, the 

points i(b±r) are the same hyperbolic distance from ic, so = 

■(fcl r)+ic • This § ives ( b + r - c )( b -r + c) = {c + r - b)(c + r + b), 
which simplifies to c 2 = b 2 — r 2 . Parametrizing Ci Ci R by v = r cos 9, w = 
b + rsin 0 , and denoting d/d6 by a dot, the circumference of C^r 
is / 0 27r Vi l+^ de = / 0 27r u>l;„ a d6 = = 27rsinh R. The area 

inside C ic , R is 

= /c 


dvdw 


\/b 2 —r 
dv 


ZTt _ fr* 


it (Cic,R) 

do = 2vb 


= L — by Green’s theorem, which 

Jo b+rs in 9 — ~ TpTyf - 2 tt = 27r(cosh R - 1). The circumference 
is 27rsinhi? = 27r(i?. + | R 3 + o(i? 3 )) and the area is 27r(coshi? — 1) = 
27r(^i? 2 + + o(i? 4 ))). Since K = —1 these formulas are consistent 

with those in Exercise 10.2.7. (See Exercise 10.2.3 for the o( ) notation.) 

11.2.1 By Proposition 11.2.3, there is an isometry that takes a to i and b to 
ir, say, where r > 0. Since isometries leave distances unchanged, we 
need only prove the result for a = i,b = ir. Assume that r > 1 (the 
case r < 1 is similar). Then, d-n(a,b) = lnr. On the other hand, if 
7 (t) = v(t) +iw(t) is any curve in ~H with 7 (^ 0 ) = a, 7 (^ 1 ) = ir, say, the 
length of the part of 7 between a and b is J^ 1 V y2 + w2 dt > f** ^dt = 
r r dw _ inr. 

J 1 W 

11.2.2 By applying an isometry we can assume that l is a half-line, and then 
the result was proved in Exercise 11.1.1. 

11.2.3 By applying an isometry, we can assume that l is the imaginary axis. 
Then, m must be the semicircle with centre the origin and radius |a|. 
Let a = pe 16 , where p > 0, — 7 r < 9 < n, and let c = it, t > 0. Since 

a; is a strictly increasing function of x , we have to show that 


tanh 

~ Y x 

is a s 

a—it 

> 

a—ip 

a-\-it 

a-\-ip 


if t ^ p. The second expression equals 
difference is 2 ^~*| 2 yygfg , which is > 0 if t ^ p. 


1—sin 0 
1+sin 6 5 


and the 
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11.2.4 (i) If a £ H, let l' and rn' be the unique hyperbolic lines passing through 
a and perpendicular to l and to, respectively (Exercise 11.2.3). Let b and 
c be the intersections of V and m' with l and to, respectively. We are 
given that F(b) = b and F(c) = c, so F(l') = V and F(m') = m' as 
V and rn' are the unique hyperbolic lines passing through b and c and 
perpendicular to l and to. Since a is the unique point of intersection of 
l' and to', we must have F(a) = a. (ii) Either F or Zo.i ° F fixes l, m 
and the interior of the semicircle to. Next, either F, Top o F, Hq o F or 
TZq oZ 01 ° F fixes l, to, the interior of the semicircle m and the region 
"H>o = {z £ H | *Re(z) > 0} to the right of l. Let G be this isometry. 
Then, G fixes each point of m because there is a unique point of to at 
any given distance d > 0 from i in the region >o- Similarly, G fixes each 
point of l. Hence, G is the identity by (i). (iii) Let F be any isometry of 
H. By the proof of Proposition 11.2.3, there is an isometry G that is a 
composite of elementary isometries and which takes F(i) to i and F(l) 
to l. Then, G o F is an isometry that fixes l and i. As to is the unique 
hyperbolic fine intersecting l perpendicularly at i, G o F fixes to. By 
(iii), Go F is one of four composites of elementary isometries. It follows 
that F is a composite of elementary isometries, (iv) By (iii) it suffices 
to prove that every elementary isometry is a composite of reflections 
and inversions in lines and circles perpendicular to the real axis. For 
reflections and inversions there is nothing to prove, so we need only 
consider translations and dilations. But, if a £ R, T a = Ho ° Hi, where 
Hi is the reflection in the line 9tc(z) = a/2; and if a > 0, V a = 1 0 °F, 
where I is inversion in the circle with centre the origin and radius y/a. 

11.2.5 (i) This is obvious from the proof of Proposition A.1.2(ii). (ii) If 

a,b,c,d £ K, a calculation shows that 3m(M(z)) = ^ 

ad — be > 0 this is > 0 whenever 3m(z) > 0. Conversely, suppose that 
M takes T~L to itself. Assume that c / 0 and d ^ 0 (the cases in which 
c = 0 or d = 0 are similar but easier). Then, M must take the real axis 
to itself (as it must take the lower half-plane —H to itself), i.e., £ R 

if z £ R. Taking 2 = 0 gives b/d = A £ M, say. Letting 2 —> oo gives 
a/c = /iel, say. Then, = fi+ c7+i ■ This is real whenever 2 is real, 
so c/d = i/£K, say. Hence, a, b, c, d are, up to an overall multiple, equal 
to the real numbers /jza A, v, 1, respectively. The condition ad — be > 0 
now follows from the previous calculation, (iii) Following the proof (and 
the notation) of Proposition A.2.2, we have M = Tb/d 0 F> a i d if c = 0 
(and then d £ 0), while if c ^ 0, M = T a / C o V {ad _ bc)/c 2 o (-K ) o T d/c . 
Hence, it suffices to show that —K is a composite of elementary isome¬ 
tries. But —K = Ho ol 0 .i in the notation of Exercise 11.2.4. (iv) J 
is reflection in the imaginary axis and hence an isometry of 1~L, so the 
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result follows from (i). (v) This follows from the fact that, if M is a real 
Mobius transformation, so is JoMo J. For example, if Mi, M 2 are real 
Mobius transformations, then (Mi o J) o (M2 o J) = Mi o ( Jo M2 o J) is 
a composite of real Mobius transformations, hence a real Mobius trans¬ 
formation by (i). (vi) By (v) and Exercise 11.2.4(iii), it suffices to prove 
that every elementary isometry of FL is a Mobius isometry. If a £ K, 
T a is real Mobius and 7 Z a = Tia o J. If a > 0 then V a is real Mobius. 
Finally, if a £ R, r > 0 then I a ^ r = T a ° XV a °Zo,i ° T~ a (see the proof of 
Proposition 11.2.1), so it suffices to prove that lop is a Mobius isometry; 
but 2b, 1 = ( —K) o J, where — K(z ) = — 1/z is real Mobius. 


11.3.1 The distance we want is 2tanh 1 


y-\b)-v-\a) 

V- 1 (b)-V- 1 (a) 


The algebra is straightforward. 


Now use V 1 (z) = 


11.3.2 By Proposition 11.2.3, there is an isometry F that takes l to the real 
axis and the point of intersection of l and m to the origin. Then F 
must take m to the imaginary axis as this is the unique hyperbolic line 
through the origin perpendicular to the real axis. The number of such 
isometries is the number of isometries that take the real axis to itself 
and the imaginary axis to itself. If G is such an isometry, then either 
G, IZq o G, 1Z± o G or 1Z\ o TZq ° G fix the real and imaginary axes and 
also each quadrant into which the disc T>p is divided by the axes. If F[ 
is this isometry, the argument used in the solution of Exercise 11.2.4(h) 
shows that FI must be the identity map. Hence, G = IZq, 1Z\, TZq o 1Z\ 
or the identity map. 


11.3.3 Let us call a Mobius transformation of the type in the statement of the 
exercise a hyperbolic Mobius transformation. Since V is a Mobius trans¬ 
formation, the Mobius transformations that take T>p to itself are those 
of the form VMV^ 1 , where M is a Mobius transformation that takes 
FL to itself, i.e., a real Mobius transformation (Exercise 11.2.5). If 
M(z) = ((fqrg, where a,b,c,d € R and ad — be > 0, we find that 

vmv-\z) = since i« + a + *(& - - 

|a — d — i(b + c)| 2 = 4 (ad — be) > 0, VMV 1 is hyperbolic. Conversely, 
we have to show that if M is a hyperbolic Mobius transformation, then 
V~ 1 M'P is a real Mobius transformation. The calculation is similar to 
that already given. 

11.3.4 By Exercise 11.2.5(iii), the isometries of FL are of the form M or M o J 
where M is real Mobius and J(z) = — z. Hence, the isometries of 2 ~)p are 
VMV- 1 and P(MoJ)?- 1 = VMV^oVJV- 1 . But VMV" 1 is hyper¬ 
bolic and VJV-\z) = VJ (^_) = V (^) = V(V~\z)) = z. 
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11.3.5 We know that every isometry of H is the composite of reflections lZ a 
and inversions I a , r with a £ M, r > 0 (Exercise 11.2.4(iv)). Now, 
I aT = Ta ° TV 2 ° ^o,i ° 7 U a and any translation T a (a G R) is the 
composite of reflections TZq o lZ a / 2 - It therefore suffices to show that, if 
F is any isometry of H of the form !Z a (a £ I), V a (a > 0) or I 0 ,i, then 
V o F o V~ x is a composite of isometries of Vp of the types in Proposi¬ 
tion 11.3.3. We find that (a) if a ^ 0, PolZ a oV~ x = Ib,r, where b = 14^, 
r = l/|a|; (b) VoP 0 oP~ 1 is reflection in the real axis; (c) VoX 0 ^oV~ l 
is reflection in the imaginary axis; (d) if a > 0 , V o T> a o V~ l is the 
composite of two inversions of the type in Proposition 11.3.3(i), namely 

T c y/ q 2 _ 1 oX b ^/ b 2 -i i w here 6 , c are real numbers such that b 2 > 1 , c 2 > 1 

and a = /(c) /f(b) where f(x) = y/y • (We can take b to be any real num¬ 
ber > 1 and distinct from l//(a), then choose c = /(a/( 6 )); then, /(c) = 
f(f(af(b))) = af(b ) using the property f(f{x))=x for all x ^ 1 .) 

11.3.6 Suppose first that 7 = tt/2. The cosine rule gives coshC = cosh A cosh B 
and cosh A = cosh B cosh C — sinhl? sinh Ceos a. Eliminating coshC 
gives cos a = cosh A sinh B / sinh C. Hence, sin 2 a sinh 2 C = sinh 2 C — 
cosh 2 A sinh 2 B = cosh 2 A cosh 2 B — 1 — cosh 2 A sinh 2 B = cosh 2 A—l = 
sinh 2 A, so sin a/ sinh A = 1 /sinh C. Interchanging the roles of A and 
B gives sin /?/ sinh B = 1/ sinhC. 


In the general case suppose that the hyperbolic line through the vertex 
of the triangle with angle a intersects the opposite side at a point 
which divides that side into segments of lengths A! and A", so that 
/3 is the angle between the sides of lengths C and A'. Suppose also 
that this hyperbolic line segment has length D. Then the original tri¬ 
angle is divided into two triangles, one with angles 7r/2,/3,a / and sides 
of lengths C,D,A' and the other with angles 7 t / 2 , 7 , a" and sides of 
lengths B,D,A". Applying the first part to each of these triangles 
gives sin (3/ sinh D = 1/sinhC and sin 7 / sinh D = 1/sinhB. Hence, 
sin (3/ sinh B = sin 7 /sinhC. The other equation is proved by inter¬ 
changing the roles of A and B (for example). The case in which the 
hyperbolic line through a vertex meets the hyperbolic line through the 
other two vertices in a point outside the triangle is similar. 


11.3.7 (i) Using the sine rule, cos 2 a sinh 2 C = sinh 2 C — sinh 2 A = cosh 2 C — 
cosh 2 A = cosh 2 A(cosh 2 B— 1) (using the cosine rule) = cosh 2 A sinh 2 B. 
(ii) Using the sine and cosine rules, sin/3 = sinh B/ sinh C and 
cosa = (cosh B cosh C — cosh A)/ sinh B sinhC. Hence, cosa/sin/3 = 
(cosh B cosh C— cosh A) / sinh 2 B = (cosh 2 B cosh A—cosh A) / sinh 2 B = 
cosh A. (iii) Using sin/3 = sinh B/ sinhC and the cosine rule for cos/3, 

WG gGt COt (3 cosh A cosh C —cosh B sinh 2 A cosh B sinh A 


sinh A sinh B 


sinh A sinh B 


tanhfi ’ 
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11.3.8 If 7 = 7 t /2 the formula we want is that in Exercise 11.3.7(h). 

In the general case, we use the method (and notation) of the so¬ 
lution of Exercise 11.3.6. In the case where the hyperbolic line 
through a vertex perpendicular to the opposite side meets that side 
at a point inside the triangle, applying Exercise 11.3.7(h) to the 
two right-angled triangles gives cosh A' = cos a'/ sin /3, cosh A" = 
cos a "/sin 7 , so cosh A = cosh(A' + A") = cosh A! cosh A" + 

sinh A' sinh A" = CQSa ' COSQ " + . ta *}f D using Exercise 11.3.7(iii). 

sin p sin 7 tan p tan 7 o \ / 

By 11.3.7(h), coshD = cos = cos D so cosh A sin /? sin 7 = 
cos a + sin a' sin a" + tanh 2 Z? cos j3 cos 7 = cos a + sech 2 D cos j3 cos 7 + 
tanh 2 Hcos/ 3 cos 7 = cos a + cos j3 cos 7 . The case in which the perpen¬ 
dicular meets the opposite side at a point outside the triangle is similar. 

11.3.9 Let 7 (t) = (x(t),y(t),z(t)) be a curve on S 2 . Then, n( 7 (i)) = 

(u(t),v(t)), where u = Denoting d/dt by a dot, 

u = with a similar formula for v, which give 4 ^^^2 = 

^ z) 2 ((1 - z) 2 (x 2 +y 2 ) + ( x 2 + y 2 )z 2 + 2{x± + yy)z(l - z)). Using 
x 2 +y 2 = 1 — z 2 , which implies xx + yy = —zz, this expression simplifies 
to x 2 +y 2 + z 2 . Hence, the length of nc >7 calculated using the given first 
fundamental form on R 2 is / 2 ^ 2^2 dt = f yjx 2 + y 2 + z 2 dt , which is 
the length of 7 . Hence, n is an isometry. 


11.4.1 Let l and m be two distinct hyperbolic lines in TL that do not intersect 
at any point of T~L. If l and m are both half-lines they are parallel as 
they do not have a common perpendicular. If at least one of l and m is 
a semicircle, then l and m are parallel if they intersect at a point of the 
real axis, and ultra-parallel otherwise. 


11.4.2 We work in T~L and assume that l is the imaginary axis (by applying 
a suitable isometry). If a = v + iw , the semicircle geodesic through 


a intersects l at i\Jv 2 + 


2 tanh 


ir—v—iw 


ir-v-\-iw 

,2 


w 2 = ir , say. 


The distance of a from l is 


. Setting this equal to a constant, say D , gives (after- 

some algebra) v 2 /w 2 = 2 sinh 2 (D/2). This is the equation of a pair of 
lines passing through the origin. As they are not perpendicular to the 
real axis (unless D = 0), they are not hyperbolic lines. 


11.4.3 We work in Dp. By applying an isometry we can assume that a is the 
origin and b > 0. Suppose that the hyperbolic triangle with vertices 
a, b, and c has internal angles a, /3, and 7 , and assume that fKc(c) > 0. 
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The hyperbolic line through b and c is part of a circle T with 
centre d and radius r, say. The line through b and d makes an an¬ 
gle 7t/2 — (3 with the real axis, so d = b + rsin/3 + ir cos (3. Sim¬ 
ilarly, d = c + rsin(a + 7) — *rcos(a + 7) = c + rsin(H + f3) + 
ir cos(H + /?) using A = ir^a^/3^'y. Writing c = v + iw we get v = 

6 — r sin A cos /3 + r(l — cos A) sin /?, w = r(l — cos A) cos (3 + r sin A sin /?. 
Then, v(l — cos A) + wsinH = (b + 2rsin/3)(l — cos A). But, since 

7 intersects the boundary C of Vp perpendicularly, r 2 + 1 = |d| 2 = 
(6 + r sin (3) 2 + r 2 cos 2 (3 = r 2 + b 2 + 2br sin (3, so 26r sin (3 = 1 — b 2 . Hence, 
u(l — cosH) + wsinH = 1 ~ c ° s A . This is the equation of a straight line 
that intersects the real axis at 1/6 and makes an angle A/2 with the 
(negative) real axis. The set of points c for which the triangle with 
vertices a, 6, c has area A is the union of this line together with its 
reflection in the real axis. These lines are not hyperbolic lines as they 
do not pass through the origin. 


11.5.1 From Example 6.3.5, n x (v,w 

( \ 2 (v.w' 

/C(U, W) = - 


) ^ 1)2 


2v 


2 w 


v'+w* — ! 


v 2 -\-w 2 + l 5 v 2 -\-w 2 -\-1 ’ v 2 -\-w 2 -\-l I ’ 


SO 


v 2 -\-w 2 -\-l ’ 


11.5.2 From Appendix 2, every Mobius transformation is a composite of trans¬ 
formations of the form z H > 1/z, z i—>• z + A, z i—>• Az (where A ^ 0 
in the last case). Hence, it suffices to establish Eq. 11.11 when M 
is of this form. For the last two types this is obvious; for the first, 
’- 1 ,6- 1 ;c- 1 ,d- 1 '' - (°- 1 -c- 1 )(&- 1 -° " 


(a 


= (a, 6; c, d) on multiplying 


(a 1 — d 1 )(b 1 —a 

numerator and denominator by abed. This argument is only valid pro¬ 


vided none of a, 6, c, and d is 0 or oo, but a similar argument works in the 
other cases. For example, if a = oo but 6, c, d 0, we have to show that 
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(0 ,b , c 1 ,d 1 ) = (oo, b; c, d). This is proved by multiplying numerator 
and denominator of (0, 6 _1 ; c _1 , d _1 ) = i(b—i—c— x ) by ^ c< d- 

If M : Coo — > Coo is a bijection satisfying Eq. 11.11, let b,c,d € Coo 
be such that M(b) = 1 ,M(c) = 0 ,M(d) = oo. Then, M(z) = 
(M(z), 1; 0, oo) = M(b); M(c), M{d)) = ( z,b]c,d ), so M is a 

Mobius transformation. 


11.5.3 It is enough to prove the existence when o' = oo ,b' = 0,c' = 1. 
For if M and M' are Mobius transformations taking (a, b, c) and 
(a', 6', c') to (oo, 0,1), then M ,_1 oM is a Mobius transformation taking 
( a,b,c ) to (a',b',cf). But M(z) = {a.b-.c^z) is a Mobius transforma¬ 
tion that takes ( a,b,c ) to (oo,0,1). For the uniqueness, note that if 
M is a Mobius transformation that takes (a,b,c) to (oo,0,1), then 
M(z) = (oo, 0; 1 ,M(z)) = (a,b;c,z ). 


11.5.4 (a,-1/a; b, -1/6) = 

— tan 2 ^d by Proposition 6.5.2. 


(a—b)(b—a) 

(l+ab)(l+afe) 


a—b 


1 -\-ab 


11.5.5 The reflection in the line through the origin making an angle 9 with 
the real axis is 7 Z(z) = e 2l9 z. Then, K(TZ(z)) = p^qrf- = e 2l9 IC(z) = 

nic(z)). 


11.5.6 This follows from Exercises 11.3.5 and 11.5.5 and Proposition 11.5.4. 


Chapter 12 

12 . 1.1 K\ + H2 = 0 => K2 = —Kl => K = H\K2 = — K 2 < 0. K = 0 <£=> K 2 = 
0 <*==>- Ki = k -2 = 0 <$=>■ the surface is an open subset of a plane (by 
Proposition 8 . 2 . 9 ). 

12.1.2 From Eq. 8.15, <j\ x erj) = (1 — Aki)(1 — Ak 2 )ct u x <t v , where Ki, K2 are the 
principal curvatures of er. Since <j is minimal, «2 = — «i so A a \(U) = 
f Lr ( 1 — X 2 nf) || er„ x cr v || dudv = Aa{U) — A 2 / [/ k 2 || <x„ x a v || dudv. Since 
the integrand in the last integral is > 0 everywhere, the stated inequality 
follows. Equality holds -<=>• the last integral vanishes, which happens 
•<==>• the integrand vanishes everywhere, i.e., •£=>■ Ki = 0 everywhere. In 
that case «2 = —«i =0 also, and er is an open subset of the plane by 
Proposition 8.2.9. 

12 . 1.3 By Proposition 8 . 6 . 1 , a compact minimal surface would have K > 0 at 
some point, contradicting Exercise 12 . 1 . 1 . 
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12.1.4 The first part follows from Exercises 6.1.2 and 7.1.4. The map which 
wraps the plane onto the unit cylinder (Example 6.2.4) is a local isom¬ 
etry, but the plane is a minimal surface and the cylinder is not. 

12.2.1 By the solution of Exercise 8.1.2, the helicoid <r (u,v) = 

(i; cos it, i; sin u, An) has E = A 2 + v 2 ,F = 0, G = 1,L = 0, M = 
A/(A 2 + v 2 ) 1 / 2 , N = 0, so H = LG 2 Jeg-f^) G = °- 

12.2.2 Calculation shows that the first and second fundamental forms of er* are 
cosh 2 u(du 2 + dv 2 ) and — cost du 2 — 2 sin t dudv + cost dv 2 , respectively, 

„ „ TT — cos t cosh 2 u+cos t cosh 2 U n 

so U - -277ihW- - 

12.2.3 From Example 5.3.1, the cylinder can be parametrized by er(n, v) = 
7 (u) + va, where 7 is unit-speed, || a || = 1 and 7 is contained in a 
plane II perpendicular to a. We have cr u = 7 = t (a dot denoting 
d/du), (T v = a, so E = 1, F = 0, G = 1; N = t x a, cr uu = t = mi, 
&uv = <r t ,„ = 0, so L = nn ■ (t x a), M = N = 0. Now t x a is a 
unit vector parallel to II and perpendicular to t, hence parallel to n; 
so L = ±k and H = ±k/2. So H = 0 4==> n = 0 4=> 7 is part of a 
straight line the cylinder is an open subset of a plane. 

12.2.4 The first fundamental form is (cosha + l)(coshu — cos u)(du 2 + dv 2 ), 
so <t is conformal. By Exercise 8.5.1, to show that u is minimal 
we must show that cr uu + cr vv = 0 ; but this is so, since cr uu = 
(sinrt coshw, costt coshu, sin | sinh |) = ~cr vv . 

(i) cr(0,v) = (0,1 — coshu, 0), which is the y-axis. Any straight line is 
a geodesic, (ii) cr(n, v) = (tt, 1 + cosliu, —4sinh |), which is a curve in 
the plane x = 7 r such that z 2 = 16sinh 2 | = 8(coshu — 1) = 8 (y — 2), 
i.e., a parabola. The geodesic equations are ^( Eu ) = \E u {u 2 + v 2 ), 
jh{Ev) = ^E v (u 2 + ii 2 ), where a dot denotes the derivative with respect 
to the parameter t of the geodesic and E = (coshi> + l)(cosh?; — cosu). 
When u = tt, the unit-speed condition is Ev 2 = 1, so v = l/(coshu +1). 
Hence, the first geodesic equation is 0 = \E u v 2 , which holds because 
E u = sinit(coshi> + 1) = 0 when u = n; the second geodesic equation is 
(cosh v + 1) = (cosh v + 1) sinh vv 2 = sinh v v, which obviously holds, 
(iii) cr(u, 0) = (it — sinw, 1 — cos it, 0), which is the cycloid of Exercise 
1.1.7 (in the tcy-plane, with a = 1 and with t replaced by u). The second 
geodesic equation is satisfied because E v = sinh i>(2 cosh v+l—cos it) = 0 
when v = 0. The unit-speed condition is 2(1 — cosit)it 2 = 1, so u = 
l/2sin|. The first geodesic equation is ^(4sin 2 ^it) = sinitit 2 , i.e., 
J^( 2 sin |) = cos 7 jii, which obviously holds. 

12.3.1 (i) From the proof of Theorem 12.3.2, the Gauss map is conformal 4=> 
W 2 = A-id, where A is a smooth function on S. If H ^0 at p, then H ^ 0 
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on an open subset O of S containing p. By Exercise 8.1.6, W = A 2 jj A -id, 
so every point of O is an umbilic and O is an open subset of a plane or a 
sphere by Proposition 8.2.9. Since H ^ 0 the planar case is impossible. 
Part (ii) is now obvious. For (iii), assume that S is not minimal. Then, 
there is a point p £ S at which H ^ 0, say H = fj,. The argument in 

(i) and (ii) shows that the set <S M of points of S at which H = fi is a 
(non-empty) open subset of 5; it is also a closed subset because H is a 
continuous function on S. Since S is connected, <S M = S. Hence, every 
point of S is an umbilic, and so S is an open subset of a sphere (the 
planar case is impossible as y ^ 0). 

12.3.2 (i) From Example 12.1.4, N = (—sechitcosu, —sechitsini;,tanhit). 
Hence, if N(it,i>) = N(it',i/), then u = v! since u K > tanhit is injective, 
so cosu = cosv' and sinu = sini/, hence v = v'; thus, N is injective. If 
N = (. x,y,z ), then x 2 + y 2 = sech 2 w ^ 0, so the image of N does not 
contain the poles. Given a point (x, y, z) £ S 2 other than the poles, let 
u = ±sech _1 y/a; 2 + y 2 , the sign being that of 0 , and let v be such that 
cost; = —x/y/x 2 + y 2 , sinu = — y/y/x 2 + y 2 ; then, N (u,v) = (x,y,z). 

(ii) By the solution of Exercise 8.1.2, N = (A 2 +u 2 ) -1 / 2 (—A sinu, A cosu, 
—v). Since N(u,u) = N(it + 2fc7r, v) for all integers k, the infinitely 
many points er(it+ 2fc7r, v) = cr(u, v ) + (0, 0, 2kn) of the helicoid all have 
the same image under the Gauss map. (Of course, this is geometrically 
obvious because the helicoid itself is left unchanged by the translation by 
27 t parallel to the z-axis.) If N = ( x , y, z ), then a; 2 + y 2 = A 2 /(A 2 +v 2 ) ^ 
0, so the image of N does not contain the poles. If (x, y, z) £ S 2 and 
x 2 + y 2 ^ 0, let v = —Xz/y/x 2 + y 2 and let u be such that sinu = 
—x/y/x 2 + y 2 , cos u = —y/y/x 2 + y 2 ; then N (u, v ) = (x, y , z). 

12.4.1 By Proposition 12.3.2, if I\ ^ 0 the Gauss map Q : S —> S 2 is a conformal 
local diffeomorphism. Let I? be a rotation of R 3 about the origin that 
takes £?(p) to the south pole of S 2 (or any point other than the north 
pole). There is an open subset O of S containing p such that Q(0) does 
not contain the north pole. By Example 6.3.5, n o R o Q is a conformal 
diffeomorphism from O to an open subset U of R 2 . The inverse of this 
diffeomorphism is the desired surface patch er. 

12.5.1 ip = cr u — i<j v = (1 — u 2 + v 2 — 2 iuv, 2 uv — i( 1 — v 2 + it 2 ), 2u + 2 iv) 

= (1 —C 2 i — *(1 + C 2 ), 2£). So the conjugate surface is, up to a translation, 
ar{u,v) = 94e/(i(l-C 2 ),l + C 2 I 2<)dC = (* (C - t) >C+ T’^ 2 ) = 

v + u 2 v — u + Tj — uv 2 , —2uv^j. Let U = (u — v)/y/2, V = (u + v) 
/y/ 2 , ar{U,V) = a(u, v); then, 
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(17, V) =( — ([/- V + UV 2 - U 2 V + -H 3 - -C/ ; 


-p [U + V + UV 2 + U 2 V - -V 3 - -u 3 , U 2 - V 2 ). 


V2 

Applying the tt/ 4 rotation (x,y,z) (^(a: + y), - x), 2 ) to 

ef(f7, E) then gives (U - \U 3 + UV 2 ,V - § V 3 + Z7 2 F, t/ 2 - l/ 2 ), which 
is Enneper’s surface again. 

12.5.2 <p = (1(1 - C 4 )(l - c 2 ), 1(1 - C“ 4 )(l + c 2 ), C(1 - C“ 4 )), so 


c 3 


c 


-3 


o- = C-T-r + V . 


:ic^ -c' + c ;v c - c ; 


= we (-i(c - c 1 ) 3 , ^(c+r 1 ) 3 , |(C+r 1 ) 2 


up to a translation. Put £ = e^, £ = u + iv. Then, ct{u,v) = cr(u, v), 
where cr(u, v) = 

91c ^ sinh 3 (, y cosh 3 £, 2 cosh^ ( 

( 2 o 1 2 n 

4 sinh u cos v (cosh it sin {; — - sinh u cos £), 

4 sinh u sin v( — sinh 2 u sin 2 v — cosh 2 u cos 2 v ), 
o 

2(cosli 2 u cos 2 v — sinh 2 u sin 2 v) I. 


12.5.3 The first part is obvious, (i) If as € M, the identity er“ — zerg = a(cr u —icr v ) 
implies that cr a = acr + a, where a is a constant vector. Hence, cr a is 
obtained from er by applying the dilation D a followed by the transla¬ 
tion T a (Appendix 1). (ii) If / and g are the functions in the Weierstrass 
representation of er (Proposition 12.5.4), those in the Weierstrass rep¬ 
resentation of cr a are af and g (see Eq. 12.22). By Eq. 12.25, replac¬ 
ing / by af leaves the first fundamental form unchanged, so the map 
er(u,v) !->■ cr a (u,v) is an isometry, and by Eq. 12.26 N does not depend 
on /, so the tangent planes of er and cr a at corresponding points are 
parallel. 
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12.5.4 We have <r® ,f — irr^'* = e lt (cr u — i<T v ). Since cr(u,v) = (cosh u cost;, cosh u 
sin v, u) , we get er® = (cos t sinh u cos v— sin t cosh u sin v, sin t cosh u cos v 
+ cost sinhu sin v, cost), er® = (— cost cosh u sin v — sin t sinh u cost;, 
cos t cosh u cos v — sini sinh u sin v, — sin t). Integrating gives a e (u,v) 
= cos t (cosh u cos v, cosh u sin v, u)+sint(— sinh u sin v, sinh u cos v, —v) = 
costcr(u,v) + sint<r(w, v), say (up to a translation). In the notation of 
Exercise 6.2.3, <r(sinh it, f + v) = (— sinh u sin v, sinh u cos v, \ + v). 
Reflecting in the xy-plane and then translating by n/2 along the 0 -axis 
takes <r(sinhn, | + v) to 

12.5.5 (i) <~p is never zero since we have arranged that F' and G' are never both 
zero. Condition (ii) in Theorem 12.5.2 is obvious. When v = 0, F'(z) = 
?k.F(u, 0) = F u , etc, so J^<t(u, 0) = (f,g, 0) = 7 (a d ot denoting d/du). 

This proves (ii). When v = 0, ip = (ff 2 + g 2 )- Using Eq. 12.26, 

N = (~gJ,Q)/\Jf 2 + g 2 )- Then, N x 7 = (0,0 +g 2 ) and finally 
7 • (N x 7 ) = 0. It follows that 7 is a pre-geodesic on er (Exercise 9.1.2). 
If 7 is the cycloid, F(z) = z — sin z,G(z) = 1 — cos 2 , so cr u — icr v = 
ip = (1 — cos 2 , sin 2 , 2 * sin 2 ). This gives 


cr u = (1 — cos u cosh v, sin u cosh v, —2 cos | sinh |) 
cr v = (— sinusinhw, — cosusinh— 2 sin | cosh |). 

Integrating gives 

cr(u, v) = (u — sin u cosh v, — cos u cosh v, —4 sin — sinh - ), 
up to a translation. Translating by (0,1,0) gives Catalan’s surface. 


Chapter 13 

13.1.1 If 7 is a simple closed geodesic, Theorem 13.1.2 gives f int ^KdA = 2n; 
since K < 0, this is impossible. The parallels of a cylinder are not the 
images under a surface patch er : U —> R 3 of a simple closed curve tt 
in the plane such that int( 7 r) is contained in U. Note that the whole 
cylinder can actually be covered by a single patch (see Exercise 4.1.4) 
in which U is an annulus, but that the parallels correspond to circles 
going ‘around the hole’ in the annulus. 

13.1.2 Since the unit normal N of S 2 is equal to ±n, the geodesic curvature n g 
of n is, up to a sign, n" • (n x n'). Let t be the arc-length of 7 and denote 
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d/dt by a dot. Then, ds/dt = || ri || = || — nt + rb || = \/« 2 + r 2 = R, 
say, where t = 7. Then, n' = (— nt + rh) /R, n x n' = («b + rt)/i?, and 
n " = SS ( ~ K< R Tb ) = -R-Hk/R )'t + iZ-Hr/iZJ’b - i?- 2 (/t 2 + r 2 )n. 
These formulas give n" • (n x n') = — R~ 2 t(k/R)' + R~ 2 k{t/R)' = 
(kt — rk)/R 3 . Since k = Rn ', etc., = ± ^^^2 = i^tan^ 1 i- 

Applying Theorem 13 . 1.2 to the curve n on S' 2 , and noting that K = 1 
for S 2 and that K g dt = 0 because k s is the derivative of an £(n)~ 
periodic function (where £(n) is the length of the closed curve n), we 
get that the area inside n is 2 tv. 



13.2.1 The parallel u = u\ is the circle (v) = (f(ui)coav,f(ui)ainv,g(ui)); 
if s is the arc-length of 7 ^ ds/dv = f(ui). Denote d/ds by a dot and 
d/du by a dash. Then, 7 = (— sinu, cosu, 0), 7 = — j^j(cosv, sinu, 0), 
and the unit normal of the surface is N = (—g'cosv,—g'smv,f). 
This gives the geodesic curvature of 7 as n g = 7 • (N x 7 ) = 

Since £(^ 1 ) = 2nf(ui), J^~ Yl ' > n g ds = 2nf'(ui). Similarly for 7 2 . By 
Example 8.1.4, K = —/"//, so f R KdAo- = — ^j-fdudv = 

27t(/'(ui) — f'(u, 2 )). Hence, n g ds — / Q ^ T2 ' ) n g ds = f R KdAo-- This 

equation is the result of applying Theorem 13.2.2 to the curvilinear 
polygon shown above. 

13.3.1 This can be proved by expressing a, b,c in component form and com¬ 
puting both sides. Alternatively, one may observe that both sides of the 
equation are linear in each of a, b, and c (separately), and change sign 
when any two of a, b, and c are interchanged. This means that it is 
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enough to prove the formula when a = i, b=j,c = k, when both sides 
are obviously equal to 1. 

13.3.2 Define pk as in the hint. The stated properties are easily checked. 

13.4.1 By Corollary 13.4.8, f g KdA = 47t(1 — g), and g = 1 since S is diffeo- 
morphic to Tf. By Proposition 8.6.1, K > 0 at some point of S. 

13.4.2 K > 0 =>- J s KdA > 0 =>• g < 1 by Corollary 13.4.8; since g is a non¬ 
negative integer, g = 0 so S is diffeomorphic to a sphere. The converse is 
false: for example, a ‘cigar tube’ is diffeomorphic to a sphere but K = 0 
on the cylindrical part. 



13.5.1 Assuming that every country has > six neighbours, the argument in the 
proof of Theorem 13.5.1 gives E > 3 F and 2 E > 3V, so V — E + F < 
^ — E + ^ = 0, contradicting V — E + F = 2. 

13.5.2 3 F = 2 E because each face has three edges and each edge is an edge of 
two faces. From x = V—E+F, we get x = V — E+^E, so E = 3(V—x)- 
Since each edge has two vertices and two edges cannot intersect in more 
than one vertex, E < ^V(V — 1); hence, 3(V — y) < t^V(V — 1), which 
is equivalent to V 2 — 7V + 6% > 0. The roots of the quadratic are 
±(7±y/49-7x),soV < \ (7 - ^49 - 7 X ) or V > f (7 + ^49 - 7 X ) ■ 
Since x = 2,0,—2,..., the first condition gives V < 3, which would 
allow only one triangle; hence, the second condition must hold. 

13.6.1 The circle 8 = is a circle in the plane z = 6sin$o with centre on 
the 2 -axis, so its principal normal is a unit vector perpendicular to the 
circle and in this plane, hence equal (up to a sign) to (cos ip, sin ip, 0). 
The unit normal of er is N = (— cos 8 cos <p, — cos 9 sin ip, — sin 9 ), so the 
angle between N and n at a point of the circle 8 = 0q is 9q. The radius 
of the circle is a + bcos8 0 , so its geodesic curvature is 6q . Hence, 

f Kgds = 27rsin0o and the holonomy is 27r — 27rsindo- The circles ip = 
constant are geodesics (as they are meridians on a surface of revolution) 
so K g = 0 and the holonomy is 27r — 0 = 27r. 
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13.6.2 For the circle v = 1 on the cone, the radius is 1 and the angle between 
the principal normal n of the circle and the unit normal N of the cone 
is 7 t/ 4 , so the holonomy is 27t — 27r/\/2 = (2 — -\/ 2 ) 7 r. The cone is flat 
so if the converse of Proposition 13.6.5 were true the holonomy around 
any closed curve on the cone would be zero. 


a + i/3 = 


13.7.1 Take the reference tangent vector held to be £ = (1,0), and take the 
simple closed curve 7 (s) = (coss,sins). At 7 (s), we have V = (a,/3), 
where 

(coss + isins) fc if k > 0 , 

(coss — *sins) _fc if k < 0 . 

By de Moivre’s theorem, a = cos ks, /3 = sin ks in both cases. Hence, 
the angle 1 p between V and £ is equal to ks, and Definition 13.7.2 shows 
that the multiplicity is k. 

13.7.2 If cr(u,v) = cr(u,v), where ( u,v ) 1 —> (u,v) is a reparametrization map, 




dv 


u du 


l du 


du ’ 


dv 


then V = acr u + /3cr v = atr^ + /3cfj 

Hence, a and /3 are smooth if a and /3 are smooth. Since the 
components of the vectors cr u and u v are smooth, if V is smooth so are 
its components. If the components of V = a<r v + f3cr v are smooth, then 
V • a u and V • cr v are smooth functions, hence a = G ( v ' <T “)~ J ’( v ' cr ") 


13 = 


EG-F 2 


EG—F 2 

— are smooth functions, so V is smooth. 


13.7.3 If V’ is the angle between V and £, we have if} — ip = 9 (up to multiples 
of 27 t); so we must show that 0 ds = 0 (a dot denotes d/ds). This is 
not obvious since 6 is not a well-defined smooth function of s (although 
dd/ds is well defined). However, p = cos 9 is well defined and smooth, 
since p = £.£/ || £ j||j £ ||. Now, p = — 0sin0, so we must prove that 


Jc 






=ds = 0. Using Green’s theorem, this integral is equal to 


p u du + p v dv 

~ 7 ^ = 7 ~ 


nt(7T) \du l ^/l - p 2 J dv l v/1 - p 2 


dudv , 


where tv is the curve in U such that 7 (s) = er( 7 r(s)); and this line 
integral vanishes because 


d 


d 


du l y /1 _ p2 I dv l y/\ - p2 


Puv{ 1 P ) T PPuPl 
(1 - p 2 ) 3 / 2 


13.8.1 Let F : S —> M be a smooth function on a surface S, let p 6 5, let er and 
cr be patches of S containing p, say cr(u o,vo) = tr(u o,vq) = P, and let 
/ = F o and / = F o a. Then, U = j u % + f v % h = /„§ + f v % 
so if f u = f v = 0 at (u 0 , v 0 ), then = /{•, = 0 at (u 0 , Vo)- 
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Sine efu = f v = 0 at p, we have f m = fun (mY+ 2 fuv^§^+fw (ft) 2 , 
with similar expressions for fay and fyy . This gives, in an obvious no- 

( du du \ 

g® I is the Jacobian matrix of 
du dv J 

the reparametrization map (u,v) H > (u,v). 

Since J is invertible, R is invertible if U is invertible. Since the matrix T-L 
is real and symmetric, it has eigenvectors vi, V2, with eigenvalues Ai, A2, 
say, such that v-Vj = 1 if i = j and = 0 if i 7^ j. Then, if v = a'iVi+a2V2 
is any vector, where on, <22 are scalars, w t 'Hw = Xiaf + A2a|; hence, 
v f Hv > 0 (resp. < 0) for all v^O 4=> Ai and A2 are both > 0 (resp. 
both < 0) 4=> p is a local minimum (resp. local maximum); and hence 
p is a saddle point 4=> can be both > 0 and < 0, depending on 

the choice of v. Since J is invertible, a vector v^O 4=> v = Jv 7^ 0; 
and v*"Hv = vATTT/v = v t 'Hv. The assertions in the last sentence of 
the exercise follow from this. 


13.8.2 


(i) f x = 2x - 2 y, f y = —2x + 8 y, so f x 

fxy = _ 2, fyy = 8, SO T-L = ^ ^ g 


fy = 0 at the origin. f xx = 2, 
. T-L is invertible so the origin 


is non-degenerate; and the eigenvalues 5 ± \/l3 of H are both > 0, so it 

is a local minimum, (ii) f x = f y = 0 and T-L = ( ^ J at the origin; 

det"H = —16 < 0, so the eigenvalues of Ti are of opposite sign and the 
origin is a saddle point, (iii) f x = fy = 0 and T~L = 0 at the origin, which 
is therefore a degenerate critical point. 


13.8.3 Using the parametrization er in Exercise 4.2.5 (with a = 2, b = 1) gives 
f(0,<p) = F(cr(0,tp)) = (2 + cos0) cosy) + 3. Then, fg = — sin^cos<y, 
f,p = — (2 + cos0)siny!; since 2 + cos# > 0, f v = 0 ==>■ = 0 

or 7 r, and then fg = 0 => 6 = 0 or 7r; so there are four critical 
points, p = (3,0,0), q = (1,0,0), r = (—1,0,0) and s = (—3,0,0). 


Next, T~L = 

1 0 
0 -1 


— cos 9 cos tp sin 9 sin y? 
sin 9 sin <p — (2 + cos 9) cos ip 
-1 0 
0 1 


at q, = 


at R, and = 


-1 0 
0 -3 

0 


at p, 


at s; hence, 


p is a local maximum, q and r are saddle points, and s is a local mini¬ 
mum (all of which is geometrically obvious). 
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Inverse function theorem, 116 
Inversion, 396-397 
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- of a Euclidean space, 249, 383-390 

- of a sphere, 155, 157 

- of a surface, 126, 128, 138, 148, 

225, 252 

Isoperimetric inequality, 58 
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Level surface, 95-96 
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Local diffeomorphism, 83, 88, 89 
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225, 252 
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Local minimum, 374 
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M 

Maximal atlas, 78 
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Mobius transformation, 139, 157, 
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Multiplicity, 366, 374 
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Non-degenerate, 373 
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170, 189 

Normal line, 9, 45 
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O 

Open ball, 68 
Open disc, 68 
Open interval, 2 
Open subset, 68, 83 
Opposite isometry, 385, 386 
Orientable, 90, 93, 111, 139 
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Oriented surface, 90 
Orthogonal, 380 
Orthogonal matrix, 384 
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Parabolic cylinder, 100 
Parabolic point, 194, 212 
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- cone, 99 

- surface, 97-104, 113-115 

R 

Radius of curvature, 44 
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S 

Saddle point, 374, 377 
Scherk’s surface, 318 
Second fundamental form 

- of a cylinder, 161 
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- area, 184 
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Sine-Gordon equation, 260-261, 263 
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Sink, 368, 370 

Six colour theorem, 362 

Smooth 
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- function, 76 

- map, 83-85 
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Spherical 
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Spheroid, 235 
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- patch, 68, 77 
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Tangent developable, 129-130, 203 
Tangent line, 5 
Tangent plane, 86 
Tangent space, 85 
Tangent vector 

- field, 170-171, 186, 365-366 

- of a curve, 4 

- to a surface, 85 
Theorema Egregium, 252 
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Torus, 80-81, 110-111, 194-195, 235, 
354-355, 361 
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Triply-orthogonal system, 111-116, 196, 
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Tube, 81-82, 111, 219 
Turning angle, 37-38, 57 
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Ultra-parallel, 291, 293-295 
Umbilic, 187, 181, 201 
Umlaufsatz, 57, 338-340 
Unitary Mobius transformation, 157 
Unit cylinder, 69, 76, 77-78, 161, 182, 
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Unit normal, 90 
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Unit sphere, 70-73, 75, 76, 78, 109, 
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264-265, 290 
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- of a curvilinear polygon, 342 
Viviani’s curve, 8, 54 
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Weierstrass’ representation, 328-329 
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